
Math 2280-002
Week 13, April 8-12, 5.7; 9.1-9.3
Matrix exponential summary and examples; Fourier series for periodic functions

Mon April 8
Matrix exponential summary, and discussion of computations for diagonalizable and non-diagonalizable 
matrices

Announcements: 

Warm-up Exercise: 

 

today how to compute etA shortcuts

Tuesday start Fourier seriesunit Chapter9
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On Friday we computed et A using diagonalization, for the matrix

A = 
0 1

1 0
,

which had complex eigendata.  (We left the last couple of multiplications because time ran out, but I filled 
those in for the posted notes.)  Today we'll work an example which is more akin to your homework, with a
diagonalizable matrix having real eigendata.  Then we'll see an example of what can happen for non-
diagonalizable matrices...you have a simple example in your homework assignment, and I'll also give an 
overview what happens in general, with most details omitted.  The discussion is related to "Jordan 
Canonical Form" for matrices, which is usually included in the course Math 5310-5320, Introduction to 
Modern Algebra.  (See also the Wikipedia page on matrix exponentials, although it's probably too 
abbreviated to be understandable with respect to Jordan Canonical form, without further digging.)  Our 
text goes into some detail on computing et A for nondiagonalizable matrices as well, although we won't 
cover those details in this class.

First, recall/summarize from last week

(1)  Let A be an n n  matrix and let I  be the n n  identity matrix.  Then
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 e t A  I  t A  
t2
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tk
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(2)   If A and B commute, i.e. A B = B A, then
eA eB = eB eA;         e A  B = eA eB   

 e t A B  = etA etB      and   et A 1
= e t A     

(3)  
d
dt

 et A = A et A     = et AA .

In fact, et A is the unique n n  matrix X t  which satisfies
X t = A X
X 0 = I  .

(X t = et A solves this matrix IVP.  If any other square matrix function also did, then each of its columns 
would solve the same IVP's as those of etA, so would have to be the columns of etA by uniqueness of 
solutions to IVP's.)



(4) If
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(5)  If A be diagonalizable and v1, v2, ..., vn  is an eigenbasis for n  or n  and if P is the invertible 
matrix with those eigenvectors as columns, and if D is the corresponding the diagonal matrix of 
eigenvalues so that 

A P = P D  
A = P D P 1  ,

Then

et A = I tP D P 1 t2
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(6)  If  the n n  matrix t  is a solution to 
X t = A X

(which is true if and only if each column is a solution to the homogeneous system x t = A x), and if the 
columns are a basis for the solution space to x t = A x , so that 0  is invertible, then

X t = t  0 1  
solves the square matrix IVP

X t = A X
X 0 = I  

so
 t  0 1 = et A.

(see (3).)
In this case we call Wronskian t   a Fundamental Matrix Solution (FMS) for the linear system of 
differential equations

x t = A x .

(7)  In the case that A is diagonalizable, we can interpret (5,6) in terms of the Wronskian matrix whose 
columns are our usual basis for the homogeneous solution space:

et A = P et D P 1
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Exercise 1  For the matrix

A =
4 2

3 1
the eigendata is

E
= 2

= span
1

3
                E

= 5
= span

2

1
  .

Compute et A.
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Exercise 2  Use the power series definition of matrix exponential to compute et N  for 

N =
2 1

4 2

Definition  A matrix N  is called nilpotent if some power (and hence all higher powers) of the matrix is the 
zero matrix.  (In fact, if N  is an n n  nilpotent matrix, then it will always be true that Nn = 0, although a 
lower power of N  might also be the zero matrix.)

Remark  if N is nilpotent then the series for et N  is finite and easy to compute, because after some point all 
the terms in the series are zero.
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Exercise 3a   This ties in with Exercise 2, and deals with the only sort of non-diagonalizable case of a 
2 2 matrix.  Let 

A =
0 1

4 4

p = 2
2
 but E

= 2
 is defective:

E
= 2

= span
1

2
.

Decompose A as

A = 2 I N = 2
1 0

0 1

2 1

4 2
,  

where N  is the nilpotent matrix from the previous page.  Multiples of the identity matrix commute with all 
other square matrices of the same size.  Use this and your work in Exercise 2 to compute  et A.
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Exercise 3b  The first order system with matrix A 
x1 t

x2 t
=

0 1

4 4

x1

x2

has solutions x t , x t T  where x t  solves the critically damped DE
x 4 x 4 x = 0.

Use this fact to re-compute et A from part a.
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Although we only treated the 2 2 non-diagonalizable case, there is a theorem which generalizes what we
did.....although the statement doesn't really tell you how to construct the decomposition for matrices which 
are larger than 2 2....this is also related to the Jordan Canonical form decomposition:   

Theorem (Jordan–Chevalley decomposition)  If A is not diagonalizable, then it is still possible to 
decompose A as 

A = B  N

where B is diagonalizable, N  is nilpotent, and BN = NB.  Thus

et A = et B t N = et Bet N

is straightforward to compute once such a decomposition is known, as in Exercise 3a.



If you're curious here's more of the story
Recall from 2270
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Example Let A4 4 IA XII X 3 X213 The Jordan Canonicalform

of A up to orderingofthe blocks is one of
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