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Exercise 1 Use the power series definition to compute e’ for the matrix

0 1
-1 0

t“. O | ;\ “to = -
A’= AR -Q
= _g o, ! t 1z oAk
| f\l*cﬂ' JC‘;*‘W A fézﬂ)
> T
gt
oPPog.L):q Sane J

1)
)
)
(-
n
5,
r




Theorem 1

a)
d 14 t4
— =Ae”.
7 © e
b) The fh column of ¢’ is the solution to the IVP
x'(1)=4Ax .Sreql‘v\s ol U gl )
x(0) =g 7 ‘

where g is the standard basis vector which is zero in each entry except for the fh entry, which is 1.

¢) The solution to the general homogenous IVP
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Exercise 2 Verify Theorem labc for our matrix 4 in Exercise 1:

0 1 4 cos(t) sin(?)
A= e’ = )
-1 0 -sin(¢) cos ()
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Remark: Theorem 1b indicates another way to compute e Its fh column is the unique solution to the
IVP
x'(1)=4Ax
x(0)=e
-

We could have used that method to come up with e’ in Exercise 2, especially since the first order system

in this case is corresponds to the second order harmonic oscillator differential equation
x""(t)+x(t)=0

There's a different way to compute mairix exponentials for diagonalizable matrices - which we'll discuss

tomorrow.



Wed April 3
5.6-5.7 Matrix exponentials and fundamental matrix solutions continued.
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Yesterday we used power series to define matrix exponentials, and saw what ¢’ has to do with solutions
to systems of differential equations and corresponding IVP's

x'(f)=Ax
x(0) =x,

If the matrix A4 is diagonalizable there's a good method to compute etA, as the next two theorems indicate

Theorem 2 If
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is a diagonal matrix, then
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Theorem 3 Let 4 be diagonalizable, i.e.

there is an " (or C"*) basis Y, Yy, ¥ consisting of eigenvectors of 4. Let P be the invertible matrix

with those eigenvectors as columns, and let D be the diagonal matrix which has the corresponding
eigenvalues in the diagonal entries, i.e.

P | )
and
AP=PD
A=PD P!
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Remark and definition: Group the product expression for e’ as follows:
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In this case we call ®(¢) a Fundamental Matrix Solution (FMS) for the linear system of differential
equations

x'(t)=A4Ax.
This is because every solution to the system can be written uniquely as a linear combination of the
columns of ® (1), i.e. as ®(¢)c. We use the same definition in the case that A4 is not diagonalizable,

namely that the columns of ®(¢#)should be a basis for the solution space. And then it will always be true

that

=) ®(0)".



