
Fri April 19
9.6  Introduction to the wave equation

Announcements: 

Warm-up Exercise: 
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We'll discuss the 1 space dimension wave equation, which models vibrating strings or air columns (as in 
musical instruments).  In this case the function u x, t  measures the displacement of the point at position 
x, 0 x L , at time t.  One can consider displacements transverse or parallel to the direction of the 
configuration, just as we did for the coupled mass-spring systems.  The homogeneous wave equation is 
the partial differential equation

ut t = a2 ux x

where a 0 is a constant which turns out to be the speed at which waves travel.  Notice that this is a 
linear homogeneous partial differential equation - the operator L u utt  a2uxx  is linear so that the 
solution space to the homogeneous wave equation is a vector space (linear combinations of solutions are 
solutions).  The inhomogeneous wave equation is give by

ut t = a2ux x f x, t

where f  represents external forces being applied at location x at time t.

Derivation:  Let's first consider transverse waves along a stretched spring.  In this case, in the linearized 
model, the tension is constant T0  at equilibrium and remains constant as the spring vibrates because to first
order the spring is not subject to additional stretching.  Let's call the function we're studying y x, t  in this 
case:



Consider this force diagram.  We apply Newton's law to approximate the transverse acceleration of the 
short segment.  The transverse forces arise from the transverse components of the tension-induced forces 
at the endpoints.  Let 0  be the density (mass/length) of the spring.

0  x  yt t  T0 yx x x yx x

0 yt t  T0

yx x x yx x

 x
And in the limit as  x 0,

yt t =
T0

0

 yx x .

This is the wave equation for y x, t , with

yt t = a2 yx x  ,   a =
T0

0

.

iffy
22
I linearize

Am

Newton's law



Parallel  vibrations (also called compression waves). You can also consider vibrations in the direction of 
the spring.  This also yields a wave equation.  In this case you are stretching the spring and so the tension 
is not constant:

If the tension is expressed as a function of the spring density (which is changing depending on time and 
location), T = T then in this case the linearized wave equation turns out to be 

ut t = b2 ux x,         b
2 = T 0  0

We won't go through it in class, but Wikipedia has a derivation of the wave equation based on a limit of 
our favorite modeling for multi mass-spring systems using Hooke's law (shown below). It's also possible 
to derive the model analogously to how we worked out the transverse oscillation case, it's just a little 
messier than that case.
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Special solutions   There are two sorts of special solutions for the wave equation:  product solutions 
u x, t = X x T t  analogous to the product solutions we used to solve the heat equation initial value 
problems.  And, solutions of the following form, which indicate why we call this the "wave equation". 

Exercise 1a  For the wave equation 
ut t = a2 ux x

and for any twice continuously differentiable function g x , use the chain rule to show that  
u1 x, t = g x a t  and u2 x, t g x a t  solve the wave equation.  

1b   Interpret these solutions as waves traveling to the right with speed a , and to the left with speed a , 
respectively. 

1c  For transverse vibrations, the speed a =
T0

0

.  Does this comport with your intuition about how 

fast waves should travel as we vary the spring tension and density?
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The natural initial value boundary value problems for the wave equation on finite-length intervals:

ut t = a2 ux x              0 x L, t 0
u x, 0 = f x       initial displacement
ut x, 0 = g x       initial velocity     

with either fixed endpoint or free endpoint boundary conditions:

type 1:  fixed endpoints
u 0 , t = u L, t = 0                  t 0

type 2:   free endpoints
ux 0 = ux L = 0                    t 0



On Monday we'll show how to use Fourier series with superposition of product solutions to solve the 
natural initial value problems, analogously to how we used them for the heat equation.  We'll also relate the
Fourier series method to the traveling wave method we discussed in Exercise 1, and play with a slinky.  If 
we have time today, we can do the following warm-up exercise:

Exercise 2  Let  f x = sin  x (or f x = cos  x .  Find a product solution u x, t = f x v t  to 
the wave equation initial boundary value problem

ut t = a2 ux x
u x, 0 = f x
 ut x, 0 = 0

If you also wanted to satisfy u 0, t = u L, t = 0 for t 0, what 's could you use, and what is the list 
of product function solutions you would create?

If instead, you also wanted to satisfy ux 0, t = ux L, t  for t 0, what is the list of product function 
solutions you could create?
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Exercise 3  Let  g x = sin  x (or g x = cos  x .   Find a product solution u x, t = g x v t  to 
the wave equation initial boundary value problem

ut t = a2 ux x
u x, 0 = 0

 ut x, 0 = g x

If you also wanted to satisfy u 0, t = u L, t = 0 for t 0, what 's could you use, and what is the list 
of product function solutions you would create?

If instead, you also wanted to satisfy ux 0, t = ux L, t  for t 0, what is the list of product function 
solutions you could create?


