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type 1 example (boundary temperature forced to be zero), with u(x, 0) =100, 0 < x < L, using a square
wave odd extension sine series for the initial temperature:

FIGURE 9.5.4. The graph of the temperature function u(x, ) in Example 2.

type 2 example (zero heat flux through ends), with tent function inital data, and a tent function even
extension cosine series. We'll do some computations for some examples tomorrow....
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FIGURE 9.5.6. The graph of the temperature function u(x, t) in Example 3.



Wed April 17
9.5 Solutions to initial boundary value problems for the heat equation.
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Warm-up Exercise: Suppose that the initial temperature of a rod of length 20 c¢m is given by
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After finishing the discussion in Tuesday's notes, let's work one of the text examples carefully. We may
not have time for both before the quiz. They illustrate the fixed endpoint temperature and zero heat flux
boundary conditions, and are both interesting.

Example 2

BLECIEFR  Suppose that a rod of length L = 50 cm is immersed in steam until its temperature is ug =
100°C throughout. Attimer = 0, its lateral surface is insulated and its two ends are imbedded
in ice at 0°C. Calculate the rod’s temperature at its midpoint after half an hour if it is made

of (a) iron; (b) concrete. DL(.X,D-) = Iso ’ 0<¢x <540

Hint: To get the Fourier series for the initial temperature distribution consistent with the zero boundary
values for u(x, t) adapt the formula for the 2 & - periodic square wave (now written as a function of x)
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Material k (cm?2/s)

Silver 1.70
Copper 1.15
Aluminum 0.85
Iron 0.15
Concrete 0.005

FIGURE 9.5.3. Some thermal
diffusivity constants.

and therefore the rod’s temperature function is given by
4ug 1 n?7%kt\ . nax \/
u(x,t) = — —exp Iz sin —.
T n odd "

Figure 9.5.4 shows a graph u = u(x.t) with ug = 100 and L = 50. As ¢ increases, we see
the maximum temperature of the rod (evidently at its midpoint) steadily decreasing. The
temperature at the midpoint x = 25 after 7 = 1800 seconds is

400 —1)ntl 18n272k
u(25,1800) = — Z ) exp|— nr .
b4 n 25
n odd

(a) With the value k = 0.15 that was used in Fig. 9.5.4, this series gives
u(25, 1800) ~ 43.8519 — 0.0029 + 0.0000 — - -- ~ 43.85°C.

This value u(25. 1800) = 43.85 is the maximum height (at its midpoint x = 25) of the vertical
sectional curve u = u(x, 1800) that we see at one “end” of the temperature surface shown in

Fig. 9.54.
(b) With k = 0.005 for concrete, it gives

u(25, 1800) ~ 122.8795 — 30.8257 + 10.4754 — 3.1894
+0.7958 — 0.1572 + 0.0242 — 0.0029
+ 0.0003 — 0.0000 + --- 2~ 100.00°C.

Thus concrete is a very effective insulator. |
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FIGURE 9.5.4. The graph of the temperature function u(x, t) in Example 2.



Example 3
We consider the same 50-cm rod as in Example 2, but now suppose that its initial temperature
is given by the “triangular function” graphed in Fig. 9.5.5. At time ¢ = 0, the rod’s lateral

surface and its two ends are insulated. Then its temperature function u(x,t) satisfies the
boundary value problem

up = kuyy,
ux(0,1) = ux(50,1) =0
u(x,0) = f(x).
T
=100 - f(25) =100
I
< 50t |
1
"0 25 50

X

FIGURE 9.5.5. The graph of the
initial temperature function
u(x,0) = f(x) in Example 3.

Hint: adapt the Fourier series for the 2 i - periodic tent function in order to express the initial temperature
distribution as a cosine series (for the zero-flux boundary condition)

tent( ) 2 m- periodic

tent(x) = |x|, -T < x < TT.
T 4 1
tent(x) = — — — Z —5 cos(nx)
2 T noddn

And then use superposition of solutions:
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1600 1 n?n2kt nmx
u(x.t) =50— —— E —exp | — cos .
n2 n? 2500 50
n=2,6,10....

Figure 9.5.6 shows the graph u = u(x. r) for the first 1200 seconds, and we see the temperature
in the rod beginning with a sharp maximum at the midpoint x = 25, but rapidly “averaging
out” as the heat in the rod is redistributed with increasing 7. |

Finally, we point out that, although we set up the boundary value problems in
(12) and (32) for a rod of length L, they also model the temperature u(x,7) within
the infinite slab 0 = x = L in three-dimensional space if its initial temperature f(x)
depends only on x and its two faces x = 0 and x = L are either both insulated or
both held at temperature zero.
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FIGURE 9.5.6. The graph of the temperature function u(x, t) in Example 3.



