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Exercise 1 Using the matrix exponential solution formula for the system, and the correspondence back to
the second order DE, verify that the solution to the original second order IVP for the swing is

x”+x=3[

t
x(2) =x, cos(t) + v, sin(¢) + Jf(s)sin(t —s)ds
0
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Example 2 from April 5:
with

-1 <<
1 0<t<m

and 2 1 - periodic. This forcing function appeared to cause resonance:

;> with (plots) :

10
> f2:=t->-1+2- Z (-1)"-Heaviside (¢ — n-Pi)] :
n=0
plot2a = plot(f2(t), t=0.30, color = green) :
display (plot2a, title = “square wave forcing at natural period");

square wave forcing at natural period
g
_ 10 20 30

t

What's your vote? Is this square wave going to induce resonance, i.e. a response with linearly growing
amplitude?

t

> x2 = t—>J sin(1) -2(¢ — 1) dt:
0

plot2b = plot(x2(t), t=0..30, color = black) :
display ({ plot2a, plot2b}, title = ‘resonance response ?");

resonance response : ?
A
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Exercise 2 Use the Fourier series for sq (¢) that we've found before

sq(t) =23 Lsinno)

T nodd
and infinite superposition to find a particular solution to
x" (1) + x(1) =sq(1)
that explains why resonance occurs. Make use of the undetermined coefficients particular solution
formulas at the end of today's notes (and in the handout).
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If we remove the sin(¢) term from the square wave forcing function, and re-use the convolution formula,
we see that we've eliminated the resonance, even though we're still forcing with a function that has the
natural period.

t

> x2 = t—>J sin(1) - (square(t— 1) —i-sin(t—’c) )d’r:
T
0

plot(x2(t),t=10.30);
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Exercise 3) Understand this example from April 5, using Fourier series

x" (1) +x(1) =£,(2)
Forcing not at the natural period, e.g. with a square wave having period 7= 2.
-1 -1 <t<0

A=) 1 <<

B 20
> f:=t—>-1+2- Z (—1)"-Heaviside(t— n):
n=0

plotda = plot( f4(¢t), t=0..20, color = green) :
display ( plot4a, title = “periodic forcing, not at the natural period’);

periodic forcing, not at the natural period

Resonance?

> x4 = t—>J sin(t) 41 — 1) dr
0
plotdb := plot(x4(t), t=0..20, color = black) :
display ({ plot4a, plot4b}, title = ‘poor kid °);
poor kid
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Hint: By rescaling we can express £, (¢) = square(m t) = 4 z isin(n Tt).
4 T nodd "

X// plx = iz _l;\-sfw(hn'}.)
7T

h odd FHS

A $|'vwot

X(t) = c\bus)c + (zsih't W# e

J N N
+::L;Z‘|T\._,——— Slw(h’t)

n odd 4}




*

—
-

|

< ledle ’Fﬂ\ qbsreul—( Covegunca .

c‘ws{f ¥ czsn'x..t + ;:, \I et t
< —-nt
\
r 4 _ A .__‘1 Siw mtt
] " (W)
W)
le,a\ol.«‘v\j l nohd
(5\' oig W
3 T “W»}) abs Loty l—lsl’

l 4+ :
th—— is to\rwd'l. n Zl e

e wohal e 've acheall

4 L
Staing i He : EZ NCE

conNlikian Solukine

7
Araph is He ¢, sint ’:\oi‘k
N ¢ g c
\VP x(0=0 - - —
_ x'(0)= 0. ﬂ "
e has _ | h7/3
lw\-zyw &MPL"}WIQ 'Q‘-;‘“{:’ —
Heaw H

Sintt ‘Lb\h\,- 5"‘““‘\.



Practical resonance example:

Exercise 4 The steady periodic solution to the differential equation
x"(t)+ 2-x"(t) + 1x(t) =sq(2)

exhibits practical resonance. Explain this with Fourier series. Hint: Use

sqt) =2 Linny

T nodd "
and the table of particular solutions at the end of today's notes.
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Particular solutions from Chapter 3:
2
x' (1) + o, x(t) =4 sin(wt)
A

xp(t) = ——sin(®z)  when 0 #
O, —®
0
t
xp(1) == Ta A cos(mo t) when 0 = o,
0

x'1 (1) + o x(1) = A cos (1)
B A
xp(1) = ﬁcos(mt) when o # o,
®, — ®
t .
xp(1) = Ta A sm((oo t) when © = o,

2
x'""+ex'+ @ x=4cos(wt) ¢>0
%MZ%AUZCmﬂwrﬂU
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9.5 Introduction to the heat equation
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From Wikipedia "heat equation"

Heat equation

From Wikipedia, the free encyclopedia

In physics and mathematics, the heat equation is a partial differential equation that describes how the distribution of some quantity
(such as heat) evolves over time in a solid medium, as it spontaneously flows from places where it is higher towards places where it
is lower. It is a special case of the diffusion equation.

This equation was first developed and solved by Joseph Fourier in 1822 to describe heat flow. However, it is of fundamental
importance in diverse scientific fields. In probability theory, the heat equation is connected with the study of random walks and
Brownian motion, via the Fokker—Planck equation. In financial mathematics it is used to solve the Black-Scholes partial differential

tewp € Fine £ & lo covo-

equation. A variant was also instrumental in the solution of the longstanding Poincaré conjecture of topology.

We'll focus on the one dimensional homogeneous heat equation foffunctions u(x, #) where 0 < x < L is
the one-dimensional spatial coordinate, for example along a metal bar of length L, and ¢ > 0 is time. The

heat equation partial differential equation reads as Lc%( = u <o 4o
L(l«\:fu -kuw =0 u =ku >~ ""‘1"“\/
X XX t xXx 3 , ‘f "
_—

A
in this case. The subscripts refer to partial derivatives, and the positive constant k is called the diffusivity
constant or thermal diffusivity. The larger values of k are associated with quicker diffusions of heat from
hot to cold regions, and depend on the material being studied:

Material k (cm?/s)
Silver 1.70
Copper 1.15
Aluminum 0.85
Iron 0.15
Concrete 0.005

FIGURE 9.5.3. Some thermal
diffusivity constants.

We won't study it, but the nonhomogeneous heat equation is given by
u=ku_ +f(x1)

where f(x, ¢) represents a rate at which heat is being put into or taken out of the system, at location x and
time .
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type 1 example (boundary temperature forced to be zero), with u(x, 0) =100, 0 < x < L, using a square
wave odd extension sine series for the initial temperature:

FIGURE 9.5.4. The graph of the temperature function u(x, ) in Example 2.

type 2 example (zero heat flux through ends), with tent function inital data, and a tent function even
extension cosine series. We'll do some computations for some examples tomorrow....

100w

Temp u
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FIGURE 9.5.6. The graph of the temperature function u(x, t) in Example 3.



