Differentiating Fourier Series:

Theorem 3 Let f be 2 ©- periodic, piecewise differentiable and continuous, and with /" piecewise
continuous. Let f have Fourier series

f~——|—2acosnt —|—stmnt

n=1 n=1
Then f” has the Fourier series you'd expect by dlfferentlatmg term by term:
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proof: Let f” have Fourier series
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Integrate by parts with u = cos(n t), dv=f" (t)dt, du=-nsin(n t)dt,v=[f(t):
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Similarly, A0 =0, Bn =-na,.

Leads to

Integrating Fourier series:
Theorem 4 Let f be 2 ©- periodic piecewise continuous, and let f have Fourier series

a
f~ 70 + Zancos(n ) + ansin(n t).
n=1 n=1

Then every antiderivative F' of " is piecewise differentiable and can be found by integrating the Fourier

series for f term by term:
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(Note that F () is only a periodic function if a; =0.)



Exercise 1 On Tuesday we found the Fourier series for sq(#), which is the 2 - periodic extension of
-1 <t <0
f(t) =
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square(t)
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Notice that the following "tent function", fent(?), is an antiderk\ative of sq(t). tent(t) is the 2 1 - periodic
extension of g(¢) = |¢| from the interval [ -7, ] to R:
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a
Find the Fourier series for tent(¢) by antidifferentiation. Careful with the 70 term! (There's a magic

identity hiding in your formula once you've got it right.)
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Exercise 2 For practice, find the Fourier series for fent(¢) by finding the Fourier coefficients directly from
their definitions. You'll need to use integration by parts as well as facts about even and odd functions.

a
f~ 70 + Zancos(n t) + ansin(n t)
n=1 n=1

a@ 1 D
2 sz_ LT
1 § _ (f, cos(nt))
a4, = nJ J(#)cos(nt) dt (cos(nt), cos(nt))
A __ (fsin(nn)
b, = TEJ J(@)sin(n 1) di (sin(nt), sin(nt))
o -
q?f = o) lde = w2 S bt (141 is even)
-7 l'tl VAV 2PN m —r T
FVAEINES- %)
T Ti
a, = ';: | 1 cosnt dt - L Zj L wsnt OH’
v " 0 dv
- Bk‘t‘\ w . t
3(_{:’): \-‘t\ UDS("A'\.-] AIV\.:A V= Sinn
= 't loswn "
Lo a\‘s vt
B (‘)w \no‘\'% QV"%‘F'*“ 5 ”‘lwz‘?' QU-L"“) O

Lk:#&‘wt“ ¥ A
3(6\ 3("’(.\ t‘s“"("‘bt))— 2 tsp h‘t] _ j S_iv;h_t AL

-~ H:\ (-smut) T " , "
=-alt)
( e zm s oA, S ‘}lt\di- o) ) - 0
— — _2_—- WSV\JC 1)
( [)vo&\m.“ E\) [T 29N 414\ JC :;f‘ 5
g oAaJ{(L&u»\ 0
V- W an 0dd )
Lo Lp.S— &, ( en‘lb\atj} uAn\_j.u,, = 2 . boShTE-’boso:)
"\'\. S OA‘A ;Lh 7th
IS AV, 29 O
?((Jf\ LT Viz L otosut _ h eve
2 7T h 2 [-2,)
"l OAO(. 7'(9\7' w 0&4‘



At Desmos, this typed-in

5

command: x4 1 . . :
f(1) = e ;J:Z()m 'cos((2‘1+1)'1) {-3-m<t<3-n}

yielded this graph:
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Fri April 12

9.2-9.3 Fourier series for 2 L - periodic functions; cosine and sine series for functions defined on the
interval [0, L] and extended into either even or odd 2 L - periodic functions.
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Fourier series for 2 L - periodic functions:

So far we've only talked about Fourier series for 2 m-periodic functions. In applications we want to be
able to vary the period, and consider 2 L - periodic functions instead, where L can be specified in the
application. There's no problem in doing so:

Theorem Let V'={f: R—Rs.t. f is piecewise continuous and 2 L — periodic }.

Define the Fourier series for f by

f~—+2a cos(—t] Zb sm(—t)

n=1
where the Fourier coefficients of f are deﬁned analogously as for the 2 - periodic case. Note that the
Fourier coefficients can again be expressed as projection weights with respect to an (adapted) inner
product
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So the truncated Fourier series is the projection of f onto the 2 N + 1 dimensional subspace
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The same convergence theorems, and integration/differentiation theorems hold as for the 2 & - periodic
case.



One reason the same theorems hold for the 2 L - periodic functions and their Fourier series, as for the
2 1t - periodic ones, is because it's possible to change the periods of functions by scaling the input
variables, and relate the corresponding facts that way:

Let f, g be 2 L - periodic, with the inner product
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In particular,
1) The 2 L- periodic functions
, COS , 008 | 1 |, ., S| o, T

correspond to the 2 = ® periodic functions

{1, cos(@), cos(21), ..., sin(1),sin(2 1), ... }
and the first collection is orthogonal with respect to the 2|L - periodic function inner product because the We A
second collection is orthogonal with respect to the 2 1 - periodic function inner product. Pz )
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Exercise 1 Use the Fourier series for 2 w- tent function to find the Fourier series for a tent function with
period 2. Careful! (Butif you do it right you save a lot of time over recomputing all of the Fourier

coefficients using the formulas for 2 L - periodic functions!)
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