So what's going on?
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T

() = | S d

-
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and this works out to be precisely the truncated Fourier series
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Exercise 2) Partially check that {1, cos (), cos(2¢), ..., cos(Nt),sin(t),sin(2¢),...sin(N¢)} is

orthogonal for our inner product, and also check why the Fourier coefficients match up to the inner
product expressions.
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Hint: " Lo Hu [n‘g-l'
cos((m + k)t) = cos(m t)cos(kt) — sin(m t)sin(kt) )
sin( (m + k)t) = sin(m t)cos (k) + cos(m t)sin(k t) K20t

S0

e cos(m t)cos(kt) = —(cos((m + k) t) +cos((m-k)t)) (evenif m=k)

sin(m t)sin(kt) =

(cos((m-k)t)-cos((m + k)t)) (evenif m=k)

cos(m t)sin(kt) = — (sin((m + k) t) +sin((-m + k)t)) (evenif m =k)
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Convergence Theorems (These require some careful mathematical analysis to prove - they are often
discussed in Math 5210, for example.)

Theorem 1 Let /: R—R be 2 - periodic and piecewise continuous. Let
N N

a
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fN—pr‘OjVNf— ) + n§= 1ancos(nt) + E b sin(nt)
be the Fourier series truncated at N. Then “h\*
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In other words, the distance between f,, and f* converges to zero, where we are using the distance
function that we get from the inner product,

n=1

dist(f,g)= I f—gl =V (f—&f—8 = [

Theorem 2 If f is as in Theorem 1, and is (also) piecewise differentiable with at most jump
discontinuities, then

(1) forany #, such that f is differentiable at ¢,
A}l_tp wa(to) =f (to ) (pointwise convergence).

(i) forany 7, where f is not differentiable (but is either continuous or has a jump
discontinuity), then
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where

Example: The truncated Fourier series for the square wave, i.e. the sq,(¢), converge to sq(z) forall 7

which are not multiples of . At integer multiples of 1 the partial sums are all zero, and so is the limit.
Zero is the average of the left and right hand limits of sq(#) at these jump discontinuities.
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Differentiating Fourier Series:

Theorem 3 Let f be 2 ©- periodic, piecewise differentiable and continuous, and with /" piecewise
continuous. Let f have Fourier series

f~——|—2acosnt —|—stmnt

n=1 n=1
Then f” has the Fourier series you'd expect by dlfferentlatmg term by term:

S~ Z—nasmnt ancos nt)

n=1 n=1

proof: Let f” have Fourier series
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i~ Y + E A cos(nt) + E B sin(nt).
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Then
4 = LJ S (t)cos(nt)dt,n € N.
T
Integrate by parts with u = cos(n t), dv=f (?‘)dt, du=-nsin(nt)dt,v=f(1):
LJ S (t)cos(nt) dt= Lf(t)(—n)sin(nt) I - LJ f(t)(-n)sin(nt) dt
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Similarly, A0 =0, Bn =-na,.

Leads to

Integrating Fourier series:
Theorem 4 Let f be 2 ©- periodic piecewise continuous, and let f have Fourier series

a
f~ 70 + Zancos(n ) + ansin(n t).
n=1 n=1

Then every antiderivative F' of " is piecewise differentiable and can be found by integrating the Fourier

series for f term by term:
= b
Z—t—l- Z—Sm nt) 27 + C
n=1

n=1

(Note that F () is only a periodic function if a; =0.)



Exercise 1 On Tuesday we found the Fourier series for sq(#), which is the 2 - periodic extension of

; -1 - T<t<O0
(1) =
I 0<t<m
square(t)
1 —_—
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Notice that the following "tent function", tent(?), is an antiderivative of sq(t). tent(t) is the 2 © - periodic
extension of g(¢) = |¢| from the interval [ -7, ] to R:

-t m<t<O

g(t) =
t 0<t<m
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a
Find the Fourier series for zent(t) by antidifferentiation. Careful with the 70 term! (There's a magic

identity hiding in your formula once you've got it right.)
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Exercise 2 For practice, find the Fourier series for fent(¢) by finding the Fourier coefficients directly from
their definitions. You'll need to use integration by parts as well as facts about even and odd functions.

a
f~ 70 + Zancos(n t) + ansin(n t)
n=1 n=1
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At Desmos, this typed-in

5

command: x4 1 . . :
f(1) = e ;J:Z()m 'cos((2‘1+1)'1) {-3-m<t<3-n}

yielded this graph:
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