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5.6 Matrix exponentials andTinear systems: The analogy between ﬁrst ordet systems of linear differential

equations (Chapter 5) and scalar linear differential equations (Chapter 1) is much stronger than you may

have expected. This will become especially clear on Monday, when we study section 5.7.
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Definition Consider the linear system of differential equations for x(¢): .
x'=Ax 5,\‘({, ¢“.(.u

where 4 is a constant matrix as usual. If {51 (1), x,(t),... x (1) } is a basis for the solution space to

this system, then the matrix having these solutions as columns, -, n
=[x, (1) -] Q (¢)= Icm M. [Q(Hm-@h)
is called a Fundamental Matrix (FM) to th1s system of dlfferentlal equations. Notice that thls equivalent to
saying that X (¢) = ®(¢) solves ‘l 2/ P ltson)-d 1) ---F (téw
X ()=4X “otan ™ ,_.';L‘?_*M’ ta %...

X(0) nonsingular (i.e. invertible) L
(just look column by column). Notice that a EM is just the Wronskian matrix for a solution sp_ace basis.
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Theorem: If ®(¢) is a FM for the first order system x’'= 4 x then the solution to

x'()=4Ax
VP £(0)-x,
is
I—?(r)zo(t)cb(oylxil =duwz e <$as,
proof: Since x(7) = P(¢) _1 = V—ld) _150Jis a liftear combination of the columns of @ (¢) it
is a solution to the homogeneous DEx (t)=A4x. Itsvalueatt=01s
x(0) = ®(0)®(0) 'x, = ) ey = Ix, = x,
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Exercise 1) Continuing with the example on page 1, use the formula above to solve Aa\' pivd F Q 'FJ‘\ A"l
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Remark: If ®(7) is a Fundamental Matrix for x'= 4 x and if C is an invertible matrix of the same size,

then @ (¢)C is also a FM. Check: Does X (¢) = ®(¢)C satisfy Fmls l
X (1)=AX
?
X(0) nonsingular (i.e. invertible)
% (®(¢)C) =@’ (¢)C (universa@ﬂ'oduct rule ... see last page of notes)
=(4®)C
=4 (@C).

Also, X(0) =®(0)C is a product of invertible matrices, so is invertible as well. Thus X (¢) = ®(¢)Cis an
FM.

= I:l _—
(Notice this argument would not work if we had used C®(¢) mnstead.) (C é ) @ = CA ¢
_ 3)-ACH X

If ®(¢) is any FM for x'= A x then X (¢) = ®(¢)®(0 ) ! solves Alcq)

X' (t) = | ..: ‘. A;

X(0) = Fio)= 2,

Notice that there is only one matrix solution to this IVP, since the /" \column X, () 1§ the (untélue) solution
to

x'(f)=Ax

0)=e. ~ -\
N . <078 O =

Definition The unique FM that solves t T

X' (t)=4X scall ar Cage

X(0)=1 iX’ Tax glis Seadan fun
is called the matrix exponential, ¢’ ...because: re)e xlt)= '
This generalizes the scalar case. In fact, notice that if we wish to solve
x'(t)=Ax
1P x(0) = x,

the solution is - -\

x(1) =" x. 11 = Q149 x

in analogy with Chapter 1. _ - . -
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Exercise 2) Continuing with our example, for the D
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But wait!
Didn't you like how we derived Euler's formula using Taylor series?

Here's an alternate way to think about e

For An < consider the matrix series

4. L e, 1 g 1 -
= It At S S A

Convergence: pick a large number M, so that each entry of 4 satisfies |al.j‘ < M. Then
entryl.j(Az) < nM*

entryl.j(A3) <n*M... 14 Mu 1“-%_. 114- ("‘._.)<

entryl.j(Ak) <yt " d- -

so the matrix series converges absolutly in each entry (dominated by the Calc 2 series for the scalar eM").

Then define
3

2
— L S B A
(W)=t it + o d b o bt A
Notice that for X (7) = ' defined by the power series above, and assuming the true fact that we may
differentiate the series term by term,
, B 2t » 312 3 ](Ik_l
X (t)=0+4+ FA + TA + ... i
, A f

=A+tA"+ A4+ ..
LR TR P Ty

(k—1)
t k—1
ST +J

A+

Ak

2
=4 [1+ t4 + 2t—'A2 +.ot
=A4AX
Also,
X(0)=1
Thus, since there is only one matrix function that can satisfy
X ()=A4X
k X(0)=1
we deduce
Theorem The matrix exponential ¢’ 4 may be computed either of two ways:
=) ®(0)!
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Exercise 3 Let 4 be a diagonal matrix A,

(A, 0 0. 0]
0 A, 0... 0
A= 2
o 0 .. A
L n J
Use the Taylor series definition and the FM definition to verify twice that
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Hint: products of diagonal matrices are diagénal, and the diagonal entries multiply, so
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Example How to recompute e * for - . 1 NS
4 2 Q &
A=
3 -1 - T
using power series and Math 2270: The similarity matrix made of eigenvectors of 4 @ (b] - ‘L So LA
|12 AT
-3 1 5 3
yields 2‘ T‘;), AV_"’ v
AS=SA" AN Sw
4 2 1 2 -2 10 1 2 -2 0
3 -1 316 5| |31 035
)
_ 2 -\ -1 2 -
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Moz NS P b b R ATIEAD-ES)
e =I+tA+HA +¥A +..+ FA + .. = T 1
2
1 /‘ ] m |
:S[1+m+ 2—'A2+...+ k—'Ak—i-...)Sl SNS
_ gl Ag!
1 2]e? 0 [1[1 -2
31l o Sf]7]3 1
11 2 e —2e7%
71 -3 1|35 &
-2t 5t -2t 5t
1 e~ + 6¢ -2e 7+ 2e
== 0 SO\""‘Q'
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which agrees with our original computation using the FM.



Three important properties of matrix exponentials:
o 1) el® =71, where [0] isthen x n zero matrix. (Why is this true?) — powe~ conies h—c
2) If AB=BA thene A+ B = b = Bt (but this identity is not generally true when 4 and B don't

commute). (See homework.) fonoriom
3) (¢) ' =™ (Combine (1) and (2).) %= AT+ I8
eA‘A =e =T ™M 2 T a (A Y
W e Ak (‘[«-A'\A;f-—)('i &*3‘4»)
L_e:‘_e__f‘:i T"(A*g\*( ;N,».u),f__.
e \_‘f C-A ..:(Aarvo(AHO =§LA+P‘B

DA
)
Using these properties there is a "straightforward" algorithm to compute e’ even when 4 is not

diagonalizable (and it doesn't require the use of chains studied in section 5.5). See Theorem 3 in section
5.6 We'll study more details on Monday, but here's an example:

Exercise 4) Let

210
A=10 21
002
Find ' by writing 4 = D + N where
200 010
D={020|N=|001
002 000

tD+tN _ tD tN

and using € Hint: N° =0 so the Taylor series for ¢’ Nis very short.



Universal product rule for differentiation: Recall the 1-variable product rule for differentiation for a
function of a single variable ¢, based on the limit definition of derivative. We'll just repeat that discussion,
but this time for any product "=" that distributes over addition, for scalar, vector, or matrix functions. We
also assume that for the product under consideration, scalar multiples s behave according to

s(fxg) = (sf) *g =f*(sg).
We don't assume that f* g = g*f'so must be careful in that regard. Here's how the proof goes:
D,(frg) (1) = fim (/{14 &) we(t+ &) —£(1)+2(0) .
We add and subtract a middle term, to help subsequent algebra:

= Jim (o ) (e ) = F(r4+ &) wgl0) +£ {1+ &) g (1) (1) (1)

. 1 1
= Jim (e ) g A40) = f(1+ a) xg () + — (1 4) g (0) /(1) +8(1)).
We assume that multiplication by * distributes over addition:

: 1 1
= i f(r+ 40+ g1+ A)=g(0) + o (£1+ &) —£(1) (1)

The sum rule for limits and rearranging the scalar factor let's us rearrange as follows:
: 1 . 1
= im0+ (] (s 40 -g(0) + Jim (/4 8) —1(0) =80,

Differentiable functions are continuous, so we take limits and get:

D, (fxg) (1) =f(t)*g" (2) +/ (1) *g(1) .

The proof above applies to

scalar function times scalar function (Calc I)

scalar function time vector function (Calc III)

dot product or cross product of two functions (Calc III)

scalar function times matrix function (our class)

matrix function times matrix or vector function (our class)
This proof does not apply to composition f° g(¢) := f(g(¢)), because composition does not generally
distribute over addition, and this is why we have the chain rule for taking derivatives of composite

functions. d A BLE = th(f-\(tmt\@ltwh) -Alﬂklt)) Awaw‘r
dt

Btao

L[ Alt4sr)RlE+8) - Altadt) Q1) + At Bl) - Ale)Rlt
=lim Bt {
At
o AR (BIEON-B) & 4 (A B
= l“m At T t Yy
Atao

o

AR (1) + ARBLE)

= A'B+ AR’
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Mon Mar 27: Use last Friday's notes to discuss matrix exponentials

Wed Mar 29: 5.6-5.7 Matrix exponentials, linear systems, and variation of parameters for inhomogeneous
systems.

Recall: For the first order system

x'(1)=Ax
« ®(1) is a fundamental matrix (FM) if its » columns are a basis for the solution space to the first order
system above (i.e. P (7) is the Wronskian matrix for a basis to the solution space).

« ®(¢)isan FM if and only if @' (¢#) = A ® and ®(0) is invertible.

‘4. . . .
« ¢ " is the unique matrix solution to

and may be computed either of two ways:
=)D 0)!

where @ () is any other FM, or via the infinite series

A £ 2 r 3 4 k
tA_ L t s
e " =1+1t4+ 2!A + 3!A +... + k!A + ..
Example 1: We showed that if
7‘1 0 0 0
0O A, 0... O
A= 2
0 0 A
n
then
2 2
2 )
AL 0 L+l + 570+ 0. 0




