Forced oscillations (still undamped):

If the forcing is sinusoidal,
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From the fundamental theorem for linear transformations we know that the general solution to this
inhomogeneous linear problem is of the form

x(1) =xp(1) +x,(1)
and we've been discussing how to find the homogeneous solutions x,,(¢) .

As long as the driving frequency ® is NOT one of the natural frequencies, we don't expect resonance; the
method of undetermined coefficients predicts there should be a particular solution of the form

i)
xp(t)Zcos(O)t)g L (ws(wt):) = bos‘tu* Fo
where the vector ¢ is what we need to find. won

Exercise 2) Substitute the guess x,(¢) = cos(w ¢) ¢ into the DE system
H  x''(1)=Ax +cos(0?)E,

to find a matrix algebra formula for ¢ = ¢(®). Notice that this formula makes sense precisely when @ is
NOT one of the natural frequencies of the system.
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Note, matrix inverse exists precisely if - is not an eigenvalue.



Exercise 3) Continuing with the configuration from Monday's notes, but now for an inhomogeneous
forced problem, let k= m , and force the second mass sinusoidally:
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Solution: As longas w # 1, \/? , the general solution x = x, + x,, is given by
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Interpretation as far as inferred practical resonance for slightly damped problems: If there was even a
small amount of damping, the homogeneous solution would actually be transient (it would be
exponentially decaying and oscillating - underdamped). There would still be a sinusoidal particular
solution, which would have a formula close to our particular solution, the first term above, as long as

o # 1,,/3 . (There would also be a relatively smaller sin( ¢)d term as well.) So we can infer the

practical resonance behavior for different @ values with slight damping, by looking at the size of the ¢( ®)
term for the undamped problem....see next page for visualizations.



restart :

with(LinearAlgebra) :

A = Matrix(2, 2, [-2, 1, 1,-2]):

FO = Vector([0, 3]) :

Iden = IdentityMatrix(2) :

c=0— (A + w2~lden) 1.( ~-FO0) : # the formula we worked out by hand

VvV

v

v

=>
> c((x));
3
034 —4@2 +3
4
3 (co2 —2)
034—4(02 + 3

> with(plots) :
with(LinearAlgebra)

> plot(Norm(c(O)), 2), ®=0..4, magnitude=0..10, color = black, title= "mimicking practical resonance”);
# Norm(c(w),2) is the magnitude of the c(w) vector

mimicking practical resonance
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> plot(Norm[c( T j, 2], T=0..15, magnitude=0 ..15, color = black, title

= ‘practical resonance as function of forcing period’ |;
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There are strong connections between our discussion here and the modeling of how earthquakes can shake
buildings:
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As it turns out, for our physics lab springs, the modes and frequencies are almost identical:
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« An interesting shake-table demonstration:

http:/www.youtube.com/watch?v=M_x2jOK AhZM

Below is a discussion of how to model the unforced "three-story" building shown shaking in the video
above, from which we can see which modes will be excited. There is also a "two-story" building model in
the video, and its matrix and eigendata follow. Here's a schematic of the three-story building:
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For the unforced (homogeneous) problem, the accelerations of the three massive floors (the top one is the
roof) above ground and of mass m, are given by

xo N A
x, (1) =@ L -2 1| x0 | .-
x. "' (2) 0o 1 -1

3 x_ (1)
3
Note the -1 value in the last diagonal entry of the matrix. This is because x, (#) is measuring

displacements for the top floor (roof), which has nothing above it. The "k" is just the linearization
proportionality factor, and depends on the tension in the walls, and the height between floors, etc, as
discussed on the previous page.

. For the scaled matrix you'd have the same

k
Here is eigendata for the unscaled matrix '( Pl

k
eigenvectors, but the eigenvalues would all be multiplied by the scaling factor -~ and the natural

frequencies would all be scaled by / —- . Symmetric matrices like ours (i.c matrix equals its transpose)

are always diagonalizable with real eigenvalues and eigenvectors...and you can choose the eigenvectors to
be mutually perpendicular. This is called the "Spectral Theorem for symmetric matrices" and is an
important fact in many math and science applications...you can read about it here: http:/en.wikipedia.
org/wiki/Symmetric_matrix.) If we tell Maple that our matrix is symmetric it will not confuse us with
unsimplified numbers and vectors that may look complex rather than real.

;> with(LinearAlgebra) :
> A = Matrix(3, 3, [-2.0, 1,0, 1,-2, 1, 0, 1,-17);
# [ used at least one decimal value so Maple would evaluate in floating point
-2.0 1 0

A= 1 21 5)

f> Digits == 5: # 5 digits should be fine, for our decimal approximations.



> eigendata = Eigenvectors(Matrix(A, shape= symmetric)) : # to take advantage of the
# spectral theorem
lambdas = eigendata[1]: #eigenvalues
evectors = eigendata[2]: #corresponding eigenvectors - for fundamental modes

omegas = map(sqrt, —lambdas); # natural angular frequencies
2-evalf (Pi)

f::x—> "

periods = map(f, omegas); #natural periods
eigenvectors = map(evalf, evectors); # get digits down to 5

1.8019
d"} T omegas .= 1.2470
0.44504
34870

s )
S
periods :=| 5.0386 ‘rt“,,p?\"

14.118 17

\
-0.59101 -0.73698 0.32799 Y "'l“‘

eigenvectors :=| 0.73698  -0.32799 0.59101 2™ A (6)
-0.32799 0.59101 0.73698 '5" J—lm.
> B = Marrix(2, 2, [-2, 1.0, 1,~1]) : wal.30 WIS W=y

eigendata = Eigenvectors(Matrix(B, shape="symmetric)) : # to take advantage of the
# spectral theorem

lambdas = eigendata[1]: #eigenvalues

evectors = eigendata[2]: #corresponding eigenvectors - for fundamental modes

omegas = map(sqrt, —lambdas); # natural angular frequencies

2-evalf(Pi)

—

periods == map(f, omegas); #natural periods

eigenvectors = map(evalf, evectors); # get digits down to 5

f::x—)

1.6180
omesas =1 061804
3.8834
periods := 10.166

-0.85065 -0.52573
0.52573  -0.85065

)

eigenvectors :=

>

Exercise 4) Interpret the data above, in terms of the natural modes for the shaking building . In the
youtube video the first mode to appear is the slow and dangerous "sloshing mode", where all three floors
oscillate in phase, with amplitude ratios 33 : 59 : 74 from the first to the third floor. What's the second
mode that gets excited? The third mode? (They don't show the third mode in the video.)

Remark) All of the ideas we've discussed in section 5.4 also apply to molecular vibrations. The eigendata
in these cases is related to the "spectrum" of light frequencies that correspond to the natural fundamental
modes for molecular vibrations.
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5.6 Matrix exponentials and linear systems The analogy between first orzzr systems of linear differential

equations (Chapter 5) and scalar linear differential equations (Chapter 1) is much stronger than you may
have expected. This will become especially clear on Monday, when we study section 5.7.

Definition Consider the linear system of differential equations for x(¢):
x'=A4Ax

where 4 is a constant matrix as usual. If {51 (1), x,(t),... x (1) } is a basis for the solution space to
this system, then the matrix having these solutions as columns,

(1) =[x, (O}, (1)] - |5, (1)]
is called a Fundamental Matrix (FM) to this system of differential equations. Notice that this equivalent to
saying that X (¢) = ®(¢) solves
X' (t)=4X

X(0) nonsingular (i.e. invertible)
(just look column by column). Notice that a EM is just the Wronskian matrix for a solution space basis.
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