Damped forced oscillations (¢ > 0) for x(¢):
mx''+cx'+kx=F;cos(ot)
Undetermined coefficients for x,(¢):
k [xPZA cos(wt?) + Bsin(wt) ]
+c [xP’=—A0)sin((ot) +Bmcos(cot)]
+m [xP’ '=-4 wzcos(wt) —B (Dzsin((n t) ]
waut

= oSt (F&
+ sinat (0)

L(xp)=cos(0r)(kA+cBo—mdw)
+sin(cot)(kB—cA0)—mBo)2) :

Collecting and equating coefficients yields the matrix system

k—mo cw A F,
co k-mo |l B 0|
which has solution
A 1 k—mo  -co F, F, k—mo
B (k—mm2>2+c2m2 co k—mo’ 0 (k—m(oz)ercz(n2 cw
In amplitude-phase form this reads . ~—
x,=Acos(wt) + Bsin(wt) = Ccos(wt—a) l
with —
F st
\ . C= 0 2 . (Check!) = Fo '\}“‘“‘"‘“’) £
= Ww \/ (k—mmz) +cz(x)2 (k-h.})‘i- Cuwl (k'-\w}
S ]
':W‘(%_’W) k—mw2 _,ha(w"“—wq') /\B Cw )
- A a cos(a) = - = 0
e (Wo-w) \/(k—mm2> + o Adnow- A N
. cw ’
sin(o) = , A

2\2 | 5, 2
(k —m ) + o
And the general solution x(#) =x,(#) + x,,(¢) is given by
«  underdamped: x=x +x, = Ccos(mt— o) + e_ptClcos((Dlt — 0(1) :
critically-damped: x=x +x,_ = Ccos(mt—a) +e? t(clt +a).

-r ot -r.t
over-damped:  x=x_+x =Ccos(wt—oa)+ce ' +ce ’
sp tr 1 2

Important to note:
F

«  The amplitude C in X, , can be quite large relative to — if © = ®,
m

denominator will then be close to zero. This phenomenon is practical resonance.
The phase angle o is always in the first or second quadrant.

and ¢ = 0, because the



Exercise 4) (acool M.L.T. video.) Here is practical resonance in a mechanical mass-spring demo. Notice
that our math on the previous page exactly predicts when the steady periodic solution is in-phase and when

itis ou ase with the driving force, for small damping coefficient ¢! Namely, for ¢ small, when
2 lveh in phase) for x_b in(a) = 0 ~ ;when® >> @
® << , e have o near zero (in phase) or x ,because sm(oc) = ,cos(oc) = l;whenw > >

. T
we have o near 7 (out of phase), because sin(ot) = 0, cos(o) =-1; foro = @, 0L is near —-
“ 2

because sin( o) = 1,cos(a) = 0.

http://www.voutube.com/watch?v=aZNnwQ8HJHU

Exercise 5) Solve the IVP for x(¢):
x"'+2x"+26x<482 cos (4

x(0)=6
x'(0)=0.
Solution:
=J4lcos(4t— o) +/10e ‘cos(5¢t—B)
o = arctan (0.8), B = arctan(-3) .
X = XP'(' Xn + )_L(xp-:: A wsdt ¢+ Bsindl B
& b2 (= -4Asidt + 4Bwedt )
"+ +26x= 0 2 1 (xy" = -l6Acstt —6Bsidt )
(A= ' ot
plr=raar 4-2.(7 A A =
= v+ 17426 =0 L(x")::-(ttt(—ze.ésrsm%&f—;wus ) flus.%
Q'i'“) = -2¢ ( B) O sindt
el =t lo A+*]B = 2
v=-=1t5¢ -t —%AJ\-‘O&:D_
Xy lt) = cekwc‘it t e smSt SA+Y4R =4l
b4 -4A *sB =0
[s 4“/\\:[.l=, Al [ )=
RT Xpd %Ky 4 5|8 0 ® #
l’ W 1 ¢l]o
( T G gq b tAsindt (e wsSt — -
[> with (DEtools)) : + L,_etsthE ‘XP‘ > OOSA{.'*L[SLA& - ‘rjx
> dsolve({x'" (t) + 2-x' () + 26 -x(1) = 82-cos (4-7), x(0) = 6, x' (0) =0}); = L
x(t) = L3j_t sin(5¢) + e’ cos(5 t)j_LS cos(4t) +4 sin(ﬂ 4




Practical resonance: The steady periodic amplitude C for damped forc

F( ) - D
\/ (k— m 0)2>2 + o’

Notice that as ®—0, C(®) — & and that as ®— o, C(®) —0. The precise definition of practical

oscillations (two pages back) is

F

. . 0 .
resonance occuring is that C(®) have a global maximum greater than 7 on the interval 0 < @ < oo .

(Because the expression inside the square-root, in the denominator of C(®) is quadratic in @ it will have

at most one minimum in the variable @ , so C(®) will have at most one maximum for non-negative . It
will either be at ® = 0 or for ® > 0, and the latter case is practical resonance.)

Exercise 6a) Compute C(®) for the damped forced oscillator equation related to the previous exercise,
except with varying damping coefficient-e:

x""+ecx'+26x=82 cos((nt).h
6b) Investigate practical resonancg graphically, for ¢ = 2 and for some other values as well. Then use
Calculus to test verify practicala/€sonance when ¢ = 2. xs‘(» = C( W) e0S (_wt -2)

Clw) = €2
\[m
Shotatt wAniny \
Dw [’(7—6“001]1 ¢ 'fw"'-] = 2 (26*(.;")(-7_)() + f}é =0
-9 (2W-~?)+ §=0
€=4 (?—6-4..5"7

2= 2_6—-1»1
> wi ~ wt = 2y =f =iy
| > with(plots) :
] 82 . &%pl\Lch l], S'-UJD M‘ab‘c [3 ]—1_‘

> C:= (o,c)— )

2
i (26— 0') + 0
> plot( C( w, 2 ) , ®=0..20, color = black, title = "practical resonance when c¢=2 ) ;

C practical resonance when c=2




;> with (plots) :
82

> C:= (o, c)l—>
P p)
‘U J(6-o) + 0
> plot( C(w,2 ) , ®=0..20, color = black, title = "practical resonance when c=2 ) ;

practical resonance when c¢=2

81
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> [{}

> plot(C(w, .2), ®=0..20, color = black, title = “practical resonance when c=0.2");

practical resonance when c¢=0.2
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> plot( C( o, 8 ) , ®=0..20, color = black, title = "no practical resonance when c=8‘);

no practical resonance when c=8
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Math 2280-001
Week &
Mon Feb 27

+ Use last Friday's notes to understand damped forced oscillations,
mx'"+cx'+kx=F;cos(ot)

We will discuss undamped and damped forced oscillations.

Wed Mar q

+ Finish forced oscillations discussion if necessary.

Las] wech’s wo les

And then do something completely different, and entirely the same:
« 3.7 Electrical circuits.

It turns out that the mathematics of RLC circuits is identical to that for damped mass spring configurations:

R circuit element | voltage drop units
e l inductor L1I'(1) L Henries (H)
_— : C
Vit QD /11\' “' resistor RI(t) R Ohms (£2)
@) vortage sou capacl "Farads (F
/c‘c]nf\ AN s capacitor %Q(I) C Farads (F')

http://cnx.org/content/m21475/latest/pic012.png

Charge Q (¢)coulombs accumulates on the capacitor, at a rate (current) /(¢) (i(¢)in the diagram above)
amperes (coulombs/sec), i.e Q' (1) =1(¢) .

Kirchoff's Law: The sum of the voltage drops around any closed circuit loop equals the applied voltage
V(t) (volts). The units of voltage are energy units - Kirchoff's Law says that a test particle traversing any
closed loop returns with the same potential energy level it started with:

1
ForQ(t): LQ'" (t)+RQ' (1) + —0(t) =V (1) '
1C v) %\t @1
For/(f):  LI'()+RI'()+ FI(1)=V'(1) mx t e’ s ka = flt)

If we specify that the voltage is given by a periodic sine function then V' (¢) will be a cosine function:

ForQ(t): LQ''(t)+RQ (1) + %Q(t) = V(1) =E,sin(wr) V[t

Forl(t): LI (f)+RI'(1)+ %I(t) = V' (1) = E, 0 cos(01) . €— V'lt)

. . . . 1
We can just transcribe all of our work from mass-spring systems. Just substitute L for m, R for c, C for

k,and I(t) for x(¢). (There could be other situations where you want to study Q(¢) instead, depending on
the context.)



@ OENIA0 +@(t) — V' (1) @cos(mt) @”«-cx".@x @a;‘jc

For example, for RLC circuits with R > 0 the general solution for /(¢) is
1(1) =Isp(t) +1 ().

: T
Isp(t)zlocos(mt—oc) =I,sin(wt—7), y=0— 5

. . g
(One difference from the forced mass-spring conﬁguratl;)rmt rﬁeﬁes sense to express Isp (7) as

1, sin(@ ¢ — ), since the applied voltage is £, sin( o t)) Since 0 < o < , it follows that

T T o
- <y < —
> <v< ) Transcribing
FO l Eooo
C(o) = =|I,(0) =
22 5 2 1 2
J(k—mo) + 2o /(F_L(,fj R
_ Eo

—_ _ 2
/(C Lm) +R

1 2
The denominator / ( <o L (o) + R? of I, () is called the| impedance Z( ®) of the circuit (because

the larger the impedance, the smaller the amplitude of the steady-periodic currentthat flows through the
circuit). Notice that for fixed resistance, the impedance is minimized and the steady periodic current

amplitude is maximized wher, =L w,ie.

Cw

C= . 5 if L is fixed and C'is adjustable (old radios).

Lo

1
L= 5 if C'is fixed and L is adjustable

Co
Both L and C are adjusted in this M.I.T. lab demonstration:
http://www.youtube.com/watch?v=ZY gFuUI9_Vs.

+ Then begin the Friday notes, if we have time.



Math 2280-001
Fri Mar 3

4.1 Systems of differential equations - to model multi-component systems via compartmental analysis

http://en.wikipedia.org/wiki/Multi-compartment model
and to understand higher order differential equations.

Here's a relatively simple 2-tank problem to illustrate the ideas:

v‘=w'v

% t)

vzzzooa,
L)

3

Exercise 1) Find differential equations for solute amounts x, (¢), x, (¢)above, using input-output modeling.
Assume solute concentration is uniform in each tank. Ifx, (0) =b,, x,(0) = b, , write down the initial
value problem that you expect would have a unique solution.
’
X, (£1= e - Voto

= 4w X2 — G X2 = 2x,~ Yx = “"1&‘+'Lv,_
)] Loy

(-ﬁ) mast )
( Y
X{“’-\ 2 qq ~"%

24 ok < 40 e < Y TUX
(0w L0V

answer (in matrix-vector form):

xll(t) -4 2 xl(t)
(1) || 4 -2 | %0
x,(0) B b,
x,(0) b,



Geometric interpretation of first order systems of differential equations.

The example on page 1 is a special case of the general initial value problem for a first order system of
differential equations:

« We will see how any single differential 1), or any system of differential equations
(of any order) is equivalent to a larger first order system of differential equations. And we will discuss
how the natural initial value problems correspond.

Why we expect IVP's for first order systems of DE's to have unique solutions x(¢) :

+ From either a multivariable calculus course, or from physics, recall the geometric/physical interpretation
of x’ (¢) as the tangent/velocity vector to the parametric curve of points with position vector x(¢), as ¢
varies. This picture should remind you of the discussion, but ask questions if this is new to you:

o
t
]
r
[v'S)
¢

Analytically, the reason that the vector of derivatives x’ (¢) computed component by component is actually
a limit of scaled secant vectors (and therefore a tangent/velocity vector) is:

xl(t + At) x (1)
i — tim i xz(t + At) - x (1)
= At — 0 At
x (1 + A1) x ()
n n
1
E[xl(t—l-At)—x(t)j xll(t)
_ _ x, ' (1)
~ lim mn x2(1+At) X (t)) _| 2 ’
At — 0
1 xn’(t)
A [xn(t + At) — xn(t))

provided each component function is differentiable. Therefore, the reason you expect a unique solution to
the IVP for a first order system is that you know where you start (x ( to ) = X,), and you know your

"velocity" vector (depending on time and current location) = you expect a unique solution! (Plus, you
could use something like a vector version of Euler's method or the Runge-Kutta method to approximate it!
And this is what numerical solvers do.)



These are vector analogs of the theorems we discussed in Chapter 1 for first order scalar differential
equations. The first one should make intuitive sense, based on the reasoning of the previous page.

Theorem 1 For the [IVP
x'(t)=E

(t,x
X(to) X

(1))

If F (¢, x) is continuous in the #- variable and differentiable in its x variable, then there exists a unique

solution to the IVP, at least on some (possibly short) time interval fy — 0<t< f, + 5.
Theorem 2 For the special case of the first order linear system of differential equations IVP

X' (1) =A(t)x(t) + £(2)
x(t)) =X,

If the matrix 4 (7) and the vector function £ (#) are continuous on an open interval / containing #, then a

solution x () exists and is unique, on the entire interval.

Remark: The solutions to these systems of DE's may be approximated numerically using vectorized
versions of Euler's method and the Runge Kutta method. The ideas are exactly the same as they were for
scalar equations, except that they now use vectors. For example, with time-step / the Euler loop would
increment as follows:

T
PR e E(

[| ==
~

~
)
=

X. .
]

Remark: These theorems are the true explanation for why the n'™-order linear DE IVPs in Chapter 3

B

always have solutions - We will see that each n™ — order linear DE VP is actually equivalent to an IVP
for a first order system of # linear DE's. (The converse is not true.) In fact, when software finds
numerical approximations for solutions to higher order (linear or non-linear) DE IVPs that can't be found
by the techniques of Chapter 3 or other mathematical formulas, it converts these IVPs to the equivalent
first order system IVPs, and uses algorithms like Euler and Runge-Kutta to approximate the solutions.



Exercise 2) Return to the page 1 tank example

1 2
x, (1) =4x —2x,
x(0)=9
x,(0)=0

2a) Interpret the parametric solution curve [xl (2), x, (1) ]Tto this IVP, as indicated in the pplane screen
shot below. ("pplane" is the sister program to "dfield", that we were using in Chapters 1-2.) Notice how
it follows the "velocity" vector field (which is time-independent), and how the "particle motion" location
[xl (1), x, (1) ]T is actually the vector of solute amounts in each tank. If your system involved ten coupled
tanks rather than two, then this "particle" is moving around in R10 .

2b) What are the apparent limiting solute amounts in each tank?

2¢) How could your smart-alec younger sibling have told you the answer to 2b without considering any
differential equations or "velocity vector fields" at all?

A A

s

AAAAS

SRS




Exercise 7) Consider an n' order differential equation for a functlon x(t):

A (1) =f (8 x(2), %" (1) (1)
and the IVP

0 0

x’(to) =b1

X' (1) = b,
" 1)(to) =b, _,

a) Show that if x(7) solves the IVP above, and if we define functions x, (¢), x, (¢), ... x_(Z) by

n
n—1
xl = X, x2 = xl,x3 = xl/,...x = x( )

n
Then [x [ Xy wees xn] solve the first order system [VP

X '=x

Xy =
xn —ll:xn

xn’Zf(t,xl,xz,. X, _1)
X (%) = b,
% (%) =b,
x3(t0) =b2
xn(tO) :bn —1

b) Show that if [xl (1), x,(1),..x, (1) ] is a solution to the IVP in g, then the first function x, (#) solves the

original IVP for the n™ order differential equtation.



Higher order systems of DE's are also equivalent to first order systems, as illustrated in the next example.

Consider this configuration of two coupled masses and springs:

k. k.

" 2
'; A_AAN_AA_ '_'(’E‘;\' "*"‘A":‘:l,‘ 1—‘\!’

Exercise 8) Use Newton's second law to derive a system of two second order differential equations for
x, (), x, (), the displacements of the respective masses from the equilibrium configuration. What initial

value problem do you expect yields unique solutions in this case?



Exercise 9) Consider the IVP from Exercise 6, with the special values
m, =2,m2= l;k1 =4,k2=2;F(t) =40sin(3¢) :
x ''=-3x +x,
x,"'=2x —2x,+40sin(37)
x,(0)=b,,x,"(0)=b,
x,(0)=c,x,"(0)=c,.
9a) Show thatif x| (#), x, (¢) solve the [IVP above, and if we define
v, (1) = x," (1)
v, (1) = x," (1)
then x, (), x, (1), v, (), v, (¢) solve the first order system IVP
x,'=w
x,'=v,
v,'=-3x +x,

v,'=2x, —2x, +40sin(3 )

2 1
x,(0) =0,
v, (0) =0,
x,(0)=¢,
v (0)=c¢c, .

9b) Conversely, show that if x, (¢), x, (¢), v, (), v, () solve the IVP of four first order DE's, then

x, (), x, (¢) solve the original IVP for two second order DE's.



