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2.3 Improved velocity models: velocity-dependent drag forces

For particle motion along a line, with

position x(¢) (or y(¢)) ,
velocity x’ (¢) = v(t) , and
acceleration x' ' (¢) =v' (¢) = a(?)

We have Newton's 2" law

mv' (t)=F < .e.z, - ‘wj
where F'is the net force. S e.q. Pune .Lraa ')C)uz poy- IS w.loc..b
«  We're very familiar with constant force F'=m o, where o is a constant:

vi(t)=a

v(t)=at+v,

1
x(t)=5(xt2+v0t+xo. .

Examples we've seen a lot of:

« o =-g near the surface of the earth, if up is the positive direction, or o0 = g if down is the positive
direction.
+ boats or cars or "particles" subject to constant acceleration or deceleration.

New today !!! Combine a constant force with a velocity-dependent drag force, at the same time. The text
calls this a "resistance" force:

mv'(t)=mo +F,

Empirically/mathematically the resistance forces /7, depend on velocity, in such a way that their magnitude
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« p =1 (linear model, drag proportional to velocity):
mv' (t)y=mo -kv
This linear model makes sense for "slow" velocities, as a linearization of the frictional force function,

assuming that the force function is differentiable with respect to velocity...recall Taylor series for how the
velocity resistance force might depensl_og velocity:

F(v) =>@ + F,' (0)

£7,(0) = Ojand for small enough v the higher order terms might be negligable compared to the linear term,
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Fo(v) = F,"(0) v z‘;/_c'v .
We write -k v with £ > 0, since the frictional force opposes the direction of motion, so sign opposite of
the velocity's.

http://en.wikipedia.org/wiki/Drag_(physics)}#Very low_ Reynolds numbers: Stokes.27 drag
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Exercise 1a: Rewrite the linear drag model as v/

V/(t):oc—pv !4\9;«-' S!/(l\ﬂ Q»{-r_r_‘_\l_—() -
. . V= l O x
where the Construct the phase diagram for v. Notice that v(#) has exactly one co stant )
/7

(equilibrium) solution, and find it. Its value is called the terminal velocity. Explain why ferminal velocity
is an appropriate term of art, based on your phase diagram.
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1b) Solve the IVP o nadte. whe Vet v, ‘sl
vi()=o—pv call L_V l-bsww.o
v(0) =v, ¢ velo it

and verify your phase diagram analysis. (This is, once again, our friend the first order constant coefficient
linear differential equation.)
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1c) integrate the velocity function above to fh-rd—a-furmul'ar'fcr position functlon v(t).
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« p =2, for the power in the resistance force. This can be an appropriate model for velocities which are
not "near" zero....described in terms of "Reynolds number". Accounting for the fact that the resistance

opposes direction of motion we get
n/v’(t)=moc—kv2 ifv>0, F_<o
(a2}
nfv’(t)znfoc+k_v2 ifv<0. F Yo
[ r

http://en.wikipedia.org/wiki/Drag_(physics)#Drag at high velocity
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Exercise 2) Once again lettinglp = — | we can rewrite the DE's as
m

2 ! *
v’(t) o - pv ifv>0 V""I"CV
()y=o +p VvV ify < 0.
2a) Consider the case in whic o =- o=-g ,l re consideri rtical motion, with up being the positive

direction. Draw the phase dlagrams Note that each diagram contains a half line of v-values. Make

conclusions about velocity behavior in case v, > 0 and v, < 0. Is there a terminal velocity?
viCo = v dee.
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2b) Setup the two separable differential equation IVPs for the cases jabove, so that you will be able to

complete finding the solution formulas (in your homework)....Of coukse, once you find the velocity
function you'll still need to integrate that, if you want to find the positjon function!

vyo: VIE:“B _(Q:"- ) l;w_‘wvl-ﬂ =V, ffm,ql\ v,.
= _p(vte
dt ¢ % veo: v'e - *t(\,z
vV o+
2_9,
w- substhbo~ Y je
Hne avcton ... .___/AV = (JL
(v-ﬁ/(\(vuﬁc)
[’M’M-Q do.ch s




Application: We consider the bow and deadbolt example from the text, page 102-104. It's shot vertically
into the air (watch out below!), with an initial Vel&lty of 49 = In the no- -drag case, this could just be
e N

the vertical component of a deadbolt shot at an angle. With drag, one would need to study a more
complicated system of DE's for the horizontal and vertical motions, if you didn't shoot the bolt straight up.

Exercise 3: First consider the case of no drag, so the governing equations are

v (t)=-g=-98 ﬂz

Maple check:
_> restart .
Digits == 5:
[> o:=98;
v0 = 49.0;

vl i=t—-g-t+ 0,
yl = t— —%-gtz +10-1,
g =98
v0 == 49.0
vl i=t—>-gt+v0

1
vl = t—>—5gt2+v()t 6)



Exercise 4: Now consider the linear drag model for the same deadbolt, with the same initial velocity of

5¢g=49 % We'll assume that our deadbolt has a measured terminal velocity of V=" 245 % =-25g,

g
SO |V1.-| =25g= = = p=.04 (convenient). So, from our earlier work:
- ( = — L
Vt-z -e-gp_s v VT+(VO vt)e
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y=y0—|-tvl_+ 0 V, g < Szxzs}
So, N 30} .
v
v=-£ 4 [vo + £)e“”z-245 +294 ¢
p p
294 _
y=0—2451+ i(l—e 041y,
ol .04
: : . Vet S :
When does the gbject reach its mwzohelgﬁt, what is this height, and how long does the object fall?
Compare to the no-drag case with ﬁsame initial velocity, ip Exercise 3.
Maple check, and then work: 9-: "z‘:‘:o x, Sl ,‘&l =0
Sl R
- c\o.ﬁ et b nbo '3[1:) %ol A&R—
B \_) i, bt
| > with(DEtools) : Mat + R
> g:= 9.8;p = .04;10 = 49; e WL
g =928
p = 0.04
v0 == 49 @)
[ () m—g— - - . &
> dsolve({v'(t)=-g—p-v(t),v(0)=v0},v(t)); 1
-t
v(t) = -245 +294¢ *° ®)
B 1
> v2 i =1—>-2450+ 2% ¢ ;
1
-t
V2 = t—-245.0 + 294 ¢ *° )
> solve(v2(t) =0, t); o[ ot by wo Avc.a wmsL
4.5580 =6 set- (10)
! P g maler § Stse .
> y2 = t—>y0+J’ -S4 ePF (v0+ —j ds;
p p

0
t

y2:=t—>y0+J(—g-I—e_ps(vO-I-ngds an
JLp p




> v2(1);

294
04 °
y0 = 0;
y2(); 1
-t
-245.0 +294¢ *°
7350.0
y0 =0
\7350. — 245t — 7350, ¢ 0040000 ;I =0 sdeh (12)
> solve(v2(1) =0, 1); — t, b Ly
solve(y2(t) =0,1); ot e
12(4.558); | i lavded,
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picture:
> with (plots) :
plotl := plot(yI(t), t=0..10, color = green) :
plot2 := plot(y2(t), t=10..9.4110, color = blue) :
display ({ plotl, plot2}, title = "comparison of linear drag vs no drag models");
comparison of linear drag vs no drag models
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