Exercise 4) Newton's law of cooling is a model for how objects are heated or cooled by the temperature of
an ambient medium surrounding them. In this model, the body temperature 7" = 7'(¢)changes at a rate

proportionﬁ% to th\e difference between it and the ambient temperature A4(¢) ., In the simplest models 4 is
constant. N
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+  Review from Monday. What were the main ideas we talked about?
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At the end of today's notes is the justification for "separation of variables". We will go over that at
some point today. —_—

Section 1.2: differential equations equivalent to ones of the form

y'(x)=f(x)

which we solve by direct antidifferentiation
y(x) =Jf(x) dx=F(x) + C.

Exercise 1 Solve the initial value problem

y(0)=0
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An important class of such problems arises in physics, usually as velocity/acceleration problems via
Newton's second law. Recall that if a particle is moving along a number line and if x(#) is the particle
position function at time ¢, then the rate of change of x(¢) (with respect to #) namely x’ (#), is the velocity
function. If we write x’ (¢) = v() then the rate of change of velocity v(#), namely v’ (¢), is called the
acceleration function a(?), i.e. v (4) = P,g,'}cm_

x"(t)=v'(t)=a(t) . '[¥)=vit) wvel

_ . v/t =ql-li3 "“U'(Ii
Thus if a(#) is known, e.g. from Newton's second law that force equals mass times accel€ration, thien one
can antidifferentiate once to find velocity, and one more time to find position.
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Exercise 2:

a) If the units for position are meters m and the units for time are seconds s , what are the units for
velocity and acceleration? (These are mks units.)

b) Same question, if we use the English system in which length is measured in feet and time in seconds.

Could you convert between mks units and English units? nks Ehg\i(L\
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Exercise 3: A projectile with very low air resistance is fired almost straight up from the roof of a building

oh, ith initial velocity 50 m/s. Its initial horizontal velocity is near zero, but large enough s‘o
that the object lands on the ground rather than the roof.

10

a) Neglecting friction, how high will the object get above ground? ﬂ 10
b) When does the object land ?
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Here's another fun example from section 1.2, which also reviews important ideas from Calculus - in
. . . N
particular we will see how the fact that the slope of a graph y = g(x) is the derivative d_z can lead to first
order differential equations.
Exercise 4: (See "A swimmer's Problem" and Example 4 in section 1.2). A swimmer wishes to cross a

river of width w =2 a , by swimming directly towards the opposite side, with constant transverse velocity
V¢ JThe river velocity is fastest in the middle and is given by an even function of x , for ~a < x < a. The

locity equal to zero at the river banks. For example, it could be that (0,v,)
2
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ee the configuration sketches below.
) Writing the swimmer location at time 7 as (x(¢), y(¢)), translate the information above into expressions
rx’(t) andy’(¢).

) The parametric curve describing the swimmer's location can also be expressed as the graph of a

nction y =y(x) . Show that y(x) satisfies the differential equation

dy_ Yo, 2
dx g @ |

ompute an integral or solve a DE, to figure out how far downstream the swinfmer will be{when she
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o
Exercise 5:
Suppose the acceleration function is a negative constant -a,
x'"'(t)=-a. 1,
. . . . . m S Y
(This could happen for vertical motion, e.g. near the earth's surface witha =g = 9.8 — = 32 ~— ;
s N =4

well as in other situations.)
a) Writex(0) =x,, v(0) = v, for the initial position and velocity. Find formulas for v(#) and x(7) .
b) Assuming x(0) =0 and v, > 0, show that the maximum value of x(7) is
1%
max 2 a
(This formula may help with some homework problems.)
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1.4 Separable DE's: Important applications, as well as a lot of the examples we study in slope field
discussions of section 1.3 are separable DE's. So let's discuss precisely what they are, and why the
separation of variables algorithm works.

Definition: A separable first order DE for a function y = y(x) is one that can be written in the form:

I,dx =f(x )¢(£! e

It's more convenient to rewrite this DE as

1 dy
—— ——=f(x), (aslongasd(y) # 0).
O(y) dx
1
Writing g(v) = m the differential equation reads
y P

g(y)% =f(x).| & ‘whgmlc Lot ius sdley wni x

dy
dx

if G(y) is any antiderivative of g(»), then we can rewrite this as \S‘A‘jlﬁ) % dx = \S $6a dn

Solution (math justified): The left side of the modified differential equation is short for g(y(x))——-. And

G (y(x) )y (x)
which by the chain rule (read backwards) is nothing more than

d u=ylx)
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And the solutions to
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E(y(x) )=| ) de=F) +
where F'(x) is any antiderivative of /(x). Thus solutions y(x) to the orlglnal differential equation satisify

4 Sol b z(x) $fev€ "-HNsSIu-'LL.} .ﬂl.l\.

G(y)=F(x) + C.
This expresses solutions y(x) implicitly as functions of x . You may be able to use algebra to solve this
equation explicitly for y = y(x) , and (working the computation backwards) y(x) will be a solution to the
DE. (Even if you can't algebraically solve for y(x) , this still yields implicitly defined solutions.)

d
Solution (differential magic): Treat d_y as a quotient of differentials dy, dx , and multiply and divide the
X

DE to "separate" the variables:
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Antidifferentiate each side with respect to its Varlabl (7
JEEE )dy—[f( i i

G(y)+C =F(x +C:>(?? +C|Agrees'

This is the same differential magic that you used for the " method of substitution" in antidifferentiation,
which was essentially the "chain rule in reverse" for integration techniques.
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