
2b)  Use these linearity properties to show that 

Theorem 0   the solution space to the homogeneous second order linear DE
y p x y q x y = 0 

is closed under addition and scalar multiplication, i.e. it is a subspace.  Notice that this is the "same" proof 
one uses to show that the solution space to a homogeneous matrix equation A x = 0 is a subspace.

Exercise 3)  As an example, find the solution space to the following homogeneous differential equation for
y x  

y 2 y = 0 
on the x interval x .  Notice that the solution space is the span of two functions.  Hint:  This is
really a first order DE for v = y . 



Exercise 4)  Use the linearity properties to show 

Theorem 1  All solutions to the nonhomogeneous second order linear DE
y p x y q x y = f x  

are of the form y = yP yH where yP is any single particular solution and yH is some solution to the 
homogeneous DE.  (yH is called yc, for complementary solution, in the text).  Thus, if you can find a single 
particular solution to the nonhomogeneous DE, and all solutions to the homogeneous DE, you've actually 
found all solutions to the nonhomogeneous DE.  

Theorem 2  (Existence-Uniqueness Theorem):  Let p x , q x , f x  be specified continuous functions on
the interval I , and let x0 I .  Then there is a unique solution y x  to the initial value problem

y p x y q x y = f x
y x0 = b0 
y x0 = b1 

and y x  exists and is twice continuously differentiable on the entire interval I .



Exercise 5)  Verify Theorems 1 and 2 for the interval I = ,  and the IVP
y 2 y = 3 
y 0 = b0 
y 0 = b1 



Unlike in the previous example, and unlike what was true for the first order linear differential equation
y p x y = q x  

there is not a clever integrating factor formula that will always work to find the general solution of the 
second order linear differential equation

y p x y q x y = f x .  
Rather, we will usually resort to vector space theory and algorithms based on clever guessing to solve 
these differential equations. It will help to know

Theorem 3:  The solution space to the second order homogeneous linear differential equation
y p x y q x y = 0 

is 2-dimensional.  

This Theorem is illustrated in Exercise 2 that we completed earlier.  Theorem 3 and the techniques we'll 
actually be using going forward are illustrated by

Exercise 6)  Consider the homogeneous linear DE for y x  
y 2 y 3 y = 0 

6a)  Find two exponential functions y1 x = er x , y2 x = e  x that solve this DE.  Deduce that arbitrary 
linear combinations of y1, y2 also solve the DE.
6b)  Show that every IVP

y 2 y 3 y = 0 
y 0 = b0 
y 0 = b1 

can be solved with a unique linear combination y x = c1y1 x c2y2 x  .
6c)  Use your work from part b to explain why the solution space is two-dimensional.
6d)  Now consider the nonhomogeneous DE

y 2 y 3 y = 9 
Notice that yP x = 3 is a particular solution.  Use this information and superposition (linearity) to find 
the solution to the initial value problem

y 2 y 3 y = 9 
y 0 = 6
y 0 = 2.




