Math 2280-001
Week 6 Feb 13-17, 3.4-3.5, Exam 1 on Friday

Mon Feb 13 Use last Friday's notes to study the unforced mass-spring configuration, section 3.:1:)

Wed Feb 15 Experiments and first midterm review.

Exam 1 is this Friday February 17, from 8:05-9:25 a.m.] g0 - 130 ,
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This exam will cover textbook material from 1.1-1.5, 2.1-2.4, 3.1-3.4. The exam is closed book and
closed note. You may use a scientific (but not a graphing) calculator, although symbolic answers are

accepted for all problems, so no calculator is really needed.

w 2.5-2.(
(ht Ewuloe possible)

I recommend trying to study by organizing the conceptual and computational framework of the course so

ondin

far. Only then, test yourself by making sure you can explain the concepts and do typical problems which
illustrate them. The class notes and text should have explanations for the concepts, along with worked
examples. Old homework assignments and quizzes are also a good source of problems.

I will have posted the first exam and solutions, from the last time I taught Math 2280. That exam should
give you a feel for how I structure exams and address course topics.

Is there anything from the homework that you'd like to discuss?
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Small oscillation pendulum motion and vertical mass-spring motion are governed by exactly the "same"
differential equation that models the motion of the mass in a horizontal mass-spring configuration. The
nicest derivation for the pendulum depends on conservation of energy, as indicated below. Conservation
of energy is an important tool in deriving differential equations, in a number of different contexts. Today
we will test both the pendulum model and the mass-spring model with actual experiments (in the

undamped cases), to see if the predicted periods 7 = 2n correspond to experimental reality.
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Pendulum: measurements and prediction (we'll check these numbers)
> restart:

Digits := 4 :

(> L= 1.526;
g = 9.806;
\o ¢ 295\
W = % # radians per second WJ" 2§.02
. 2Ht 1
f alf (®/ (2- Pi)); # cycles per second —2
f econds per cycle 24 9
<ot .
L = 1.526 ( 0° 249 o~ 2:50
g == 9.806 - See fugle
® = 2.534945798  veh/cee ;
(N IR
fi= 0.4034491542 c?«-ts [t e 2T T
T=2478627082  4e/eqcla. 1)
Experiment: l 2.4¢ durchnc

Mass-spring:
compute Hooke's constant:

> 98.7 — 83.4; #displacement from extra 50g

pf o oo sy
o e .05-9.806

.153? ; #solve k-x=m-g for k.

16,9 cim )

3.103
k = 3204575163 3
> m = .1; # mass for experiment is 100g
| k
O = Pt # predicted angular frequency ?L:i}
f = evalf ( P J; # predicted frequency
T := 7; # predicted period
m = 0.1
® = 5.660896716 5.7 vad/cec
£ == 0.9009596945 - %$%7 cey s / v .L'c.‘lﬁip_.
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We neglected the KESp”.ng, which is small but could be adding intertia to the system and slowing down the
oscillations. We can account for this:

Improved mass-spring model
Normalize TE = KE + PE = 0 for mass hanging in equilibrium position, at rest. Then for system in

motion,

KE+ PE=KE  + KE + PE

s spring work "

X

1
PE —JkstZEkxz, KE _=—m(x' (1)), KE . =27

work mass 2 spring
0

How to model KEspring ? Spring is at rest at top (where it's attached to bar), moving with velocity x’ (¢) at

bottom (where it's attached to mass). Assume it's moving with velocity WL x’ (¢) at location which is
fraction | of the way from the top to the mass. Then we can compute KEspring as an integral with respect

to W, as the fraction varies 0 < u < 1:

1
2

1 !
KEspring_J E(Hx (t)) (mspring d““) ]
0

_ 1 , 2l 2, 1 , 2
- 2 Spring(x (t)) J n dH— 6mSpring(x (t))
0
Thus
—l _ ’ 2 i 2__ f 2 l 2
TE= > (m-l— 3msprl.ng)( (t))” + 2kx =-M(x'(t))" + ka ,
where
1
M=m+ —m___.
3 spring
Dt(TE)=O=>

Mx'(t)x""(t) + kx(t)x'(¢t)=0.
x'()y(Mx""+kx)=0.
Since x’ (¢) = 0 only at isolated ¢- values, we deduce that the corrected equation of motion is

(Mx""+ kx)=0

o= | KX _ k
0 M 1
m+ —m .
3 spring

Does this lead to a better comparison between model and experiment?

with

> ms = .0103; # spring has mass 10.3 g

1
M:=m+ 3 ms; # "effective mass"



ms = 0.0103

M = 0.1034333333 S
> o= | % ; # predicted angular frequency \/“"W
Q)
= evalf| —— |; # predicted frequenc
/ f(Z'Pl] p frequency wmck*[m,
T = %; # predicted period J7M S,Vk hj

o = 5.566150833  $-4%9
fi= 0.8858804190 . %
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Review Questions

la) Whatis a differential equation? What is its order? What is an initial value problem, for a first or

second order (or higher order) DE? —’l/’- I
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1b) How do you check whether a functi o’olves a differential equation? An initial value problem?
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Ic) What is the connection between a first order differential equation and a slope field for that differential

equation? The connection between an IVP and the slope field?
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1d) Do you expect Solua ons to IVP's to exist, at least for values of the input variable close to its mztzal % Yo K
value? Why? Do you expect uniqueness? What does the existence-uniqueness theorem say? What can
cause solutions to not exist beyond a certain input variable value?
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le) Whatis Euler's num cal method Jor approximating solutions to first order IVP's, &l how goes lt’ )
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1f) Can you recognize the first order differential equations for which we've studied solution algorithms,
even if the DE is not automatically given to you pre-set up for that algorithm? Do you know the
algorithms for solving these particular first order DE's?
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2a) What's an autonomous differential equation? at's an equlllbrzum scofl}lo to a”%aﬁ% “ “"5
differential equation? !/%ﬂt is a phase diagramlfor an_autonomous jirgtorder DE, and how do you“'"c /’

construct one? How doek a phase diagram help you understand stabilfty questions for equilibria? What
does the phase diagram for an autonomous first order DE have to f vl'ith the slope field?
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2b) Can you convert a desci;flu@ &y%a%a?s e:%"lﬂ’ferﬁf )ml;g of chang eoinelric

configuration in terms of slopes, into a differential equation? What are the models we've studied carefully
in Chapters 1-2? What sorts of DE's and IVP's arise? Can you solve these basic application DE's, once
you've set up the model as a differential equation and/or IVP?
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3a) For functions y(x), why is

—1
L) =y"+a,  (xp" "

+ota (x)y'+a,(x)y

called linear?
- LV oW s Wntaw wtang

L (y,+ )= L (‘3,) +Lye)
L (h,') =cl (\I)

3b) For linear operators L, why is the general solution to

Ly)=rf

given by y = Y + y,, where Y is any single particular solution, and y,, is the general solution to the

homogeneous problem?
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3c) For the differential operator L above, what is the dimension of the solution space to the homogeneo%sj? Jus
DE o
L(y)=0? w S

What does this have to do with the existence-uniqueness theorem?
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3e) What's the Wronskian matrix? How does it arise in studying initial value problems?
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3f) What's the algorithm ]E)-IE finding the solution space to b, Ye by j‘/ (,('1 )AL 6(.‘) G
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(when all the aare constayfts)? What is Euler's formula, and what does it have'to do with this
nomial handled? Why are the solutions

discussion? How are rgpeated roots to the characteristic
that the algorithm creltes fnearly independent?
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3g) Far e application to unforced Burg posszb ly damped) mass-spring configurations real SOL‘I"‘MS

mx'' (t) +cx' (1) +kx(t)=0 j"j‘l
what sorts of phenomena arise? Can you convert to amplitude-phase form for simple harmonic motion?
Can you describe the important quantities for simple harmonic|motion? How are damping phenomena
classified? Can you solve IVPs?
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