Math 2280-001
Week 12, April 3-7

L2 dwesda ‘j
Mon Apr 3 Finish section 5.7 notes from Ererday. We will also discuss questions you may have about the
section 5.6 homework due on Tuesday. A lab problem for next week will be to workd D D

problem from the second midterm using (1) matrix exponentials, and (2) the diagonalizdtion method. We
may begin that problem in lab format, if time permits.
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Variation of parameters: This is what fundamental matrices and matrix exponentials are especially good
for....they let you solve non-homogeneous systems without guessing. Consider the non-homogeneous
first order system

x'()=Pt)x+f(r) *

Let ®(¢) be an FM for the homogeieous system ]

Q') = P dr
(6) ¢ t'hWA\'LLA.

Since ®(¢) is invertible for all # we mlay do a change of functions for the non-htmogeneoys system:
x(1)=D(Hu(t) (i\,.-fgd' b is 'mv"“nh )
plug into the non-homogeneous system (*): V4 o~ i.J-mrJ
@ (pat(0) + @0’ (1) = PO (1) +£(1)

Since ®'= P ® the first terms on each side cancel each other and we are left with
()’ (1) =f(1)
=O(1)u(1).

which we can integrate to find a u (#), hence an x(¢)

Remark: This is where the (mysterious at the time) formula for variation of parameters in n™ order linear
DE's came from....

"Recall" (February 24 notes):
Variation of Parameters: The advantage of this method is that is always provides a particular solution,
even for non-homogeneous problems in which the right-hand side doesn't fit into a nice finite dimensional
subspace preserved by L, and even if the linear operator L is not constant-coefficient. The formula for the
particular solutions can be somewhat messy to work with, however, once you start computing.

Here's the formula: Lety, (x),,(x),...v, (x) be a basis of solutions to the homogeneous DE
—1 ,
Lpy)=y"4p, " "+ p () + py(x)y=0. <—

Thenyp(x) =u (x)y, (x) +uy(x)y,(x) + ... £ x) 1s a particular solution to

provided the coefficient functions (aka "varying parameters") u, (x), u ...t (x) have derivatives

2

satisfying the Wronski atrix equation

Cloopkn’
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But if we convert the n"" order DE into a first order system for x, =y, x, =y’ etc. we have

5 (=) = e
x1,=x2 (=»") 3 +h-‘3 b= &riskr"j ﬁ
=% (=y'") ‘

xn—llzxn (:y(”_l))

x = (=y") =-py (x)x, -, (X)X — mp, _(X)x, |+ 1.

_ T
And each basis solution y(¢) for L(y) = 0 gives a solution [y, v,y ...y(" 1)] to the homogeneous

system
L To 10 . 0 Y| To
x,' o o 1 .. 0 Xy 0 @
5 |=[ 0 0 01 0 x |+ 0
x| | Po TP TPy TPy || x) S

So the original Wronskian matrix for the n'™ order linear homogeneous DE is a FM for the system above,
so the formula we I¢arned in Chapter 3 is a spegi easier to understand one for first order
systems that we jdst derived, namely

\
& Y2 "=
.3'(1 ‘11, 3...’

1 y(t1 slves (D
He '?' Steves@

(G

(w1} (w0 (O
' 51 ~

v (.& ";' sa(us@,

alc,o Wrmslub\n Fﬂ @ Y ) *rn Han x,(4) s.(’ve,
hey begez ) sths 0 X7 0




Returning to first order systems, if we want to solve an IVP for a first order system rather than find the
complete general solution, then the following two ways are appropriate:

1) If vou want to solve the IVP

The the solution will be of the form x=®u  (whereu'= 0} f as above). Thus
=0(0)u,

R
SO J} w(t)= @lﬂ‘“ﬂ

u,=(0) 'x,.
Thus
t

Then
x(1) = @(Hu(?)
t
¥ x0=00)|uy+ | 2 (L) ds)
0 speial  PII=A ot
‘ s - {:A
2) If you want to solve the special case [VP Q =
x'(1) = Ax+£(1) q = 1'

where A4 is a constant matrix, you may derive a special case of the solution formula above _]LlSt as we d1d

Chapter 1. This is sort of amazing!
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Exercise 2 Consider the non-homogeneous problem related to the homogeneous system in Exercise 1:

X 3 -1 1% t
= +
X, I 1 X, 0
X (0) 0
nO) [ [1]
Solve this system using the formula
t
x(r)=¢" x, +J e (s) ds)
0

(One could also try undetermined coefficients, but variation of parameters requires no "guessing.")

Tech check: (The commands are sort of strange, but might help in your homework.)
| > with(LinearAlgebra) :
3 -1
1 1
MatrixExponential (t-A);

T
|

>AZ:

f:=t—>

x0 =

ezt(1+t) !
2t 2t ®)
te e (-1+1)

;> integrand = s — simplify(MatrixExponential(—s- A).f(s)) : #integrand in formula above
> integrand(t); #checking




e (-1 410yt

2 -2t (6)
-re
> integrated = unapply(map(int, integrand(s), s=0.. t), t): #"map" applies a function to each entry of an array...
_ # "unapply” makes a function out of output
> integrated(t); #checking
1 5 2y
— 1
5 €
)
1 1 oy 1 o 1 21
4+4e +2te +2zze
> x = unapply(simplify(MatrixExponential (¢- A).(x0 + integrated(t))), t) :
x(t); #checking answer
1 21
—tle —1
L@
8
Loty +2+ L v
4 4 4
> with(DEtools) :
dsolve({x1'(t)=3-xI(t)-x2(t) + t, x2' (¢t) =x1(t) + x2(t), x1(0) =0, x2(0) =0});
1 2t 1 1 2t 1 1 1 2t
1(t)=—1 — — Lx2(t)=-— + — 4+ —t+ —t 9
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In some sense the examples/methods in this problem contain pretty much all of the course so far. 4fe ls k
\al, voLUJv-

w12.1 (from next week's homework) Consider the input-output IVP from the second rnidterrn

[ sl
1,() IR 20] C')u‘-?— pan |
X, (t) 2 -3 | x, 40
E SFAK{[_]
X (9) [o Az-6
x,(0) o f
wl2.1a) Using matrix exponentials, the solution to
x' (1) =Ax+[f(1)
x(0) = x,
is given by
tA :

o |- o]



wl2.1b) Alternately, when A4 is diagonalizable, as it is in this case, we can change output variables to reduce
to a simpler system: Let

AS=SA
where the columns of S are an eigenbasis for R” or C” and A is the diagonal matrix of corresponding
eigenvalues. Then

x'(t)=Ax+ f(2)
x(0) =x,

is equivalent to

For

this yields the diagonal system

1.e. the IVP



Wed Apr5
7.1-7.2 Laplace transform, and application to DE IVPs

+ The Laplace transform is a linear transformation ".L™" that converts piecewise continuous functions

(¢ ) defined for t > 0 nd with at most exponential growth (| f(¢)] < C M! for some values of C and
5 ) defined by the transformation formula™ = jeq L 1< C e""te-si = C e(H"ﬂt

[ee]

otk —5 Fs)=L1r(0)s) = | F(e ar,
$IM 0

i\npu“s

+ Notice that the integral formula for F'(s) is only defined for sufficiently large s, and certainly for

s > M, because as soon as s > M the integrand is decaying exponentially, so the improper integral from ¢
= (0 to o converges.

« The convention is to use lower case letters for the input functions and (the same) capital letters for their

Laplace transforms, as we did for f(¢) and F'(s) above. Thus if we called the input function x(¢) then we

would denote the Laplace transform by X (s).

Taking Laplace transforms seems like a strange thing to do. And yet, the Laplace transform £’ is just one
example of a collection of useful "integral transforms". -£is especially good for solving IVPs for linear
DEs, as we shall see starting today. Other famous transforms - e.g. Fourier series and Fourier transform
are extremely important in studying linear differential and partial differential equations. We will discuss
Fourier series in about a week. These transforms are also studied in Math 3140, 3150, and in various
5000-level pure and applied math classes.

Exercise 1) Use the definition of Laplace transform
Fls) = LU W0)s) = | fe de

0
to check the following facts, which you will also find inside the front cover of your text book.

2 LUYs) =T (5> 0)

b) L{e*}(s) = (s >oaifo €R s> aifo=a+ki€ C)

¢) Laplace transform is linear, i.e.
J{j‘l(t) +f2(t)}(s) =F/(s) +F,(s) .
L{cf(1)}(s) =cF(s).
d) Use linearity and your work above to compute £'{3 — 4 e 2 ).
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For the linear differential equations and systems of differential equations that we've been studying, the
following Laplace transforms are very important:

Exercise 2) Use complex number algebra, including Euler's formula, linearity, and the result from 1b that
1

J{e(“””’}(S):m |
to verify that
@) £ {eos(kN}H(s) = 5 .0
b) L{sin(kz)}(s) = 212
9 £ won(kn)j5) = A\
&) L{sin(k)}(s) = (S—a];2+k2 . A

(Notice that if we tried doing these Laplace transforms directly from the definition, the integrals would be
messy but we could attack them via integration by parts or integral tables.)
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It's a theorem (hard to prove but true) that a given Laplace transform F'(s) can arise from at most one
piecewise continuous function f'(#). (Well, except that the values of fat the points of discontinuity can be
arbitrary, as they don't affect the integral used to compute F'(s).) Therefore you can read Laplace
transform tables in either direction, i.e. not only to deduce Laplace transforms, but inverse Laplace
transforms £ =1 {F(s)}(¢) =f(¢) as well.

Exercise 3) Use the Laplace transforms we've computed and linearity to compute

7 1 10 s
L — + — t).
[S s* + 16 s2—|—16]()

=74 Lo ws4t L ois (-1

5\[3 'F‘Lh.”l'D \S {-=o
/_\ ?,,,.;l) is 'Fw\

N W S - Lo s s e
'ﬂl\b— ¢
() F(s) ::J f(he stdt
t 0
i) < cet fors > M
clfl(t) + czfz(t) chl(s) + cze(S) v
1 1
—  (s>0 l/
t 1
e a (s > NR(a)) l/
cos(k 1) S v
2+ K2 (s>0)
sin(k 1) k
v >0 v
edlcos(kt) (s —a)
ooareg ©7o |V
& lsin(k 1) k
(s —a)2 + k2 (s > a) v
S0 s F(s) — f(0) v
S s2F(s) — s f(0) — £ (0) v
Laplace transform tab . .
n




The integral transforms of DE's and PDE's were designed to have the property that they convert the
corresponding linear DE and PDE problems into algebra problems. For the Laplace transform it's because
of these facts:

Exercise 4a) Use integration by parts and the definition of Laplace transform to show that
L{g" (1)} (s)=sL{g()}(s) —g(0)=sG(s) —g(0). ®

4b) Use the result of a, applied to the function f” (¢) to show that

r ! 2 ’
LS (1) }(s) =s7F(s) —sf(0) —f(0) .
4c) What would you guess is the Laplace transform of /'’ (¢) ? Could you check this?

) oQ -ct
oy L iyl = S KOS = e'stam] - 3 qielbsre” g

oo

¥ wzest < -5&%S 4 oM “0 0 0o .4
nse du= -s€e 4% - O-zlo\ - S 3lm‘at
dv=3’l£‘\&l‘. V'~'2l’d HE o
4L) wu T wth lgtt)\f Czn = SGLS)~2(0)
Sk Glt.

48 = §14) «\»(sl 5"(0:{3 ()= s LIl - $10) = 5 (< Fsr-§a) - $719)

2
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Here's an example of using Laplace transforms to solve DE IVPs, in the context of éh;[:te?.}& and‘%h(e} 3 (0]
mechanical (and electrical) application problems we considered there.

Exercise 5) Consider the undamped forced oscillation IVP
x""(t) +4x(t) =10 cos(3 ?)

x(0)=2

x"(0)=1
If x(¢) 1s the solution, then both sides of the DE are equal. Thus the Laplace transforms are equal as well...
.m Laplace transforms of each side and use algebra to find-£"{x(#) } (s) = X (s). Notice you've
computed X (s ) without actually knowing x(¢)! If you were happy to stay in "Laplace land" you'd be
done. In any case, at this point you can use our table entries to find x(¢) = £~ {x(¢) }(s).

(Notice that if your algebra skills are good you've avoided having to use the Chapter 3 algorithm of (i) find
x,, (i) find an x, (iii) x = x, + x,, (iv) solve IVP.) Magic! Or, would you have prefered to convert to a

first order system and to have used variation of parameters with an FM or ¢! ! like in Chapter 5 =) ?)

X = RH tan =
fmsethe sy, ML(LHS) = L (RHSY b “ CHSTRRS

x" | ¢ X(s) - s xo) -x14)
$2X(S)-2S—\ +t Xy =10 s S
$—1:1 wos (Lt} -ST+_|—<"
\
()= 0 S — PR L T B
X .) (S‘*q)(51*1) 61"'"| S"L*'.{
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Input:

X" () + 4 x(t) = 10 cos(3 t), x(0) = 2, x"(0) = 1}
Open code &=

ODE classification:

second-order linear ordinary differential equation
Alternate forms: More
{x""(t) = 10 cos(3 t) — 4 x(t), x(0) = 2, x"(0) = 1}

{x"7(8) + 4 x(t) = 10 cos(t) (2 cos(2 t) — 1), x(0) = 2, x"(0) = 1}
=

X7 (£) + 4 x(t) = 10 cos®(t) — 30 cos(t) sin(t), x(0) = 2, x"(0) = 1}
=

Differential equation solution: ep solution

x(t) = Zl’ (sin(2t) + 8 cos(2t) — 4 cos(3 1))

Plots of the solution:

¢ x

@ Enlarge | # Data | @ Customize | A Plaintext | & Interactive

Input:
25+ 1
partial fractions 10 - s s
(s +9)(s*+4) s*+4
Open code (=
Result: ep solution
10s 2s+1  4s+1 2s
(s?+4)(s?+9) s2+4 s2+4  s2+9
o
[ inverse Laplace transform (=] ]

ea EB v Web Apps = Examples =& Random

Assuming "inverse Laplace transform" refers to a computation | Use as referring to a mathematical definition instead

= function to transform:  (4*s+1)/(s"2+4)-2s/(s

= initial variable: s
= transform variable: t
Input:
ar4s+ 1 s
L —=— —2x )
s+ 4 +9

Open code =

orm of f(s) with real variab

£IVIF)](8) is the inverse Lap

Result:

7; (sin(2t) + 8cos(2t) — 4 cos(3t))



Exercise 6) Use Laplace transform as above, to solve the IVP for the following underdamped, unforced
oscillator DE:
x""(t)+6x"(t) +34x(t)=0
x(0) =3 x| s Xl -xta
¥ (0)=1 "] ¢ X\ -5x19)
\ 3 -x19)

27 4 Y 4
X6 - 510 -1 0) + b (X xt) £ 39 Y19 = o

X(ﬂ[?* 6s+34} = 35419

X< 35+ "o e‘"‘:oskt
¢t bs +34 gkt
§" 6s+ 34
3(s43) 4 10 = (s+0)" £25

X&) = -
(sr3) 22§

X(s\ = 3 s¢y +14
(s+y)*42$ (s43) ¢+ 2§

- 2
xt)= 3 e”oosst + e tsmst
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7.1-7.4 Laplace transform, and application to DE IVPs, especially those in Chapter 3. Today we'll
continue to fill in the Laplace transform table (at the end of the notes). Along the way we'll revisit some of
the mechanical oscillation differential equations from Chapter 3.

Exercise 1) (to review) Use the table to compute :‘L{‘_ﬂ
la) L{442¢74}(s) L%
2 6 at A
1b) J’-l{ 5 +—}(t). e s-a
ST s e+ af|9F taF
"*) i § 2 _‘__
s stH
1t
ll’) e * G

Exercise 2) (to review the definition) Use the definition of Laplace transform,
Fls)=LU0}6s) = | flne™

0
to find the Laplace transform of the step function graphed below. (The function is equal to zero for ¢t > 3.)

2
13
0

\\

0 | 1 | 2 | 3 4 5

0 } | 8 ! 0 o=kt<l
B #(t\estdt ‘—/*S . Fl9=480q  jeecs

0 L0 O t



Exercise 3a) Use the Table entry we proved on Wednesday for derivatives (via integration by parts),
namely

¥ L{g' (1)}(s)=sL{g(t)}(s) —g(0)=5G(s) —g(0)
and math_induction to show that for n € N
L{M (0} ) =" F(s) = 5" S(0) = 5" (0) = ms /T (0)- 470 (0)
heat L3 W6 =6 FG) - s - £700)

o know fn n=L ¥ o Wedk Lomclude *

Y 2 +V S L, -~
. SL\W.{- s -hrul:vx nelh Mo ills b fone ki we V";\;';N

Asguw z,;_ 'S' {)\ () Té':(_ i . (t)"‘ﬂ - Ch- |,F (o) - .- - s%

Aprly ¥ wth glils § &y

9’ (k1= £y
Py (W
X =2 i Ws* {5 )6 (D (e
-l (w
= El - - - s E -
®

3b) (Integrals are "negative" derivatives): Use the Laplace transform first-derivative formula above to
show that ) f(“_'\ gk

LA t
a9 J‘U /() dr](s) L)) =

0 N

(=) IU(: Uorf(r) d‘c]dr](s) = %

N0

B’ 4 {{(ulm = s Gk -

¥
fesGly lag= 2

(2) 941 S (S Ht)o\t
=) %IH‘S £17)4T 'bm’/D

ﬁ)fl.;FO
3“‘-"\ ;“ﬂ / /
';(,?. (ﬂ‘;(s\ = G ~sqlo -

me s"G sy —7(36(0 af_ﬂﬂ}
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Exercise 4) Use the result of 3a to show that forn € N, .
ORI R

h= | L{0)(s) = —
2 :
3

}(h‘ = h(w-1--32

=12 L{F}Hs) =

S 2

fn=t
&L“‘(t\‘i V\\- . A TN - 2
S0 ‘i‘ih‘.lg:s F(s)—S}(%s ®--- =97 (o)
[y Fs)
ARPLR=IA foy b
(¢\ = .“_‘ £tk
F ¢) = gy Sinle ;"_;l{"
t S
Exercise 5) Fmd£‘1[+](t) el s Lt
s(s +4)
2) using the result of 3b.
b) using partlal fractions. \ 2
= - = 1 -
‘q ii g 'F(‘ﬂdt’x(ﬂ C_S F(ﬂ S‘L“_\ > oY
l';) ( - _é_ N B§+C zi--}'wslt"{'&(( = S’(?‘yq‘)
s ((s*+u) S sta Y
[ = AT+ Bsec)s = 4A 4/\:-\
+ o5 +s (<) <L°
+0¢" +¢r (A4 [5) A+R= 0
oLl x|\ TARL AU
¢ (¢4 qu ¢ ¢ty B=- /
. c-o




Exercise 6) (first translation theorem). Use the definition of Laplace transform to show that
L{E () s) =L (1)) (s —a)=F(s —a)
I l

o9
j w & gcht

j m S

9\2 £ (s-a)

Exercise 7) As a special case of_Exercise 6, show

I
L{te" }(s) = .
{re" }s) oy S
L{0 e s) = —n!n+1
(s —a)

A harder table entry to understand is the following one - go through this computation and see why it seems
reasonable, even though there's one step that we don't completely justify. The table entry is

tf(t) —F,(S) Z.‘“) .','
Here's how we get it: s - ~ste
¢ ) e Z 4 fune ot
= LD} (s) ~—J fyestdr =

0
d d ® d
=>%F() dsJ f(t)e”dl—J %f(t)e’”dl.
0 0

It's this last step which is true, but needs more justification. We know that the derivative of a sum is the
sum of the derivatives, and the integral is a limit of Riemann sums, so this step does at least seem
reasonable. The rest is straightforward:

oo

® d
J Ts. (t)e‘”dt—J f@)(=t)e Stdt==L{t f(£)}(s) .
0 0



For resonance and other applications ...
1

Exercise 8) Uselo[’{tf(t) }(s) =-F'(s) directly, or Euler's formula and L{te* }(s) = ﬁ to
s—a
h
show o
a) L{tcos(kt)}(s)=—""5 l/
(S2 +k2)
b) I{sz tsin(kt)}(s) -— v
(S2 +k2)
¢) Then use a and the identity
1 _ 1 s° 4 i B s2 -1
($+8) 28\ (+8)  ($+#8)
to verify the table entry —_—
J—l[ﬁ}m = ﬁ (% sin(kt) — tcos(kt)j .
s”+
a) L{twkth)= -3 L{wskt}) =4 5,
|.(s“.|:') -4 (ZS)
(1)
- S‘L—LL

(e l)?



Exercise 9) Use Laplace transforms to write down the solution to

X' (1) + & x(1) = F sin( o, 1)

0
x(O)Zxow'
x"(0)=v, .

0
what phenomena do solutions to this DE illustrate (even though we're forcing with sin ( (x)ot) rather than

cos ( u)ot) )? How would you have tried to solve this problem in Chapter 3?

i" ¢ X(s)- s X, -v, + “ Xy =B e

- tewe
X(s)(s+w}):£e We %S 4V,

- E&wo — + % —Sf + V% J—
SR v S eI

— { . v, .
x\t)= r":v::_o o —.,'.,-os“*”o" - tuswl) 4+ xwesat 4 % ginul
]

Exercise 10) Solve the following IVP. Use this example to recall the general partial fractions algorithm.

X' (1) +4x(t)=8te"
x(0)=0
x'(0)=1



Wolfram checks:

R WolframAlpha ..

[ x"(t)+4*x(t)=8*t*exp(2*t),x(0)=0, x'(0)=1 =] ]

(== O == 4 Web Apps = Examples >3 Random

Input:

X" (t) + 4 x(t) = 8t exp(2t), x(0) = 0, x"(0) = 1}
Open code &%

ODE classification:

second-order linear ordinary differential equation

Alternate form:

Ix""(t) = 8 €** t — 4 x(t), x(0) = 0, x"(0) = 1}

Differential equation solution: Approximate form | [MEQSIE RS SR

x(t) = —; (e*T (2t — 1) +sin(2¢) + cos(2 1))
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Assuming "partial fractions” refers to a computation | Use as a general topic instead

= rational function: 8/((s-2)*2*(s"2+4))+1

Input:

8 . 1
(s —2)% (s*+4) s*+4

partial fractions
Open code =

Result: [ step-by-step solution

8 1 s+ 2 1 1
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(s =2 (s2+4) s?+4  2(s?+4) 26G6-2) (s—2)?
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inverse laplace transform
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Assuming "inverse laplace transform” refers to a computation | Use as referring to a mathematical definition instead

= function to transform: (1/2)s/(s"2+4)+1/(s"2

= initial variable: s
= transform variable: t
Input:
1 1 1 1 1
L st st ——=|®
2 s2+4 s2+4 2 s—2 (s—2)°

Open code &

LIYIF(s)]1(8) is the inverse Laplace transform of f(s) with real variable ¢t

Result:

% (2€ t —e?" +sin(2¢t) + cos(2 1))
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Laplace transform table




