We talked about differentiating Fourier series term by term in Friday's notes. There is also:

Theorem If fis piece-wise continuous, 2 L periodic, with Fourier series
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then the antiderivative may be computed by term by term antidifferentiation, and the corresponding series

will converge for each ¢
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Exercise 3) (This is the first part of your homework exercise9-3+19) .k
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and integrate to get the 2 7 - peri

Hint: The value of the constant term is easiest to compute as o If you compare to the definite integral

formula in the Theorem you will reproduce one of the "magic" series.
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+ Finish Monday's notes first. Then ...

9.4 Forced oscillation problems via Fourier Series. Today we will revisit the forced oscillation problems
of lastE&&lay, where we predicted whether or not resonance would occur, and then tested our predictions
with th\@{:f)%olution solutions. Using Fourier series expansions for the forcing function one can say
precisely whether or not there will be resonance. We will be studying the differential equations

2
x'(t) +ex' (1) + opx(t) =f(1)
for various forcing functions /(). (We have divided the original mass-spring DE by the mass m and

relabeled the damping coefficient and forcing functions.) For most of the lecture we consider undamped
configurations, ¢ = 0.

Warm-up Exercise 1) (This was the final exercise last Wednesday, when we were using convolution
integrals to study forced oscillation problems.)
Use superposition to find particular solutions, and discuss whether or not resonance will occur in the

following two forced oscillation problems. Notice that the period of the forcing function is 6 7 in a (not

the natural period). In b the period of the forcing function is 2 . And yet, the resonance occurs in a, and
notin b.

X l:—)’o=2n: T pemed = few (2w, bn) = 6T
NS
X' () + x(t) = cos (1) —I—sin(%). A,JU Resmonce

b

x""(t) +x(t) =cos(2¢t) —3sin(3¢) + cos(6 t:
(M’c «'v\la"a)_

Hint: There's a table of particular solutions at the end of tociay's notes.
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Exercise 1 is indicative of how we can understand resonance phenomena for forced oscillation problems
with general periodic forcing functions f:

7’ 2
X" (1) + oy x(1) =1(1),
where f'(¢) has period P=2 L. Compute the Fourier series for f
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T T
a = <f, cos ["f tj> = fj f(t)cos(nf tj d, n € N
L[
b, = <f, sin[n% tj> = ZJ f(t)sin(n% tj du,n € N
-L

As long as no (non-zero) term in the Fourier series has an angular frequency of ), there will be no

resonance. In fact, in this case the infinite sum of (undetermined coefficients) particular solutions will

converge to a bounded particular solution. For sure there will NOT be resonance if it's true for alln € N
that

-— Tc i
®, = n # 0

but even if some @ does equal @, there won't be resonance unless either @, or b, is nonzero.

Conversely, if the Fourier series of f'does contain cos ( (oot) or sin( (oot) terms, those terms will cause
resonance.



Recall the first "resonance game" example from last Friday:

x''(t) + x(t) = square(t)
with
-1 <0

Square(t)[ 1 0<ti<m

and 2 w - periodic. This forcing function appeared to cause resonance:
Here's a formula for square(t) valid for 0 < ¢ < 11 m, and last Friday's results:
| > with(plots) :

> square == t—1 + 2-

10
> (-1)"-Heaviside(r — n-Pi)] :
n=1

plotla := plot(square(t), t=0..30, color = green) :

display (plotla, title = ‘square wave forcing at natural period");

square wave forcing at natural period
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Elonvolution solution formula and graph:
t
> xl = t—>J sin(1) -square(t — 1) dt:
0
plotlb = plot(x1(t), t=0.30, color = black) :
display ({plotla, plotib}, title = ‘resonance response ?");

resonance response ?
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Exercise 2 Use the Fourier series for square(t)that we've found before
square(t) = 4 Z ! in(nt)
T nodd\
and infinite superposition to find a particular solution to
x""(t) + x(t) = square(t)
that explains why resonance occurs. Make use of the undetermined coefficients particular solution
formulas at the end of today's notes.
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If we remove the sin (¢) term from the square whave forcing funttion, 4id%e-use the convolutio

we see that we've eliminated the resonance:
t

t
> x2 = t—>J' sin(’c)-[square(t—’c) —i-sin(t-’c)jd’c: < g w(T) "F“:"'l:)dt
0 \TC/-\,__-«

(/]
plot(x2(t), t=10.30);

SN /N /N NN
Y B VA Ve VAR VAR




Exercise 2) Understand Example 3 from last Friday, using Fourier series:
x"'(t) + x(¢) =f3 (7)
Example 3) Forcing not at the natural period, e.g. with a square wave having period 7= 2 .

> f3:=t>14+2- Z (-1)"-Heaviside(¢ — n) :
n=1
plot3a := plot(f3(t),t=10.20, color = green) :
display (plot3a, title = “out of phase square wave forcing’);

out of phase square wave forcing
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This forcing function did not cause resonance:
o~
‘o . t —
> x3 = t—»l[)sm(*c).ﬁ(t—’c) dr: o Tj’*
plot3b := plot(x3(t), t=0..20, color = black) : — t
display ({ plot3a, plot3b}, title = ‘resonance response ?); vt

resonance response ?
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Hint: By rescaling we can express f, (¢) = square(m t) = — z —sin(nmt).
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Brute force tech check of Fourier coefficients in previous example:

Iv IIv [

[> fi= t—-1+ 2-Heaviside(¢);

plot(f(t),t=-1.1);
L =1,

f:=t— -1+ 2 Heaviside(?)
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L

> a0 = %J f(t) dt,

-L

assume(n, integer); # this will let Maple attempt to evaluate the integrals

L
1 n-m
a=n—-- f(t)-cos[ I t)dt.
J-L
L[
b= Undrs f(t)-sin(—tj dt:
T-L
a(n);
b(n);
a0 =0
0
- +2 (-
n~Tm n~Tm
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Practical resonance example:

Exercise 3 The steady periodic solution to the differential equation Coernlt
x'(t) + 2-x"(t) + 1 x(t) = square(t) = 4 Z T~ S""(" )

exhibits practical resonance. Explain this with Fourier series. Hint: Use n
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square(t) - n%dn sin(n t) = % ( <t + Ji;".\Z‘l + --]
the table of particular solutions at the end of today's notes.
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Particular solutions from Chapter 3 or Laplace transform table:
2
x" (1) + o, x(1) =Asin(wt)

A .
(1) = ——sin(0w?) whenw # o

t
xp(t)=-——4 cos(mo t) when 0 = o

xp(t)=——4 sin((no t) when @ = @,

x’/—i-cx’-l—wéx:A cos(wt) ¢>0
xp(1) =x, (1) =Ccos(wt—a)

P
with
C= 4 -
\/(mé—of) + o
2 2
W, — ®
cos(o) =
2 2
/(mo—w) + o
sin(a) = —
2 2
\/(mo—m) + o
x”+cx’—|—(x)(2)x=Asin(0)t) c>0
xP(t)ZxSp(t)ZCsin(u)l—(x)
with
C= 4 -
/(0)(2)—(02) + o
2 2
0 - o,
cos(o) = =
\/(mé—wz) + 2o
sin(a) = co

/ (mé — 032)2 + o



