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Exercise 3a) Explain why the description above leads to the differential equation initial value problem for
x(1)
X)) +x(t)=2cos() (1 —u(t—10m)) = -2eost —-2cast ult-lom)

x(0)=0 cos |t -1ow)
x'(0)=0 finr = ust
3b) Find x(¢). Show that after the parent stops pushing, the child is oscillating with an amplitude of Eg)=
exactly 7t meters (in our linearized model). E 2 ter 1 0< t <10 S )
— =
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Pictures for the swing:

> plotl = plot(.1-t-sin(t), t=0..10-Pi, color = black) :
plot2 := plot(Pi-sin(¢), t=10-P1..20-Pi, color = black) :
plot3 == plot(P1, t=10-Pi..20-Pi, color = black, linestyle=2) :
plot4 = plot(-Pi, t=10-Pi..20-Pi, color = black, linestyle =2) :
plot5 = plot(.1-t,t=0..10-P1, color = black, linestyle=2) :
plot6 == plot(-.1-t,t=0..10-Pi, color = black, linestyle=2) :
display ({ plotl, plot2, plot3, plot4, plot5, plot6}, title = "adventures at the swingset’);

P

adventures at the swingset

Alternate approach via Chapter 3:

step 1) solve

for0 <¢t<10m.

step 2) Then solve

and setx(¢) =y(t— 10) fort > 10.



EP 7.6 impulse functions and the d operator.

Consider a force f(¢) acting on an object for only on a very short time intervala < ¢t < a + ¢, for
example as when a bat hits a ball. This impulse p of the force is defined to be the integral
a+e
p=| s
a
and it measures the net change in momentum of the object since by Newton's second law
mv' (1) =1 (1)
a+¢ a+te
ﬁj mv’(t)dtZJ f(t)ydt =p
a a
a+e
= m (1) ] =p.
Since the impulse p only depends on the integral of /(#), and since the exact form of f'is unlikely to be
known in any case, the easiest model is to replace f with a constant force having the same total impulse, i.e.

to set

t=a

f=pd, (1)
where a’a . (¢) is the unit impulse function given by :—"
b '
0, t<a { {|
1 ‘
—, a<lt<a+te ¢ ‘.
d (=1 ¢ . —4
“F 0, t>a+e a ¢t
Notice that
ate a+£1
J d (t)dt=J — dt=1
a, € e
a a L wit-a) - Lult-law)
1 T
Here's a graph of d, | (¢), for example:
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6
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Since the unit impulse function is a linear combination of unit step functions, we could solve differential
equations with impulse functions so-constructed. As far as Laplace transform goes, it's even easier to take

the limit as € — 0 for the Laplace transforms.{’ {da 8(t) }(s ), and this effectively models impulses on very

short time scales.

d (t)=é[u(t—a)—u(t— (a+¢))]



1 e—as
=>°C{da,s(t)}(s):Z[ .
=4 1 _e—es
es
In Laplace land we can use L'Hopital's rule (in the variable €) to take the¢ limit as € —0:

. -as l_e—es -as q: le—ss -as
lim e — | =e " lim =e .

e—0 es e—0

L' oprted
The result in time ¢ space is not really a function but we call it the "delta function" & (¢# — a) anyways, and
visualize it as a function that is zero everywhere except at # = a, and that it is infinite at = a in such a way
that its integral over any open interval containing a equals one. As explained in EP7.6, the delta "function"
can be thought of in a rigorous way as a linear transformation, not as a function. It can also be thought of
as the derivative of the unit step function u (¢ — a), and this is consistent with the Laplace table entries for
derivatives of functions. In any case, this leads to the very useful Laplace transform table entry

dL (¥ fonehine

8(¢t — @) unit impulse function e as

for impulse forcing




Exercise 4) Revisit the swing. In this case the parent is providing an impulse each time the child passes
through equilibrium position after completing a cycle.

X' () +x(t)=2n[d(t) +8(t—2m) +8(t—4m) +8(t—6m) +6(t—8m) ]
x(0)=0
x'(0)=0.
X (o)
x'=0
WS ~UNS ~60$ -%MX
+e

Yoo Xa(eri)= an 1+ €70 ve

NS ~ 305
X() < .an .—,-:——4.9 S S S S _\_]
¢+l ok \ ¢an
L ke
X 1£) = .'xn{f""" +ow(tan) sinlt20) 4 ult-amsiloan + 3

Sint
. = S"n“.
xid) < -2 ‘_Sm{\&i dw(d2m)
4 uld-Yal &+ u(4-60)

Y= *“({f’n‘ “l*-"“] f.(t-‘)
;> with(plots) : TTsintl , t7¢n \ T _
kN

> plotl = plot(.1-¢t-sin(¢t), t=0..10-Pi, color= black) :
plot2 := plot(Pi-sin(t), t=10-Pi..20- Pi, color = black) :

st

. -

plot3 := plot(Pi, t=10-Pi..20-Pi, color = black, linestyle=2) : ! e a
plot4 == plot(-Pi, t=10-Pi..20- Pi, color= black, linestyle=2) : c N
plot5 == plot(.1-t, t=0..10-Pi, color= black, linestyle=2) : e 40 ba

plot6 == plot(-.1-t,t=0..10-Pi, color = black, linestyle=2) :
display({plotl, plot2, plot3, plot4, plot5, plot6}, title= "Wednesday adventures at the swingset");

Wednesday adventures at the swingset

>

impulse solution: five equal impulses to get same final amplitude of 7T meters - Exercise 1:
| > f:=1—.2-Pi-sum(Heaviside(t — k-2-Pi)-sin(t — k-2-Pi), k=0..4):
> plot(f(t), t=0..20-Pi, color = black, title= ‘lazy parent on Friday");

lazy parent on Friday

3;
0
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>

Or, an impulse at =0 and another one at t=10 7.




| > g:=1—.2-Pi-(2-sin(¢z) + 3-Heaviside(s — 10-Pi)-sin(z — 10-Pi)) :
> plot(g(t), t=0..20-Pi, color = black, title= "very lazy parent);

very lazy parent
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Convolutions and solutions to non-homogeneous physical oscillation problems (EP7.6 p. 499-501)

Consider a mechanical or electrical forced oscillation problem for x(¢), and the particular solution that
begins at rest:
ax'""+bx'"+cx=f(1)

x(0)=0 X 10) = %,

x"(0)=0. x'(& = v,
Then in Laplace land, this equation is equivalent to

as’ X(s)+bsX(s)+cX(s)=F(s)
=>X(s)(as2 +bs +c) =F(s)

= X()=Fl) g = FWG) . ekl
- = as"*lg b e

The inverse Laplace transform w () = £ ~1{W (s)) }(¢) is called the "weight function" of the given
differential equation. Notice (check!) that w(¢) is the solution to the homogeneous DE IVP

+¢bx ' +cx=0 . &(:W(ﬂ—s'o"i‘\
x(9) =0 :f' b (sw(@) + W= 0

x"(0) =V
Because of the convolution table entry w(e (As + '»s re) =
W8 = e V0
t w(t-T wi) convolution integrals to invert
J f(t)g(t — 1) dr F(s)G(s) Laplace transform products
0 ~ N
) ¥=AZ4d
the solution (for ANY forcing function f'(¢)) is given by -AYX = _f'
-~ t e-t A ( ') "' 'l',A J
j{ iX(Q"(t) = x(1) =Jf(r)w(t— 1) dt. -tA-a tA
0 (€ R)1=e*" 4

(With non-zero initial conditions there would be homogeneous solution terms as well. In the case of
damping these terms would be transient.) Notice that this says that x(¢) depends on the valugs of the
forcing function /(1) for the previous times 0 < T < ¢, weighted by w(7—1),7> ¢ — 1 % 0. That the
non-homogenous solutions can be constructed from the homogeneous ones via this convolution is a
special case of "Duhamel's Principle", which applies to linear DE's and lineéar PDE's:

https://en.wikipedia.org/wiki/Duhamel%?27s_principle S:' : e tA;(l 9= ;:
+ S t -TthAL
This idea generalizes to much more complicated mechanical and circuit systems, and is how engjneers J | FmdT
experiment mathematically with how proposed configurations will respond to various input fording
functions, once they figure out the weight function for their system. 5 A
Xlth=e X%,
The mathematical justification for the general convolution table entry is at the end of today's notes. 1A
t -
- T * e T
X 14)= S fIT)w(t-T)dT i . frodt
] tA o
T (t)=
NP S Xt]= e "%,

6 i + - T (r-0A
S = L1t



Exercise 2. Let's play the resonance game and practice convolution integrals, first with an old friend, but
then with non-sinusoidal forcing functions. We'll stick with our earlier swing, but consider various

forcing periodic functions f'(¢). ) 4 (0 = (0 Q) i‘. X[S\(SIH\ = F()
X x(t) =
(0) =0 X ()= Flo s:+\
x'(0)=0 e -

(s)

a) Find the weight function w(z).= st t

b) Write down the solution formula for x(#) as a convolution integral.Lx )= S 0“' (TYSmitt)AT
c) Work out the special case of X (s) when f(#) = cos(¢), and verify that the convelatienfermula
reproduces the answer we would've gotten from the table entry

wlt)=sint

-1
‘_/\l&. Magdvale vonvolu hina ﬂm'{-vués,
t S
——-sin(k?) — s o :
2k (s2+k2)2 T T Sroll —_’s"»«\
¢ = wi
So ﬂﬂwurﬂl'i Flawls) F( $Y)

table sapp L7012 Laint

elade t ST Lost , wlt) = sint
mwlu}\'t\-\ e, Skvp t

id?( Es-m’} 1t = (tosT ) sinlt -1) 4T

(o}
- (Ct -
- S wsT [siut s L -costscs.'c]dl,
B 4 L t
= s\'y\t q)e"[*'_— “st‘S wsT S::[JL
M—»—'
- SiV\t (_ +slhzqt 3 W2
2y L ¢ wsat
T=0 ir t
[~ t - ws‘t [- "l_(' Wszt]
> J sin(t)cos(t— 1) dr; T=o

0
t

J cos(t)sin(¢— 1) dt; #convolution is commutative
0

— sin(#)t
2
o
| .
o sin() 1 S:Wsl:) )
= + {;\t (,cos" t-siy k) -\{'-\.s\t

i)_ Then play the resonance game on the following pages with new periodic forcing functions ... L\ "%)



We worked out that the solution to our DE IVP will be
t

x(t)zjsin(r)f(t—r)dr = wadw (= £ xwio)

Since the unforced system has a natural angular frequency ®, = 1 , we expect resonance when the forcing

. . . 2n a1 s . g
function has the corresponding period of 7|, = —— =2m. We will discover that there is the possibility
w
0
for resonance if the period of fis a multiple of T,. (Also, forcing at the natural period doesn't guarantee

resonance...it depends what function you force with.)

Example 1) A square wave forcing function with amplitude 1 and period 2 . Let's talk about how we
came up with the formula (which works until /=111 ).
| > with(plots) :
10
> fli=t—>-1+2| D (-1)" Heaviside(r — n-Pi)
n=0
plotla := plot( fI(t), t=0..30, color = green) :
display (plotia, title = “square wave forcing at natural period");

square wave forcing at natural period
1 e

. 10 20 30

t

1) What's your vote? Is this square wave going to induce resonance, i.e. a response with linearly growing
amplitude?

t

> xl = HJ sin(t) /(1 — 1) dr:

0
plotlb = plot(xI(t), t=0..30, color = black) : / .
display ({plotla, plotib}, title = ‘resonance response ?");

resonance response ?
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Example 2) A triangle wave forcing function, same period
> 2= t—>J fl1(s) ds — 1.5: # this antiderivative of square wave should be triangle wave

plot2a = plot(f2(t), t=0..30, color = green) :
display (plot2a, title = “triangle wave forcing at natural period");

triangle wave forcing at natural period
l

10 20 30

2) Resonance?

t

> x2 = t—>J sin(1) -2(¢ — 1) dt:
0

plot2b := plot(x2(t), t=0..30, color = black) :
display ({ plot2a, plot2b}, title = ‘resonance response ?");

resonance response ? \/
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Example 3) Forcing not at the natural period, e.g. with a square wave having period 7=2 .

[ 20
> f3i=t—>-1+2- Z (-1)"-Heaviside(t — n) :
n=0

plot3a = plot(f3(t), t=0..20, color = green) :
display (plot3a, title = "periodic forcing, not at the natural period’);

periodic forcing, not at the natural period
1 (111 rlP P rl [y
T T T L s

20

p—

t

i) Resonance?

> x3 = t—>rsin(‘t)-f3(t—r) dr: v

0
plot3b := plot(x3(t), t=0..20, color = black) :
display({ plot3a, plot3b}, title = ‘resonance response ?");

resonance response ?




Example 4) Forcing not at the natural period, e.g. with a particular wave having period T=6 7 .

10
> ff = t— Z (Heaviside(z — 6- n-m) — Heaviside(t — (6-n+ 1)) ) :
n=0

plotda = plot(f4(t), t=0..150, color = green) :
display ( plot4a, title = sporadic square wave with period 61);

k|

sporadic square wave with period 6 <

" 6nIn  2a B
0

50 100

4) Resonance?

t

> x4 = t—>J sin(t) A4(1— 1) d
0

plotdb := plot(x4(t), t=0..150, color = black) :
display ({ plot4a, plot4b}, title = ‘resonance response ?);

resonance response ?
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Hey, what happened???? How do we need to modify our thinking if we force a system with something
which is not sinusoidal, in terms of worrying about resonance? In the case that this was modeling a swing
(pendulum), how is it getting pushed?

Precise Answer: It turns out that any periodic function with period P is a (possibly infinite) superposition

P P P

of a constant function with cosine and sine functions of periods {P, 53 g } Equivalently, these

functions in the superposition are
{1, cos(o) t), sin(w t), cos(2 ® t), sin(2 wt), cos(3 wt), sin(3 (Dt),...} with ® = 2Tn This is the

theory of Fourier series, which you will study in other courses, e.g. Math 3150, Partial Differential
Equations. If the given periodic forcing function f'(#) has non-zero terms in this superposition for which

P 2
n-® = o, (the natural angular frequency) (equivalently — = BN T,), there will be resonance;
n ®

0
otherwise, no resonance. We could already have understood some of this in Chapter 3, for example

Exercise 3) The natural period of the following DE is (still) 7, = 2 w . Notice that the period of the first

forcing function below is 7= 6 1 and that the period of the second one is 7'=7|) =2 1. Yet, it is the first

DE whose solutions will exhibit resonance, not the second one. Explain, using Chapter 5 superposition

ideas. X"+ K= st X (¢4) = t Ceoglt-o)
i)- / r\ " _ A TS
U.\- ; /I} X% X = &in 3 xY- Su\(-.-ﬂ
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b) l LAk AR
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e
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