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Math 2280-001
Exam #1
February 20, 2015

Please show all work for full credit. This exam is closed book and closed note. You may use a
scientific calculator, but not a "graphing calculator" i.e. not one which is capable of integration, taking
derivatives, or matrix algebra. In order to receive full or partial credit on any problem, you must
show all of your work and justify your conclusions. There are 100 points possible. The point values
for each problem are indicated in the right-hand margin. Good Luck!
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1) Concepts
1a) Define what it means for a first order differential equation for a function y(x) to be separable.

(3 points)
A first order DE is separable provided it can be written in the form
y'(x)=r(x)e)
1b) Define what it means for a first order differential equation for a function x(#) to be linear .
(3 points)

A first order DE for x(1) is linear provided it can be written in the form
x' (1) +p(t)x(1) = q(1)

1c) Define what it means for a first order differential equation for a function x(#) to be autonomous
(2 points)

A first order DE is autonomous if it can be written as

x'(t) =f(x)

1d) Define what it means to be an equilibrium solution for a first order autonomous differential equation,
for a function x(¢).

(2 points)
an equilibrium solution for an autonomous DE as in Ic is a constant solution x(t) = c. (Thus ¢ must be

arootoff,f(c)=0).



2) Consider the following input-output model: There is a tank containing 1000 liters of water, with an

initial solute concentration of 0.01 'tg . Attime = 0, inflow and outflow pipes are activated, with water
iter
flowing into and out of the tank at a rate of 20 liters per minute. The water flowing into the tank contains

: . k : . : :
solute in a concentration of 0.02 Tg Assume the water in the tank is well-mixed, so that at any instant

the concentration everywhere in the tank is the essentially the same (although it varies in time).

2a) Use your modeling ability and the description above, to derive the following initial value problem for
the mass x(#) kg of solute at time :

x'(1)=04—002x

x(0)=10
(5 points)
x'(t)y=re —rrc,.
o B l _ kg _ [ o x _ x kg
From the description, rl.—20 min’ci .02 ] 7 20 o ,C, 7= 1000 1 Thus
20-
x'(t) =20-.02 — 100’(;

x' (1) =04 — 02x.

k;
Since the initial concentration in the tank is .01 Tg the initial amount x(0) is .01-1000 = 10 kg.

2b) Solve the initial value problem in part a, using the algorithm for linear differential equations that we
learned in Chapter 1
(10 points)

solution:

x'(t) +.02x(¢)=0.4

e (x' + .02x) = 4"
021 _ 4 021
D (e 'x(1)) = 4e

4
" x(1) =J.4 eV dr = Ee'”‘ +C=20e""+C

x(1) =20 4 Ce .
x(0)=10 = C=-10;
x(t) =20 — 10e %"
2¢) Use your solution formula to deduce the limiting amount of salt in the tank, as #— oo. Explain why
your answer makes sense in terms of the tank set-up and the in-flow solute concentration.
(5 points)
lim 20 — 10e =20 kg.
k
This limit makes sense since we expect the limiting concentration to be the input concentration of .02 Tg

since there are 1000 [ in the tank this would imply that the limiting amount is .02-1000 = 20 kg.



3) Consider the following differential equation for a population P(¢).
P'(t)=-2P +10P 3.

3a) We considered differential equations of this nature in our discussions of applications. Describe what
sort of population model and situation could lead to this differential equation.

(2 points)
This is a logistic population (P’ (t) =-2 P +10 P), which is being harvested a a constant rate of 8
(population units per unit of time).

3b) Construct a phase diagram for this differential equation, and indicate the stability of the equilibrium
solutions.
(6 points)
P'(t)=-2P +10P—8=-2(P* —5P+4)
P (t)y=-2(P—4)(P—1).

Thus the equilibrium solutions are P = 4,P = 1. For P> 4,P'(t) < 0; For(0 <P <4,
P’ (t) > 0; For P <0, P’ (t) <O0. Thus the phase diagram is

—— ] >4 «—«
From the phase diagram, P =1 is an unstable equilibrium point and P = 4 is an asymptotically stable
equilibrium point.

3c) Use your favorite technique to find the partial fractions decomposition for

1
(P—4)(P—1)
(7 points)
since
1 1 P—1—(P—4) 3
P—4 P—1 (P—4)(P—1) (P—4)(P—1)
we see that

(P—4)1(P—1) 2%(P1—4 - Pl—l )



3d) Solve the IVP
P'(t)=-2P*+10P — 8
P(0)=2.

Your work from 3¢ should be helpful, and your work from 3b should let you check whether your solution

seems reasonable.

dP

=P =4 (P 1)
dP

(P—4)(P—1) =2dt

1 1 1
(g 5y )2

1 1
[P_4 - 5 )dP——6dt

1 1
HP—4 — 5 )dP—J—6dt——6t+ C,

P—4
| =6t

-6t+C C
1 1 -6¢
€ ¢

2 P—4 6
1T P '
P—4=-2°%"(P—1)
P(1+2e%") =4+ 27
4427

P(1) —
1+ 2¢7%

(10 points)

Note that the initial value checks out, as does the phase portrait consequence that tli_I)an (1) =4,



4) Consider the initial value problem for a function x(#):
x' (1) =41—2x
x(0)=1.
4a) Use the existence-uniqueness theorem to verify that this IVP has a unique solution (on some ¢
interval).
(4 points)
The slope function f (t,x) =41t — 2 X° is continuous in the (¢, x)variable on all of R, so solutions exist;

since its partial derivative x f(t,x) =-6x"is also continuous, solutions are unique.
X

4b) Sketch the (approximate) graph of the solution to this initial value problem onto the slope field below.
(2 points)

X 097
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0.36648, 1.0635 Arrow of slope +1.0 77

4c) Use a single step of Euler's method, with step size 4 = 0.1, to estimate x(0.1) for the solution to the
initial value problem above. Add the corresponding approximate solution point to the slope field above.
Do you expect the actual value for x(0.1) to be larger or smaller than the Euler approximation?

(4 points)
The Euler method steps according to
L. =t.+h
A
N1 =GRS (1)
At (xo,yo) =(0,1),f/(0,1)=0—2=-2. Thus

x =14+.1-(-2)=08
To complete this problem, one should plot the point (0.1, 0.8) on to the slope field above. Note that this

will lie underneath the approximate graph of the solution, since the graph is concave up. (It appears that
the exact value x(0.1) = 0.86.



5) Consider a mass-spring configuration, with a mass m = 2 kg attached to a spring. The mass is set in
motion so that at time ¢ seconds its displacement x(#) from equilibrium satisfies the differential equation

x""(t)+2x"(¢) +10x(z) = 0.

Sa) What are the values and units for the damping constant and Hooke's constant in this configuration?
(Hint: note that the mass is m = 2 even though the coefficient of x’ ' (¢) in the simplified differential
equation above is 1.)
(5 points)
solution: the governing equation is
mx"'"+cx'+kx=0
so, because the mass is 2, the original equation must have been twice the one that is displayed, i.e.
2x""(t) +4x"(t) +20x(¢)=0.
Thus the Hooke's constant k = 20 % and the damping constant is ¢ = 4 l;_g (Note, the net units for
kg-m

2
S

each term in the governing equation must simplify to Newtons ( = ), since the DE arises from

Newton's second law.)

Sb) Find the general solution to the differential equation above.

(8 points)
trying x(t) ="' yields L(x) =¢"'p(r) = e”(r2 + 27 + 10) so exponential solutions must satisfy the
characteristic equation

P H2r4+10=0= (r+1)>+9=0
= (r+1)Y=-9=>r+1=+3i=r=-1+31
Thus, the general homogeneous solution is

x(t) = cle_tcos(3 t) + cze_tsin(?) 1)

Sc) What sort of damping is exhibited by solutions to this differential equation?
(2 points)
underdamped. (infinitely oscillating, exponentially decaying solutions).



5d) Now consider the nonhomogeneous differential equation
x"(t) +2x"(¢t) +10x(t) =5
(which could arise if a constant external force was applied to the mass in the original configuration).
Notice that this differential equation has a constant solution x(¢) = 0.5. Solve the initial value problem for
this nonhomogeneous DE, with initial conditions
x(0)=1.5
x"(0)=-1.
(10 points)
Using x = x,, + x,, with X, = 0.5 and x,, from ¢,
x(t) =0.5 + c]e_[cos(S t) + cze_tsin(S t)
= x'(t) = c]( ~e'cos(3 1) — 3¢ 'sin(3 1)) + cz( ~e’'sin(31) + 3e cos (3 1)).
Thus
x(0)=15=05+c,
x'(0)=-1=-c, +3c,
= 1, and then the second equation implies c, = 0.

The first equation implies ¢ 5
x(t) = 0.5+ e 'cos (3 1).

1



6a) Let V, W be vector spaces. Define what it means for L : V'— W to be a linear transformation.
(4 points)

L is linear means that it is always true (i.e. V y,,»y, € V, ¢ € R) that
Lot x) =) TL(n)
L(cy)=cL(y).

6b) Prove thatif L : V'— W'is a linear transformation, and if y, € V' solves the nonhomogeneous equation

L)~
then every solution of the equation
Ly)=f
is of the form y =y, + y,, where y,, is some solution of the homogeneous equation
L(y)=0.

(6 points)
LetL( ) =f. LetL(yH) =0. Then
L(3, +3) =L(3,) L) =1+ 0 =1
This verifies that Y, + y, also solves the equation L(y) = f. Conversely, let Y, be any other solution, i.e.
L ( yq) =f. Then
YV, =Y, (v, 7))

ComputeL(yq—yp)ZL(yq) (yp) L(y Y, L( ) =f—f=0. Thusy lsthesumofy with

||Q

a homogeneous solution y,, = Y, "V,



