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FINAL EXAM
April 29, 2011

This exam is closed—book and closed-noie. You may Use s scentific caiculator, but not one which is

capable of g

raphing or of solving differential or linear aloebra ey ations, Laplace Transform and
pning 4 g

integral tables are included with this exam. 15 order te receive {511 or partial credit on any problem,
vou maust show ali of your work and justify yoeur conclusions. This exam counts for 30% of your

course grade. 1t has

heen wriiten so that there are 130 points possible, and the point values for each

problem are indicated in the right—hand margin. Good Luck!

problem score  possibie
] 20
2 20
3 30
4 20
5 35
6 15
7 10
total 150



~rnentials for the followng two matrices. Work one of probiems using the power
other one using the fundamental matrix solion approach (your choice). Asl

1y Find the mairix
series definition, an

rurns out. both methaods are reasonable for both problems. ? st SeAnES
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7a) Use Laplace rransform techniques to find the ceneral ~clution o the undamped forced osciliaios
: K ’ B i 2 INIUES ¥ P i
equation with resonance.
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2b) Use Laplace {rmm} soluiion to the non—resonant undamped forced oscillator
equation
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3y Consider the foliowing three—tank configuration. Let tank i have volume V{7 jand solute amoun:
x.(r)at imet, Wel ~mixed liquid fiow: berween tanks one and two. with rates 7. r,. and also betwesn

canks rwo and threo with rates ry, 1, @ indicated.
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3a) What is the sysiom of 6 first order differential equations governing the volumes V, (1), V(1]
V(1) and solute amountsx, (1}, X,(7), 34{1]7 2 (Hint: Althongh most of our recent tanks have had
constant volume, we ve also discussed now {0 figure out how fast volume is changing in input/output
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3b) Suppose that ai. four rates are 100 ﬁa llons/hour, so that the volumes in each tank remain constunt.
Suppose that these \ olumes are each 100 gallons. Show that in this case, the differential equations in
(2a) for the solute anounts reduce 10 the system
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e general solution 1o the system in {3b).

Use ihis information to write th
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3d) Solve the initiaj vajue probigm for the tank problem in (3b), assurning there are initialiy 10 pounds J
of solute in tank 1,/20 pounds in/tank 2, gnd none in tank/}’i .
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3e) Whit is the {imiting amount of,
thi« answer, no matier whether vou actually so

work there. . .
tere.) gach "%ﬁsﬂi& i%‘%wa'és o 1O Ibs % éw&%ﬁ (3 points)
lewws = O

2z 4 20,

ived 4d, but this gives a way of partially checking your

Lo andd PTG P Y

coluti tn Hhas dogtd < ' ;
L cotntelle bot Hha Samme i S 2

g?%aig Uz vollums 9 Frinky oL BG ek,
i

LY. 4 s‘ﬁm Fonbe vl Lo



43 Although we usuail
zfﬁ’ez‘mi}ai equations,

use a mass—spring configuration 1o give context for studying &
he rigid-rod ?9}73{2%331???; also effectively exhibits several
course, Recall that In i unﬁﬁmped version of this configuration, we let the rendulum

omd order
1vom this
o length be L.

key iden

assume the rod 18 mass iess, and that theve is @ mass i artached at the end on which the ve ns{:ai

graviational force acts with force - ¢. This mass will swing in a circular arc of signed wolengths = L-€
from the vertical, where & is the angle in radians from vertical, The conficuration is ind szed below.
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4a) Use the fact that the undamped system is conservative, 10 derive the differential equetion for9(1),
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4¢) Find all equilibrium soluiions of the non—linear
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o
 the general case in the preceding problem, let ¢ assume that & =1,

5y Although we could continue with

so that the sysiem in (4b) become:
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{By the way, shic isn 't such a big acsumption, since one could always rescale various units o that the

numerical valug of% in the new units is in fact equal to one.)

54) Linearize the system above nce 7 the equilibrivm seluuons (which you already found in problem (4}).
gy, What cong vou carn \kdw about stability at these

wwar sysiem, Dag donh on the analysis of the lin carized problems?
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non—linear problem, use the method related 10 separable
is, to prove that the solution trajectonies 1o

jy understand siability for the
sion. How is this function related 1o

we've used in situations ke th
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the nonlinear system in {3 follow the level

your work in problem (42)7
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50y Using the fanction you found in (5b)
story for the non~linear system in (3).
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cst way 1o do this is o il

5d) Carefylly fill in the missing parts of the phase portraii below. The &
1ay use previous work from

enough solution rajectories so that their geometric shape is clear. Youn
anywhere else on this exam. Make sure to explain your work. Utilize the sigendata from the linearized

problems near ke equilibria as appropriate.
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See Ve ans ation ??i/’%”‘ﬂﬁﬁ locafed @ (5o

T
o
T
3
¢
&
¢
:
oy
ph
ot
N
b

£

5 N ; : , : ) . :
“‘*“‘?“*7‘3”9:"?’?"’7’?“%:@“‘?%“%“@1—*’?”@@
BOUGR IRt S TS IO RGOS G Qe T

4 %“;%w—}f?ﬁﬁm'?w%mﬁ "*-9,‘”&'*%-——3";/3’»—'7-«—?
T R T o T T W0 Wi s A s

“ 5
- R Tt ottt i i : . . " '
P B Lo 4——:& T e T *-mse—f .4(’ & A A b e e Tl B e
el R cenmooTt ToTTete A R R M R Tt oo Tttt M
il — B -f:"" PR . ‘F-— W 4 " 4(.—":’ & e &’:(——— e T, T
e e o e e e e i el &
2 B memm oo Vo oot PO Tttt Tt R R STt P
e T e e S e b e T & e & S T, Fol
@@kgﬂﬂﬁiﬁmﬁ;&%@aiw@e—éje—!w@wké‘
5 t t f % t # f t ¥ T ¥
£ -5 -4 -3 - -1 O 1 z 3 5




n—pepddic saw—tooth function, given on the inerval (-7 mibvfir) =1, and equal 1o
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7y Consider the saw—tooth funetion 7 (1) from problem & anc the forced oscillation problem
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7b) Find 4 pdmcu}ar 501 az;on or thi

vis forced oscillation problem. Hint: your work in problem (2) could
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