Math 2280-1

Practice Exam 1
February 13, 2006

SOLUTIONS
1) Consider the differential equation

P P*+4P -3
& 24p-
dt

which models a certain population problem.

1a) Find the equilibrium solutions.

(4 points)
P> +4P-3=-P-1][P-3]
so the equilibrium solutions are P=1 and P=3.
1b) Sketch the phase diagram for this differential equation.
(4 points)

It's hard to draw thisin Maple, so I'll describeit: the phase diagramis a copy of the P-axis, with

the equilibrium solutions P=1 and P=3 highlighted. Snce dP/dt is negative for P<1, thereisan arrow
pointing in the decreasing direction to the left of P=1. Snce P isincreasing for 1<P<3, thereisan
arrow pointing towards P=3 on thisinterval. Snce P is decreasing for P>3, thereis an arrow pointing
towards 3 on thisinterval.

1c) Which of the equilibrium solutions are stable? Which are unstable?
(4 points)
From the phase diagram we deduce that P=1 is unstable and P=3 is stable.

1d) Sketch the slopefield for this differential equation. Onto the slope field sketch graphs of the
solutions to the three initial value problems with P(0)=0, P(0)=2, P(0)=4. (Y ou don’'t need formulas for
the solutions to make the sketches!)

(6 points)

> restart:

wi t h(DEt ool s):deqtn: =diff(P(t),t)=-P(t)"2+4*P(t)-3;

DEpl ot (deqtn, P(t),t=0..3,P=-2..4,{[P(0)=0],[P(0)=2],
[ P(0)=4]}, arrows=l i ne, col or =bl ack, |inecol or=bl ack,
stepsi ze=. 2, dirgrid=[30,30]);

degtn := gt P(t) = -P(t)* +4 P(t) -3
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le) Giveapopulation model which leadsto differential equations of thistype. Be as precise as you can,
so that you can account for the signs of al three terms on the right-hand side of the differential equation.

(4 points)
This could be a logistic equation with harvesting, since

P P*+4P
— __p2,
dt
=P[4-P]
isalogistic DE, with carrying population 4 (units). In the case of our DE, we would be harvesting 3
units of population per time unit, leading to

d_P_P4 P]-3

1f) Find aexplicit solution to the initial value problem for this differential equation, with P(0)=2. Verify
that your limiting population agrees with what your sketch predicted in part 1b).

(13 points)
DP -
P-3)(P-1)
Do partial fractions:
1 1.1 11
(P-3)(P-1) 2P-3 2P-1
Integrate:
1|n(|P—3|)—1m(|P—1|):—t+c
2 2
Exponentiate:
P-3 _ (2t+0)
P-1|

plug ininitial value



In{-1])=¢€°
So c=0. Then remove absolute value sign carefully, because P(0)=2:
P-3 (2
p-1_ °©
(-21)

P-3=—P-1)e

(20, _ (20
P(l+e )=e +

(-21)
e +3

-2t)
1+e( )

Notice that P(t) convergesto P=3 ast goesto infinity, as predicted by the phase diagram and slope
field.

2) Consider abrine tank which holds 15,000 gallons of continuously-mixed liquid. Let x(t) be the
amount of salt (in pounds) in the tank at timet. Thein-flow and out-flow rates are both 150
galons/hour, and if the concentration of salt flowing inis 1 pound per 10 gallons of water.

2a) Explain how the information above leads to the differential equation

3

P=

& L 0.01x=15
L S
dt X

( 5 points)
The rate of change of x(t) is the sum of the rate at which x comes into the tank, minus the rate at which it
leaves. Theratein isthe concentration in timesthe volumeratein, i.e. (0.1)*(150) = 15 pounds/hour.
The volume is constant 15,000 gallons since water |eaves at the same rate it enters. Hence the
concentration out is the quotient x(t)/15,000 pounds per gallon, and so salt isleaving at a rate of

(x()/15,000)* 150 pounds per hour. Thisisthe differential equation
> deqtn:=di ff(x(t),t) = 15 - (x(t)/15000)*150;

1
— X(t)

d
deqgtn := it x(t)=15- 100

which simplifies to

& | 0.01x=15
X | oolxe
dt X

2b) Solvetheinitial value problem for this differential equation, assuming that at time t=0 there is no
salt in the water. Y ou may use either chapter 1 or chapter 3 techniques.

(0.011) (0.011)
e % x(t)% 0.01 x(t)%: 15e

(0.011)
e

(20 points)

Integrate:

(0.01t)
+

x(t) = 1500.000000 e C

solve for x:

(-0.01t)
X(t)=1500+Ce

Solve for C with initial value x(0)=0:



0=1500+C
C =-1500

X(t) =1500 - 1500 e
2¢) What is the limiting amount of salt as t approaches infinity?

(-0.011)

(5 points)
Ast-> infinity the exponential term dies out and we get 1500 pounds as the limiting amount. We expect
this because we expect the limiting concentration to be the inflow concentration of 0.1 pounds/gallon,
and there are 15,000 gallons in the tank.

3a) Consider the differential equation
d®x . dx E 0
— +4—+5x=
dt? da X
Find the general solution to this differential equation. If this was modeling a spring problem, what kind
of damping would we have?
(15 points)
The characteristic polynomial is
p(r)=r’>+4r +5.
which has roots
-2+i,-2-i
Thus the general solutionis
xty=e' " (A cogt) + Bsin(t)).
Snce the roots are complex, thisis an underdamped system.

3b) Solvetheinitial value problem for the differential equation above, for x(0)=2, Dx(0)=-2.

(10 points)
<° 72" (=2 Acogt) -2 B sin(t) —Asin(t) +B cogt))
Plugging ininitial data yields
2=A
-2=-2A+B
which has solution
A=2
B=2
So our solutionis
xty=e' " (2 cogt) + 2 sin(t)).
3c) Write your solution to 3b) in the form of atime-varying amplitude times cos(wt-a).
(10 points)

We use the right triangle with horizontal displacement A, vertical displacement B. Then the hypotenuse
is C, and the angle between C and A isalpha. So we have C=2*sgrt(2) and alphaisthe arctan of 1, ie
Pi/4.



X(t) = 2\/3 e(_m cos% —E%

Acoqwt)+Bsin(wt)

4) We know that any expression

Can be rewritten as
Ccodwt—-a),
and you probably memorized the formulas for this exam.

4a) Use the addition angle formulafor cosine to rederive the formulas for C and alphain terms of A and

B.
(5 points)

CcoJwt—a)=C (codwt)coga) +sin(wt) sin(a))
S0, equating coefficients we deduce that
Ccoqa)=A
Csin(a)=B
This leads to the ABC triangle discussed in class and above, i.e.

A
coqa) :E

B
sin(a):E

4b) Find C and alpha so that
_ 1
sin(t) + 2 coqt) —\/E co% +Z T[E: Ccodqt-a)

sin(t) + 2 coqt) —\/E %os(t) Co% T[% sin(t) S n% T[%: CCodqt-a)
sin(t) + 2 cog(t) -y 2 %cos(t)\/_ —% sin(t)ﬁ%: C Cog(t - a)

coqt) +2sin(t)=C Coqt-a)

(5 points)

Sowe have A=1, B=2. Hence
c=y5
o =arctan(2)

5) (Well, | ran out of points, but here' s another problem): Solve
d®x 2d°x dx
AN _
d®  dt® dt

Withiinitia condition x(0)=1, Dx(0)=1, D*2(x)(0)=0.
(15 points)



p(r)=r+2r% +r
p(r)=r (r*+2r +1)
p(r)=2r (r +1)°

So the general solutionis
X(t)=c, +c, e+ cyt e
When you compute the first and second derivatives of x(t) and plug in the initial data you get a system
c tc,=1
—C, +¢;=1
c,-2¢,=0
which you solve for ¢, =3, ¢, =-2, ¢;=-1, sothat
(-1) (-1)
X(t)=3-2e -te .

END!!



