Math 2280-1

Exam 1
February 15, 2006

This exam is closed-book and closed-note. Y ou may use a scientific calculator, but not one whichis
capable of graphing or of solving differential or linear algebra equations. In order to receive full or
partial credit on any problem, you must show all of your work and justify your conclusions. There
are 100 points possible. The point values for each problem are indicated in the right-hand margin.
Good L uck!

1) Consider a mass-spring system with damping, in which the massis 3 kg.
1a) What values of damping coefficient and spring constant (including correct units!) would lead to the
following differential equation for the displacement x(t) from equilibrium?

X" (t) + 4x’(t) + 3x(t) =0

(4 points)

1b) Find the genera solution to the differential equation in 1a. What kind of damping is exhibited by
this spring system?
(10 points)



1c) Solvetheinitia value problem for the spring system in 1a, with x(0)=0, Dx(0)=2.
(8 points)

1d) Sketch a qualitative graph of your solution x(t) to part (c) as afunction of t. Solve for the time
when the mass is displaced a maximum amount from equilibrium.
(8 points)



2) Consider the differential equation

d—p—P2 4P -5
dt '

which could be amodel for a certain population.

2a) Find the equilibrium solutions.
(6 points)

2b) Sketch the phase diagram for this differential equation. Use this phase diagram to deduce the
stability of your (2a) equilibrium solutions
(6 points)

2c) Describe a population model which could lead to differential equation of thistype. Be as precise as
you can, so that you can account for al three terms on the right-hand side of the differential equation.
(4 points)



2e) Solve theinitial value problem for this differential equation, with P(0)=3. Explain what happens to
your solution as time increases, and explain why thisis consistent with your phase diagram in (2b).
(14 points)



3a) Using the Chapter 1 algorithm for solving first order linear differential equations, find the solution to
theinitial value problem

X' (1) + g5.gp X(1) =3

x(0) = 0.
(10 points)

3b) Consider amixing tank with one input pipe and one output pipe. Assume the tank initially contains
50 gallons of salt-free water, Assume that water flows into the tank at arate of 6 gallons per minute, and
that the input concentration is 1/2 pound of salt per gallon of water. Assume that well-mixed water

flows out of the tank at arate of 3 gallons per minute. Let x(t) be the amount of salt in the tank at timet.
Using the input-output tank model we' ve studied, show that x(t) satsifies the initial value problem which

you have just solved in part 3aand, at least until the tank overflows.
(5 points)



4a) What is the dimension of the solution space to the differential equation
y''(x) + 4y’ (x) =0
( 3 points)

4b) Find abasisfor the solution space in 4a.
(20 points)

4c) Provethe functions you found inyou part 4b basis are linearly independent. (Y ou may perhaps like
to use the Wronskian or related ideas.)
(7 points)



5) State and derive the formulas which show how C and a arerelated to A and B, in the identity
Acoqwt)+Bsin(wt)=Ccoqwt-a)
(5 points)



