Malh 2050-1
M ke 4/3
Tﬁ{' {'\;marrw li‘

§91-1.2

. ;
LA{) lace tramg borina

[ filo ) — I (wobt tflps e

, -5t
:izjf'ial((s} B j ¢ fe)at
v c
F )
i
O = | ot
sakishes  q/(£) = f(e)
%{9}-'0
Y {z’m‘fsl_ s Gl by @)
il
F )
o Gl T
5
W & Fl= S et
&
F,(,S\‘:‘ "(W ( F(S?QS}-F(S))
F Af-s LS
i - {sthstt <t
2 i A e ‘f-(!:] -€ -f—{t)o{t
As= o o
P -(.SPBS)'IC —§£
g F4) [ L =F ] 4t
o bs
<k b
4 5 i aS
I e te

- R

E X -thﬂésk At i{—tw%(s)

Pt

@50+ L= %

AR STHIOEES JCIRNS
L akys -4 257

" ; —-(hi'lj
%‘3 fh&luthé‘r\, :,t% i ?)(5): PR

P

{\h all + (Ang;/g}

{Rgsr> #1)

e‘“’\ ey
00$|&{: ] S/:z{.kl
Skt | AT

I
ENEE ! s Flo) ~$(0)

I '
@y 4" i G Fls) ~sflo)—fte)
j“'[t—} i\ ¢ F (o) - st Lol -sf (o) £ a)
ke
___£__,E_w_,_ =
@ 3 ft“t)ﬂz Flsy,
a
@D t5 B8
£ 4(8) 1 B (s}
izt
{ i_*/s
@ t Vet
v s [ >0
t"‘% VAT
@ wskhtg S//S-IEEJ-
smmt% /2
wl mu;ct-a)%] &2 Fs)
\@ et | Fls-a)
| at 5~
t I
1 e sk (S_ﬁf_{”&l
at e
e S(%%&t ('S_Q]I{_i"’z,

We'll save Haves + f Wed.



We;“ mi( 5{3?‘&&{"0’« £ X 5}/@;}""@_\5 {,._;;';,L? 3"6 [t 2n, {“I\Lgn&?

and. ther redo w b L“Piﬂf—ﬂ. Fou fx:amip(_g-'

1) ( ey -4 %t 30
<g%ﬂ~ LXTwny
| Fem©
'L 4030

{.ﬁu Pim\c.l-r{_g, £ XA 5:—6*; jcﬂ'\ f’l‘“'f)%?*s ot Tl d {ui—u'u{« [Ie] W\Aj 30 m—v-;,tkc,lagg )

‘i" s)((sl—o:~.os)(+é,;i
S Y(s) -0 = o5 X-pY

S+ .05 ) Xer ] 204}
~ 05 se. 1] Y o
X(sﬂ ) St 0 39/

i

(s+-95)(s4.1)

Y{.‘;) DS S+05 O
1o
X6) ~ | 3(s+.09%)
g
Y (5 e

s(stosi(s+.1)

= 30 = i | _ﬁ_ig_'f_:___,,-,,,__ mog*’
X(s\ 30 -15’(5 - s+_o;) So xl£)= 600 (;.- e )\\

S {s+.0%)
(5 A 3 C
Yy - © et L T o
. I

s (st-050{s+.0)
Lo o= A (sros)(skad + Bslsr) + Csloreos)

1. o0

sz = \.Q:,GGSA = A= ETE: 2300
¢z -06 B 157 B(~o5)ws) 2 [ F(-20)(30)=~600

¢z o 1§52 L (-1¥{(~0s5) = 005C = C7 300

T - !‘
W: 3op -~ boU € o5t + 300 e,"”; E

P

)



Math 2280-1

PRACTICE EXAM SOLUTIONS
April 2006

13 Consider the following two-tank cosfiguration. In tank one there is uniformly mixed volume of 200
gallons, and pounds of solute x(1). In tank two there is mixed voiume of (00 galions and pounds of
solute y(1). Water is pumped into tank one at a constant rate of 10 gallons/minute from an outside
source, and this water has 2 constant solute concentration of 3 pounds/galion. Water is pumped from
tank one to tank two at constant rate of |0 gaflons/minute. and from tarik two to the sewer, also at a rate
of 10 gallons/minute. Imitially the water in each tank is pure.

(This a cascade of twe tanks, in fact this is problem #16 in section 5.6)

ta} Derive the system of first order differential equations which governs the process described above.

{16 points)
the rate into and owt of each tank is 10 gallons per minute. Thus 3%10=30 pounds of salt per minute are
entering tank I, and then 10 x/200) pounds per minute are leaving. Those pounds are going into tank
2, and the outlet from tank 2 is raking out 10%y/100) pounds per minute. This leads to the system:

= 1 30— ]
dr Ta0”
dy L

dt Eéx_]gy

by The homogenous part of the system of differential equations above is

ax 2L 0
dr | 20 rx.]
& “M_ o [
[df 20 10

Find a fundamental matrix solution for this homogenous system.
{10 points)

Because the matrix Is (lower) triangular, the eigenvalues are the two diagonal eniries, -0.03, -0.1. For
lambda = -0.1 we see by observation that [0,1] is an eigenspace basis. For lambda = -0.05 we seek
solutions to the augmented system

0 0 0
ot o
20 20

from which we deduce an eigenvector of [1,1}. Thus we can make a FSM by putting our two linearly

independent solutions (having form exp(lambda®t)*v } in as columns, :as follows:
[ (-0051)
e

005 (-0l ;;J
e

lc) Find the matrix exonential for the matrix in part 1b}.

(10 poims)
We can multiply the FSM from Ib by its inverse at 1=0, on the right: It is quickest for 2 by 2 matrices to
use the adjoint formula for the inverse:

(eumm o { ) O-]
N

0

[ (—5.85 1y (~Glr)
€ [

{-0.051)
£

0051 (-0 (ﬁ.IJ}J
£ € e

Id} Find a particular solution for the inhomogenous system in part fa.

(10 points}
We try a particuiar solution of the form "k, where k is a constant vector. Plugging this info the
differential equation leads to the matrix equation

éjd 0 k1+ 30]
g

0=
} 4 il
[ 20 10
which has selution
[ MJ {600-:
EERE

This makes sense because we expect the particular solution above to be the long-time solution. and a3
t-> infinity we would expect hoth tanks 10 have limit concentrations of 3 thsfgallon.



le) Solve the initial value problem in part ta
(10 points)

The general solution is Flile + k. where F(1) is a FMS for the homogeheaus eguation. ¢ I8 an unknown
Cegn initial valnes serp, so D=Fi0ic « koor

vector, and k is the vecter we found in parl ld. W
= UGNk We can use gither the FMS or the cxponeniial marriy sy Fros Jfwe use the FMS

from [h, we see that

_AY

s that o =-A00 ane =80 Daac JUF

~y DERIVE sither the variation of parameters formula using a general FMS. or the particular case of it
using matrix exponentiais, for finding solutions w the inhomogeneous sysiem of differential equations

dx .
maAn e
4
{15 poiats)
Rather than repeal the derivation we did in class notes and in the book, I refer yoi io equations 15-29

on pages 361-363 of the text {section 3.61

3) Consider the following configuration: of springs, with positive displacements from equilibrium

meastred o the right. as indicated.
Mass 1 is to the left of mass 2, and there is a wall to the right of mass 2. There is a spring with constant

k1 between these nvo masses. There is also a spring with constant k2 connecting mass 2 to the wall.

323 Derive the system of second order differential equations which models this system. Assume that

there are no external forces.
(5 points}

d*
m, (‘”’“‘ x(!)):kk {y—x}
N jo
&)
m, |y [=k —x)-k, ¥
1 dtm} J 2 Y

3b) Assume that in appropeiate units m =2, m2=2, ki=4, k2=6. Show that in this case your system
above reduces {0

lr d’ x
| ar {~—2x+2y

]
Fy L2x—5yJ

{5 points}

This is easy to See Since kl/ml=2 kl/m2=2, k2/m2=3.



3c) Find the general soiution i th o
(13 points}

For A defined ax
M

qaare roots of the apposites of the eigenvalues are the
cors are the findamental modes....of course you would do

we find
Aindament ;

this part by Rl emgin fer aerion 1o find the eigenvalues, and then Sfinding the
ve M

eigenbases. bur 7
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3dp Assuming 5mega is not a nawral fraquence for the problem above. find a particular solution to the
forced svstem

-

d X
di* 2 x4 2 y+oofo 0l
1 v Zx—Sy»cos{mr)J'
EL dr’ J

{10 points)
We try @ particular solution of the form xp=cos(wijc, where we find ¢ by substituting xpitj into the
inhomaogeneous DE. For
cl ]

c2j
1

o
]

-1
We get the equation
R
—o” cod(® ) c=cos(w ) A ¢ +cos(m nh
We divide by the scalar function cos(Wt), and redice to the mairix equation

[ ] {z+a* 2 el

1 7 -S+etile?
Which we can solve with Cramer’s rule or via an inverse matrix, yielding:
I 1
3-m

Ferl @ -6 =1
!_CZ - {92
me -6 1)

5



1y Conshlar the following svatem of differential squations which is supposed to model two interacting

species:

dx }

200 . .
dt Sxma" =Xy

T

Pody L -2ytay
L dr

4a) Would this svstem be modeling a coorperative, competetive. or predator-prey situation. Explain.
(5 points)

| EOV—

This is predator-prey, since the presence of preduator y decreases the popularion growth rate of prey x
and increases the growth rate for y. Also, in the absence of y, x grows logistically, whereas in the
absence of %, the population y dies out

4b) Show that there are three equiiibrium sojutions to this system, namely [3,0], [5,01,[2.3].
(3 points)

We set the tangent vector field functions 1o zero and solve. They both facior, as follows
5% wx_v—k x{5—x-¥)

“2ybxy J y(-2+x)

So there are potentially 4 eritical points, where we require at least one of the factors in each expression
10 be zero. We can catalog these: If x=0, then y=0 will work {but -2+x=0 will not). If x is non-gero then
if y=0 we need x=3, and if x=2 we need y=3. Thus we arrive at the collection of 3 points

[0.0}{5.0L12,3}

4¢) Compute the tinearized differential equation near each of the three equiiibria from part (a). For aach
equilibrium solution: use eigenvalue, eigenvector analysis to sketch a local phase portrait near the
equitibrium solution. and indicate what type of equilibrium you are dealing with, and its stabilicy

characteristics.
(45 points}

The derivative matrix for our tangent vector field is given by
fs~2x-v =
J=
¥ -2 +x
You get the matrix of the linearized differential equation af each equilbrium solution by plugging in the
appropriate x and ¥ values. For example, at [0.0] we get the mairix
's o

n

which has eigenvalue 5 (eigenvector el=[1,0]} and eigenvalue -2 (eigenvecior e2=[0.1];, so the origin
is a saddie taiways unstable), antraciing along the y-axis and repelling along the x-axis). The phase

portrail you draw would look something like
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At [3.0] we get mairix

Since the matrix is diagonal the eigenvalues ave -5 and 3, 50 we have another unstable saddle. For the
eigenvalue -5 and eigenvecror is el={1.0). Forthe eigenvalue 3 one oblains eigenvecior [-5,8]. So this
saddle attracts along the x-axis, and repulses in the direction of [-5.8]. Your phase porirait would look
something like

N




R
S’

Finally, at [2.3] we germarnix i )

N

which has characieristic polynomial
e lh=6
with complex ropts -1 plus oy puns the sguare roor of 5, thnes L So this poi‘m isa ._ct(zh{v .s'pi'm!.. ¥ .
figure out how the spiral @8 rotating. v for example compuling the tangent field at [1.0]. which is A{A;'jj'
Without further analysis you can't figure out the eccentricits of

Thus the rovation is counierciockwise. ' :
the spiral, but that wouldit'! e novessary 1o answer this question. Your local phase porirait looxs
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43 Sketch the phase portrait (in the first quadrant) for the full non-finear system, using your
information from part 4c. Explain what this means for the long-time behavior of sofutions to this

system.
{15 points)

This problem was taken from the homework problems of section 6.3, #11-13. After plotting the saddies
at the origin and at [5,0] carefully (the attracting eigenvector at [0.0] is €2, the repulsing on is el, the
attracting eigenvector at [5,0] is el, and the repulsing one is [-5.8], the stable spiral at {2,3] rotates
counterclockwise, the most sensible way to piece together a global phase portrail for the first quadrant
will give you a crude picture like Figure 6.3.14 on page 404, This means that if you start with ANY
initial populations [x0.y0] in the interior of the first quadrant, the long rime solutions will converge to
the equilibrium at [2,3 ]!



