Math 2280-2
Generalized eigenvectors, Jordan canonical form,

fundamental matrix solutions, and matrix exponentials
March 20, 2001

If the matrix A inthefirst order system of DE’s given by dx/dt = Ax is diagonalizable, then an easy
FMS solution to the system consists of an n by n matrix where each column is of the form
exp(lambda*t)v, where the v’ s are a basis of eigenvectors of A. Seetoday’s notes from class. We can
get exp(At) by then computing FM S(t)*inverse(FM S(0)). Here's the example we' ve been doing in
class, example 1 on page 354.

[>wth(linalg):
> A =matrix(2,2,[4,2,3,-1]);

4 2
A::E E
3 -
> ei genvects(A);

i [-2 1,{[1, -3]}], [5, 1,{[2, 1]}]
> FMS: =t - >transpose(matri x(2, 2, [ exp(-2*t),-3*exp(-2*t), 2*exp(5*t), ex
p(5*t)]));
: (-21) (2t) , (51) (51)
FMS:=t - transpose(matrix(2,2,[e ,-3e ,2e ,e 1))
> FVS(t);
#our FMS, equation (14) page 354

e(-2t) 2e(5t)
36(—20 e(5t)
> eval m FM5(t) & i nverse(FM5(0)));
#and here is exp(At), exanple 5 page 359

l-e(—Zt)+§e(5t) 2 (2t) 2 (5t)
7 7

§e(—2t)+§e(5t) 6 (—2t) 1 (5t)

L 7 7

Of course, Maple can compute matrix exponentials (WeII, at Ieast it can try).
> exponential (A t);

#this is a linalg command for exp(At)

l.e(—zt)+§e(5t) 2 (—21) 2 (5t)
7 7

3 (2n 3 59 6 20, 1 &5
2,20, 2
7 7

Now let'sdo abigger example. We usethe matrix from #32 page 350:

-



r> A =matrix([[11,-1, 26,6, -3],
[0,3,0,0,0],
[-9,0,-24, -6, 3],
[3,0,9,5,-1],
[-48,-3,-138,-30,18]1);

Mmi1 -1 26 6 -3

0 3 O 0 O
9 0 -24 6 3
3 0 9 &5 -1
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L 48 -3 -138 -30 18
> eigenvects(A);

[3,3,{[-1,0,1,0,6],[-1, 1,0,0,-3],[0,0,0, 1, 2]}], [2,2,{[0,0,-3, 1,-24], [1, 0, 0, O, 3]}]
This one was diagonalizable, even though it only has two different eigenvalues. So we could use the

same method as in the first example, in order to find aFMS, and then exp(At). Y ou might want to write
an FMSin here:

We will use the diagonalization method of finding the matrix exponential. (Seetoday’s class notes.)
We can diagonalize A, by using the matrix whose columns are a basis of eigenvectors:

"> CT:=matrix([[1,0,0,0,3],[0,0,-3,1,-24],[-1,1,0,0,-3],[0,0,0, 1, 2],
[-1,0,1,0,6]]);
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CT:=
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"> C =transpose(CT);
#col ums are ei genvectors
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L 13 -24 -3 2 6
> Diag: =eval n{i nverse(C) & A&* O ;
#this will be our diagonal matrix, as you recall from
# linear algebra, and as we review today.

2 0 0 O

0
0
Diag := 0
0
3
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> exponential (Diag,t);
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"> mat expA: =t - >eval n( C& exponenti al (D ag,t) & inverse(Q));
#this should be exp(At), see class notes

~> exponential (At);

mat expA(t);
matexpA:=t - evam(‘&*'(‘&*‘(C, exponential(Diag, t)), inversg(C)))
2 3 2 3 2 3 2 3 2 3
[—8e( Vige t),e( V_¢ t),—26e( i26¢ t),—6e( Vi6e t),3e( Vo3¢ t)]

(31
[0,e ,0,0,0]

2 3 2 3 2 3 2 3
9e’-9e"",0,27e%" - 266", 6% -6e"", 3e°" +3€" ]

2 3 2 3 2 3 2 3
36%0436% 0,064 0e® 26?0136 oV_ 8

2 3 2 3 2 3 2 3 2
48" - 486" 3677 -3 138" -138e°", 30" -30€""  -15¢'

)

#matri x exponential of diagonal matrices is easy. (See class

+16e

(31

]



#check answer with Mapl e comand
2t 3t 2t 3t 2t 3t 2t 3t 2t 3t
8621 9e o0 o) el o) ol 6 B0 5 @050,
(31)
0,e",0,0,0]
2t 3t 2t 3t 2t 3t 2t 3t
9e?-9e%",0,27e%" -26e"" 6% -6e"", 3% +3€"]
2t 3t 2t 3t 2t 3t 2t 3t
3620436 0,06 +06% 26136 o)
2t 3t 2t 3t 2t 3t 2t 3t 2t 3t
s’V -a8e"" 367736 1386~ 138", 30e%" -306"", 157" + 16"

What happens when A is not diagonalizable? Thisiswhere Jordan Canonical form enters the picture

(see today’ s notes): We will use the matrix from#31, page 350.
> A =matrix([[35,-12,4,30],[22,-8,3,19],[-10,3,0,-9],[-27,9,-3,-23]]

35 -12 4 304
22 -8 3 19
10 3 0 -9
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27 9 -3 -23
> ei genvects(A);

[1; 4; {[01 11 31 O]a [1’ O’ -l, _1]}]
So the eigenspace is only 2-dimensional, even though lambda=1 has algebraic multiplicity 4. so the
defect is 2.

L Wetry to make chains. We use the matrix B=A-I since lambda=1.
> 1d:=diag(1,1,1,1);

71 0 0 0f

Ho 1 0 Of

Id:= u —

4o 0 1 OF

] 90 0 0 18
> B:=eval n(A-1d);

B4 -12 4 300

22 -9 3 19

B:=H u

210 3 -1 -90

27 9 -3 -24°7

> eval m(B"2);




42 -18 6 36

21 9 -3 -18
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42 18 -6 -36

> eval M B"3);

o O O
o O O
o O O

o o (@) (@)
I T I T IIrraTd

OJo 0 O
Using the powers of B we have many choices for construct

ng our chains

> z:=vector([0,0,1,0]);

#this will be the start of a chain of length
#t hr ee

L z:=[0,0,1,0]

> w =eval M B&* z) ;

L w:=[4,3, -] -3]

> v:=eval M B&*w) ;

L v:=[6,1, -3 -6]

> eval m B&*v);
L [0, 0,0, 0]

>

So we have a chain of length three, namely {z,w,v}. Pick another lambda=1 eigenvalue (not v) and
we will get abasis of R*. The matrix of the linear transformation represented by A in standard

L coordinates will have Jordan normal form in the new basis:

> u:=vector([O0,1,3,0]);

1

u:=[0,1,3,0]
> C. =augnent (v, w, z, u);
#enter chains in reverse order!

06 4 0 O
H1 3 o0 1{
C=nh u
13 -1 13-
H-6 -3 0 OO

> Jord: =eval n(i nverse(C) & A& C);




Jord:=

o O O

> jordan(A);
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> exponential (Jord, t);

t

0

mat expA(t) ;
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> exponential (At);
#check with Mapl e

0
0

#Mapl e al so conput es Jordan Canoni ca
#course the bl ocks could be in any order
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see cl ass notes

- > mat expA: =t - >eval n( C& exponential (Jord, t) & inverse(QC));
#this should be the matri x exponenti al

matexpA:=t - evam(‘&*'(*&*‘(C, exponential(Jord, t)), inversg(C)))

30te' +18t° ¢

19te'+3t% ¢

9te'-9t%¢e

el -24te' -181% ¢

#exponential s of Jordan matrices are pretty easy to conpute
#fromthe power series definition,
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[>
[ What if we were using the chain method to find an FM S for the system in #31 page 350. Can use see
L why the columns of the following matrix would be abasis for our solution space?
> FMS: =t - >eval m( C& exponential (Jord, t));
FMS(t) ;
FMS:=t - evam(‘&*‘(C, exponentia(Jord, t)))

e 6tel+4e  3t’e+4te 0

1
e' te'+3¢ Etzet+3tet e'
t t t 3 2t t t t
3e -3te-e _Et e-te+e 3e

i 6e -6te'-3¢ -3t°e'-3te' 0
. Finaly, let's do example 7, page 362:
> A =matrix(3,3,[3,4,5,0,5,4,0,0, 3]);

3 4 5

A=H0 5 4

L O 0 3
> exponential (At);
#well, we may as well see what we’'re going to get!

(3t 5t 3t 5t 3t 3t
1CY 5 eBY_5 B0 4 BV _4 6BV _ 340V
(] (51) (51) (31) L]
10 e 2e -2e N
u (31) 0
00 0 e O

> el genvects(A);

I [5 1. {[2 1,0]}] [3,2,{[1,0,0]}]
[ lambda = 3 is defective, so we will need to find a chain of length 2:
(> iden:=matrix(3,3,[1,0,0,0,1,0,0,0,1]);




V

iden:=H0 1 O

B: =eval n{ A- 3*i den) ;

nul | space(B*2);
#w || necessarily be 2-dim

{[1! 0! 0]! [0, '21 1]}
v:=vector([0,-2,1]);

#want a generalized eigenvector which is not an ei genvector

v:=[0,-2 1]
u: =eval n(B&*v) ;
eval m(B&*u) ;
u:=[-30,0]
[0, 0, 0]
w. =vector([2,1,0]);
#| anbda=5 ei genvect or
w:=[2,1,0]
C. =augnent (u, v, w) ;
-3 0 2
cC=10 -2 1
O 1 O
Jord: =eval n(i nverse(C) & A& C) ;

3 1 O

Jordi=HO0 3 O

0O 0 5
jordan(A);
#j ust conpari ng
5 0 O
0O 3 1
O 0 3
exponential (Jord, t);
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0 0
> expAt: =t ->eval m{ C& exponential (Jord,t)& i nverse(Q));
expAt (t);

expAt .=t - evam(‘&*‘(‘&*‘(C, exponentia(Jord, t)), inversg(C)))

if(gt) 5 e(3t) £ e(5t) 4 e(3t) _3t e(3t) o e(5tE
Ho e 2e42e™  H
N Ol
i 0 0 e .
> FMS: =t - >eval m( C& exponenti al (Jord, t));
FVB(t);
FMS:=t - evam(‘&*‘(C, exponentia(Jord, t)))
O, (BY (31) (GY]
T3e -3te 2e [
Ho e VF
O 3 O
4 0 e’ o E

Noti ce, we have done our operations in a different order from the text, and our FM'S doesn’t look exactly
the same, but the matrix exponential is unique so that our answer agrees with the formual on page 363.

exp(A+B) equals exp(A)*exp(B) when A and B commute, but products might not be equal
otherwise:

T> A=matrix(2,2,[4,2,3,-1]);
B:=matrix(2,2,[3,0,0,3]);
C.=matrix(2,2,[0,0,0,1]);

4 2
A= =

3 -10

3 oQ
B .= =

0 3O

0O O
C:=

0 1

"> eval M(A&B);
eval m( B& A) ;
#matri ces conmut e




exponential (A+B,t);
eval m(exponenti al (A t) & exponential (B, t));
#exponenti al | aw hol ds

(M2 64
= =
19 -3
(M2 61
= =
19 -3
(o e 2 60 2
7 7 7
@y_3 ¢ 8,1 e
7 7
(3t) % 50 2 (_Zt)%em)
e
(3t) % 29 1 (St)%em)
e

> eval M A&* C);

eval n{ C& A) ;
#matrices don’'t comute

exponential (A+C, t);

eval m(exponenti al (A t) & exponential (Ct));
#| aw of exponents nmay fail

>
10 20
= =
00  -10
10 o4
= =
03 -10

%e«hmm_%me(—(—2+m>t)+%me((2+m)t>+§e<—(—2+m)t>
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