Math 2280-1 and 2250-1
Friday September 12
Sinusoidal function essentials

These notes explain how to rewrite the linear combination
Ht)=Acoqwt)+Bsin(wt)
in amplitude-phase form
Ht)=Ccoqwt-a).

The text has aversion of this discussion in the section on Mechanical Vibrations (5.4 for 2250 text, 3.4
for 2280 text), and you will need to become proficient with these ideas. The current Maple project isa

great timeto begin! Here we assumeC is a positive number, and use the following words for the
various constants:

Ciscalled the amplitude of Ht), since Ht) varies betweenCand —C .

wistheangular frequency (units are radians per time, since the product wt has radian units, so
that cosine can edt it).

a isthephase angle (The graph of Ht) is obtained by translating of the graph of C coJwt), by

a a
:5 unitsin the positive direction, sincewt —a =w % —;% oiscalled thetime delay.

W
Thefrequency v of Ht)isv = ;[ (complete) cycles per unit time, since there are 2 Ttradians per

cycle.

2T
Theperiod T = j isthetime it takes per unit cycle.

If you' re given the amplitude-phase form of F it is straightforward to use the cosine angle addition (or
subtraction) identities below to deduce the linear combination form. That the two identities below are
equivalent follows easily from the facts that cosine is an even function and sine is an odd function.

cogz+w) = coqz) cogw) — sin(z) sin(w)
coqz—w) =cogz) cogw) + sin(z) sin(w) .

Using the second version of the identity on the phase-amplitude form, and equating the result to the
linear combination form yields

CcoJwt—a)=C (coqwt)coga)+sin(wt) sin(a))
=Acoqwt)+Bsin(wt).

We can make these two expression equal if (and only if) the constant coefficients of the functions
coJwt)and sin(wt) agree, i.e.

A=Ccoqa)

B=Csin(a)
So, it'seasy to get A and B if you know C anda . But the reverse direction is easy too, provided you're
good at trigonometry: These two equations say that the point (A,B) in the Euclidean planelies at a

distance C from the origin, and at a polar-coordinate anglea from the positive x-axis. (Please seethe
triangle picture in section 5.4 or 3.4.) Thefact that the distance from point (A,B) to the origin equals C



isjust the identity
A% +B?=C? (sin(a)? +coga)?) =C?
so that
C=4A?+B2.
And then the equations above for A and B can be rewritten as

A
coqa) :E

B
sin(a):g

and these two equations determine the angle a (up to an integer multiple of 2 7). Depending on which

guadrant the point (A/C,B/C) liesin, you may use different inverse-trig functionsto find a. For
example,

a= arcco%% in quadrants1,I1 (B>0)
a= arcsin%% in quadrants 1,1V (A>0).
o= arctan%% in quadrant | (A,B>0).

a= arctan%%L T, inquadrant I11; (A,B<0).

Example: ExpressHt) =3 coq2t) -4 sin(5t) in amplitude-phase form.

Answer: A=3 and B =-4, sotheamplitudeis C=5. Sincethe point (A,B) isin quadrant IV, we
compute

a=arcs n%% =-0.927 radians.

Thus, (allowing for decimal approximation),
3coq2t)-4sin(2t)=5coq2t+0.927).
Below is graphical proof that we're right: notice that the horizontal tranglation (time delay 9) of the

a
cosine curve is; =-0.46 radians, i.e. the curve istrandated to the left by .46 units. The display below

includes two (completely overlapping plots of F(t), using the two different formulas, together with a
dotted vertical line at t=-.46 radians.

r> with(plots):
pl ot 1: =pl ot (3*cos(2*t)-4*sin(2*t),t=-Pi..Pi, col or=bl ack):
pl ot 2: =pl ot (5*cos(2*t +.927),t=-Pi .. Pi,col or=red):
plot3:=plot([-.46,t,t=-5..5],1inestyl e=2, col or=bl ack):
di splay({plotl,plot2,plot3},title=" one plot?);




one plot?
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(> ?plot #help window to help ne figure out to draw
# the dotted |ine above, to show graph transl ation




