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Math 2280-1
December 2, 2008
Guess the resonance game, using convolution formula, section 7.4
» with (plots) :with{intcrans):
#the library inttrans includes Laplace
We are considering the undamped forced harmonic oscillator
X+ x(t) =1
with initial data x{0}=w(0)=0, When we take the Laplace transform of this cquation we derduce
x 1 F(x)
o Sl
s0 that the canvolution theorem implies x(f}=sin * 7). Since the unforced system has a natural
angular frequency @, = |, we expect resonance when the forcing function has the corresponding period
in

of == =2 m We will discover that there i a surprising possible error in our reasoning.

W

Example 1: A square wave forcing function with amplitude § and period 2 1t. Let's tatk about how we
came up with the formula (which works untilz= 11 n}.
» fimt-m-1+42%sum({-1) "n*Heaviside {L-n*Pi), n=0..10);
#Heaviside was an early user of the unit step funcrion
#and @ Maple names it after him

1
fr=t—=-14+2 Mﬁ,ca Heaviside(r ~ » )
i
» plot (£{t),t=0..230, color=black, titles gquare wave forcing
function');

square wave forging function

> ®i=t-rint{sini{t-tau) *f(tau),vau=0, .t);
#oonvolution formula for the solution

'
Yi=1— %ﬂuﬁ -ttt
"o

You actoally could use the convolution formula to work out x(8) by hand, if you wished to do sot

= x(t}; #you actually could work this out by hand!
1 — 2 Heaviside(t — 3 )+ 2 Heaviside(?) ~ 2 Heaviside(r — 3 ) cos{r)— 2 Heaviside{?) coslr)

+ 72 Heaviside{t — 4 n)— 2 Heaviside{t - &) — 2 Heaviside(t - 4 1) cos{t) - 2 Heaviside(r — ny cos(r)
— 2 Heaviside(t — 5 1) + 2 Heavisidelr — 2 1) — 2 Heaviside(t ~ 5 m) cos(t}
~ 2 Heaviside{¢ — 2 m) cos(r) -+ 2 Heaviside(r -- 6 m} — 2 Heaviside(t — 9 m) cos(n)
— 2 Heaviside(r - 6 ) cos() + 2 Heaviside(r — 10 1)~ 2 Heaviside{t - 7 1)
—2 Heaviside(s — 10 ®) cos(r)y~ 2 Heaviside{r - 7 w) cos{z}+ 2 Heaviside(r — & 1}
-2 Heaviside(r — 8 1) cos(t) ~ 2 Heavigide{7 ~ 9 w) + cost)

As expected {2}, we get resonance.

> ploti{x(t),t=0..30,color=black,title="'resonance rasponse?‘};

resonance response?




©

Example 2: triangle wave forcing function, same period. Example 3: Now lef's force with a period which is not the natural one. This sqoare wave has period 2.
s gi=b-»int (E(u),u=0..£)-1.5; s hist-m-1:2%gumi (-1} “n*Heaviside{t-n),n=0..30};
#ithis should be a triangle wave...

.s
t . hi=1-s-t+2 M‘sz Heaviside(r - )

h_uﬂt,ﬁm:v%ﬂt_ 5 : nep , A .

) 0 : > plot (hic),t=0..30,color=black, title='forcing function’);

» plot{g{t),c=0,.30,color-black, tirles‘trianagle wave forcing

function'); foreing funetion

iHangle wave forcing function

D5

i

> g:=te->int (sin{t-tau) *n{tau],tau=0..£};

. plot(z{t},£=0..30,color=black,title="resonance response?’);
'
= yi=t-»int (sin{t-tau) *gltaw),tau=0..8}; [ h.»m::lﬂﬁ_ﬁ:a.d
£ ¢$
y=r— .M‘ sz — 1) gty ot
0 resonance response?
> plot{y{t),t=0.,30,color=black, title='regonance reaponae?’); pe
resonance sponse?
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Example 4: A square wave which does not have the natural period, so we don’t expect resonance?
5> k:=t-ssum(Heaviside (t-4*Pi*n) -Heaviside (£-4*Pi*n-Pi},

n=0..5);
5
k=t Z (Heaviside(r — 4 n 1) — Heaviside(t — 4 n - 1))
n=0
"> plot(k(t),t=0..60,color=black,title=" forcing function, period =
?);
>

J— o forcing function, period=7 -
0.8
06 |
04 |
0.2- '

o 10 20 30 40 50 60

> wi:=t-sint (gin{t-tau)*k{cau),tau=0..C};
7
wi=1 m}J‘ sin(f — 1) k{T) dt
9

s plot (w(t),t=0..60,color=black,title="resonance response? '} ;

resonance response?
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Hey, what happened???? How do we need to modify our thinking if we force a system with something

which is not sinusoidal, in terms of worrying about resonance?



