Math 2270-004 Week 8 notes

We will not necessarily finish the material from a given day's notes on that day. We may also add or
subtract some material as the week progresses, but these notes represent an in-depth outline of what we
plan to cover. These notes cover material in 4.2-4.6.

Mon Feb 26
« 4.2 -4.3 bases for vector spaces and subspaces; Nul A and Col A; generalization to linear
transformations.

Announcements:

Warm-up Exercise:



Monday Review!

We've been discussing vector spaces, which are a generalization of R”: Namely, a vector space is a
nonempty set V' of objects, called vectors, on which are defined two operations, called addition and scalar
multiplication, so that ten natural axioms about vector addition and scalar multiplication hold (along with
three additional useful consequences that we often use, and that you thought about on your food for
thought).

Last week we discovered that certain subsets of vector spaces are also vector spaces (with the same
addition and scalar multiplication as in the larger space) - namely subspaces of a vector space V: these are
subsets H of V that satisfy

a) The zero vector of V'is in H
b) H is closed under vector addition, i.e. foreachu € H,y € H thenu +y € H.
¢) H is closed under scalar multiplication, i.e foreachu € H, c € R, then also cu € H.

We defined /linear dependence and linear independence for sets of vectors { Y,¥, ..V } in a vector space
P

V.

A basis for a vector space V'is a set of vectors { Yy, b } that span V and that is also linearly

independent.

The dimension of a vector space V is the number of vectors in any basis for V. (We'll show why every
basis for a fixed vector space V- no matter how weird /' may seem - has the same number of vectors, later
this week.)



We showed that one way subspaces arise is as H = span {21,22, gp} for sets of vectors {21,22, gp}

in a vector space V. This is an explicit way to describe H because you are saying exactly which vectors are

in it. If the vectors in the spanning set { Y, Yy, b } are not already independent, we illustrated how to

remove extraneous dependent vectors without shrinking the span, until we were left with a basis for the
subspace H. (We'll return to this today .... it was an example with H = Col A)

We discovered that the only subsets of R3 that succeed at being subspaces of [R3 are
- {0}
« span{u } forsomeu # 0 (aline thru the origin) 1 - dimensional subspaces
« span{u,y } for some {u, y} linearly independent 2 - dimensional subspaces

« span{u,y,w }=R3 for {u, y, w} linearly independent 3 - dimensional (sub)space.

We realized that what happens in R3 with respect to subspaces, generalizes to R”.

Towards the end of class on Friday we realized that for an m x n matrix 4,
Nul4 = {x € R" forwhich4x=0}

is a subspace. This is an implicit way to specify a subspace, because you're prescribing equations which
the elements x musts satisfy, but not explicitly saying what the elements are.

Picking up where we left off ....



Mown day Feb 26
Fnsle Ponm T—_J\,.'ola.y

Exercise 1a) For the same matrix 4 as in Exercise 2 from Wednesday's notes, express the vectors in
Nul(A4) explicitly, using the methods of Chapters 1-2. Notice these are vectors in the domain of the
associated linear transformation 7: RS — [R3 given by T(x) = 4 x, so are a subspace of [R>.
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4.2 Null spaces, column spaces, and linear transformations from R” to R™.

Definition Let 4 be an m x n matrix, expressed in column form as 4 = [ a,a,4,..4a ] The column space
of A, written as Col A4, is the span of the columns:

ColA= Spcm{g1 4,4, .. gn} .

Equivalently, since

Ax=x1g1 —I—ngz + .. —I—x”gn

we see that Col 4 is also the range of the linear transformation 7" : R* —»[R” given by T'(x) =4 x, 1.
ColA = {b € R" such that b= A x for some x € R"}.

Theorem By the "spans are subspaces" theorem, Col/(A4) is always a subspace of R

Exercise 2a) Consider
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By the Theorem, col(A) is a subspace of R3. Which is it: {0}, a line thru the origin,
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2b) Is there a more efficient way to express Col A)as a span that doesn't require all five column vectors?
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Not all bases are created equal!

Theorem: Let span{ v, } = H be a subspace. The following elementary operations do not

21 s 225
effect the span of the resulting ordered set:

(1) swap two of the vectors in the set, i.e. replace Y, with y,, and replace v, with Y.

(i) replace gjwith cy, for ¢ # 0.

(i1) forj # k, replacey, withy, + ¢ Y.

Exercise 1) Use the "change of spanning set" theorem above, to find a better basis for Co/ A then the one
we came up with by culling dependent vectors, on Friday. Hint: Use elementary column operations to
compute the reduced column echelon form of 4. Illustrate why this new basis is a better basis for Co/ 4
by seeing how easy it is to express any one of the original column vectors in terms of this improved basis.

gs] and Col A = span{a

In this example, 4 = [gl a,a,4a,

oy 4y, 4,45}

I -20 -1 1
A=|-2 4 0 2 -2
3 -64 1 7

As we just reviewed, on Friday we realized that a pretty good basis for Col 4 is{g, , 4, }:
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Now column reduce A4 to get a basis for Col 4 that's as good as you could hope for....and show this by
expressing each of the original columns in terms of this basis.

1 -20 -1 1
A= -2 4 0 2 -2
3 -64 1 7



general linear transformations.

The ideas of nullspace and column space generalize to arbitrary linear transformations between vectors
spaces - with slightly more general terminology.

Definition Let /" and W be vector spaces. A function 7 : V— W is called a linear transformation if for
each x € Vthere is a unique vector 7(x) € W and so that

1) T(w+y)=Twm) +T(v) foralu,yeV

(1) T(cu)=cT(uw) forallueV,ceR

Definition The kernel (or nullspace) of T is definedtobe {u € V': T(u) =0}.
Definition The rangeof T'is {w € W: w=T(») for somey € V}.

Theorem Let 7: V— W be a linear transformation. Then the kernel of T is a subspace of V. The range
of T is a subspace of W.

Remark: The theorem generalizes our earlier one about Nul/ A and Col A4, for matrix transformations
T Rt—>R",T(x)=A4Ax.



Exercise 2 Let V' be the vector space C ! [a, b] of real-valued functions f defined on an interval [a, b] with
the property that they are differentiable and that their derivatives are continuous functions on [a, b]. Let

W be the vector space C[a, b] of all continous functions on the interval [a, b]. LetD : V'— W be the
derivative transformation

D(f) =/

2a) What Calculus differentiation rules tell you that D is a linear transformation?

2b) What subspace is the kernel of D ?

2c) What is the range of D ?



Tues Feb 27
+ 4.4 Coordinate systems for finite dimensional vector spaces

Announcements:

Warm-up Exercise:



Theorem Let V' be a vector space, and let { Ll, QQ, Qp } be a basis for V. Then for each v € V'there is a

unique set of scalars Cps Cps e €, SO that

proof:



Definition (Each basis gives us a coordinate system). Let V' be a vector space, and let B = {

y= clgl + 0222 + ... + cpﬁp.

And, we write the vector of the coordinates of ¥ with respect to [3 as:

[E]BZ . e Rr.

Example: For the vector space
2 3
P3 = {p(t) =a,tat+at +at such thatao, a,,a,,a, € [R}
we've checked that

B={1,77}

1s a basis. So the coordinate vector of
p(1)=3—47 +7

with respect to B is

b.b

—1 b —2, b
be a basis for V. For each y € V we say that the coordinates of v with respect to [ are Cps Cps o €, if

b
b,

}



And, if ¢ € P3, with

[q]5=

then
g(1)=-2+1+77.
It turns out that we can understand pretty much any vector space question about P3 by interpreting the

question in terms of the coordinates with respect to B, which lets us work in R?* in lieu of P3 . That's what

coordinates with respect to a basis are good for, when you're working with a non-standard vector space.



Exercise 1) Let

be a non-standard basis of R2.

1a) Suppose x is a vector in R2, and

2
g =1
Find the standard coordinates for x, i.e. its coordinates with respect to the standard basis £ = { e.¢e, }
-2

1b) Find the B -coordinates for the vector b = . (The math may seem familiar.)

1c) Interpret your work in 1ab geometrically, in terms of the coordinate system generated by .
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Theorem Let V, W be vector spaces, and 7 : V— W a linear transformation. If 7is 1 — 1 and onto, then
the inverse function 7™ is also a linear transformation, 7’ 1 WSV, In this case, we call 7 an

isomorphism.

proof: We have to check that forallu, w € Wandallc € R,

T (w+w)=T"(u) + 7" (w)

Theorem Let ¥ be a vector space, with basis § = { b T QQ, Qn } Then the coordinate transform

T : V—R" defined by

is linear, and it is an isomorphism.



Exercise 2: Use coordinates with respect to the basis { 1,1, 7 }, to check whether or not the set of
polynomials {pl (2), P, (1), P4 (2) } is a basis for P2, where

p()=1+7
py()=2+31+7
py(t)=-3t+7.



Exercise 3 Generalize the example of Exercise 1: Suppose 3 = { b.b,, .. Qn} is a non-standard basis of

Rr. Andlet E= {_el ' &y, e gn} be the standard basis of R?. For x € R”, how do you convert between x

= [x];, and [x],, and vise-verse?

B



Wed Feb 28
« 4.5 dimension of a vector space, and related facts about span and linear independence.

Announcements:

Warm-up Exercise:



There is a circle of ideas related to linear independence, span, and bases for vector spaces, which it is good
to try and understand carefully. That's what we'll do today. These ideas generalize (and use) ideas we've
already explored more concretely, and facts we already know to be true for the vector spaces R”.

Theorem 1 (constructing a basis from a spanning set): Let V" be a vector space of dimension at least one,

and let span{zl,yg, ...zp} =V

Then a subset of the spanning set is a basis for V. (We followed a procedure like this to extract bases for
Col A.)

—1 b —2 b
than n elements must be linearly dependent. (We used reduced row echelon form to understand this in [R”.)

Theorem 2 Let V' be a vector space, with basis § = {b b, ..b } Then any set in V' containing more



Theorem 3 Let V be a vector space, with basis B = {QI,QQ, ...Qn } Leto = {gl,gz, ...gp} be a set of

independent vectors that don't span V. Then p < n, and additional vectors can be added to the set o to

create a basis { 4,4, .4,..4 } (We followed a procedure like this when we figured out all the
iy -n

subspaces of R3.)

Theorem 4 Let V be a vector space, with basis = {Ql, 22, Qn } Then no set o0 = {Ql, a,, .. Qp} with

p < nvectors can span V. (We know this for R”.)



Theorem 5 Let Let 7 be a vector space, with basis = {Ql, b, ..b } Then every basis for /' has exactly
n vectors. Furthermore, ifol = { 4,4, .4 } is another collection of exactly » vectors in V, and if

span { a,.4,, .. gn} =V, then the set o is automatically linearly independent and a basis. Conversely, if
the set {gl, a,, ..
basis. (We know all these facts for R” from reduced row echelon form considerations.)

a, } is linearly independent, then span { 4,4, .4, } = Vis guaranteed, and o is a

Corollary Let Let V' be a vector space of dimension n. Then the subspaces of J have dimensions
0,1,2,..n—1,n (Weknow this for R”.)



Fri Mar 2
« 4.6 The four subspaces associated with a matrix. the rank of a matrix.

Announcements:

Warm-up Exercise:



Let A be an m x n matrix. There are four subspaces associated with 4. To keep them straight, keep in

mind the associated linear transformation
T:R*—Rm™ givenby T(x) =4 x.

And, as usual, we can express 4 in terms of its columns, 4 = [ a, 4,

we know well are

Col A= span{gl, a

4, ...Qn}E[Rm

NulA={x ER':4x=0} < R.

-l ] . Then the two subspaces

And, in your homework you already figured out the "rank + nullity" theorem, that

dim(Col A) + dim (Nul A) = n.

The reason for this is that if p is the number of pivots in the reduced row echelon form of 4, then

dim(ColA) =p
dim(NulA) =n — p.

The number of pivots, i.e. dim (Col A) is called the rank of the matrix 4. What are the other two

subspaces and why do we care? Well,



«  First, recall the geometry fact that the dot product of two vectors in R” is zero if and only if the vectors
are perpendicular, i.e.

u-y=0 ifandonlyifu 1 y.

(Well, we really only know this in R? or R3 so far, from multivariable Calculus class. But it's true for all
k", as we'll see in Chapter 6.) So for a vector x € Nul A we can interpret the equation
A4x=0

as saying that x is perpendicular to every row of 4. Because the dot product distributes over addition, we
see that each x € Nul A is perpendicular to every linear combination of the rows of 4. This motivates the
next subspace associated with 4, namely the rowspace. In other words, if we express A in terms of its
rows,

L

=

Jw

then

Row 4 = span{ﬂl, EQ, Am} < Rn.
Notice, that as we do elementary operations on the rows of 4 we don't change their span, so we get a great
basis for Row 4 by using the non-zero rows of rref (4). So, the dimension of Row(A4) is p, the number
of pivots in the reduced matrix. So in the domain R, we have this picture:

dim(NulA)=n—p
dim(Row A) =p
NulA 1 Row A.

The final subspace lives in the codomain R, along with Col A. Well, Col A = Row AT And so Nul AT is
the final subspace. It's perpendicular to Col/(A) and will have dimension m — p. So in the codomain R
we have the picture

dim(ColA) =p
dim(NulAT) =m—p
Nul A" L Row AT = Col A



small example.

T:R2—>R?
X 115
T =
_xz _22_x2
Y1 _12-)’1
S =
Y, 12|y,
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I'll bring an example to play with on Friday! (The book has one, in the mean time.) Here's a schematic of
what's going on, stolen from the internet.




