
Wed Mar 28
         5.6  Discrete dynamical systems

Announcements: 

Warm-up Exercise:



what is a discrete dynamical system, with constant transition matrix?

Example:   (See text, page 304).  A predator-prey system:  "Deep in the redwood forests of California, 
dusky-footed wood rats povide up to 80 % of the diet for the spotted owl, the main predator of the wood 
rat..."   This model is a simplified version of how the owls and wood rats interact:  Denote the owl and 
wood rat populations at time k months by

xk = 
Ok

Rk
,

where Ok is the number of owls in the region studied, and Rk is the number of rats (measured in the 
thousands).  Suppose

Ok 1 = .5 Ok .4 Rk
Rk 1 = p Ok  1.1 Rk 

where p is a positive parameter (predation constant) to be specified.  The .5  Ok in the first equation says 
that with no wood rats for food, only half the owls will survive each month, while the 1.1 Rk says that with
no owls as predators, the rat population will grow by 10 % each month.  If the rats are plentiful, the .4 Rk 
will tend to make the owl population rise, while the negative term p Ok measures the deaths of rats due to
predation by owls.  (In fact, 1000 p is the average number of rats eaten by one owl in one month.)  
Determine the evolution of this system when the predation parameter p is .104.

solution  We see that

Ok 1

Rk 1
=  

.5 .4

.104 1.1

Ok

Rk
.

Writing 

xk =
Ok

Rk
,  A =

.5 .4

.104 1.1
  

we see
xk = Ak x0

where x0 =
O0

R0
  are the owl and rat populations at the start.  This is a dynamical system because it 

involves quantities that are changing over time.  It is a discrete dynamical system because we are letting 



time change by discrete amounts (of one month).  If we allowed time to vary continuously we would get 
statements about derivatives and would be studying differential equations instead.  (See Math 2280 or 
2250.)  A is the constant transition matrix.

The way to understand this problem is to use the fact that A is diagonalizable:

(An exact eigenvector for 1 = 1.02  is actually v1 = 
10

13
.)   

Exercise 1  Describe the long term behavior of the solutions xk to this problem.   Begin by writing x0 in 
terms of the eigenbasis.  Then apply A repeatedly.  (We could do this in terms of diagonalization and the 
matrix of A with respect to the eigenbasis, but that would be unneccesarily confusing.)

x0 = c1 v1   c2 v2 

= c1

10

13
 c2

5

1
.



Exercise 2  Suppose  we have a general discrete dynamical system
xk = Ak x0

and that the matrix A is diagonalizable (over the real numbers, or even over the complex numbers).  What 
can you say about the long term behavior of solutions, depending on the absolute value of the eigenvalues 
of A?







Example:  From the algebra yesterday, and after a fair amount of work,  For the dynamical system

gk 1

hk 1
 =  

.9 .4

.1 .9

gk

hk

and with 
g0

h0
=  

100

0
,  one can calculate and understand the spiral picture...

gk

hk
 =

.9 .4

.1 .9

k 
100

0
 =  = .92k 100 cos k 

50 sin k 
 

 .22 radians.



yipes!  

For r = .85 .92   ,  = arctan
2
9

.22 radians.

B = r P
cos sin

sin cos
P 1 

B2 = r2 P
cos 2 sin 2 

sin 2 cos 2 
P 1

Bn = rn P 
cos n sin n 

sin n cos n 
P 1 

Bn 100

0
 = .92n 

0 2

1 0
 

cos n sin n 

sin n cos n 
1
2

0 2

1 0

100

0
  

.92n 0 2

1 0
 

cos n sin n 

sin n cos n 

0

50
 

= .92n 0 2

1 0

50 sin n

50 cos n

= .92n 100 cos n

50 sin n


