Similar matrices. This generalizes the way in which diagonalizable matrices are similar to diagonal ones:

W "
Definition The n X n matrices 4, B are said to be similar if there is and invertible matrix P so that

P 4P=B. P'AP= D

Notice that being similar is an equivalence relation: d;\o\xﬁ\«aﬂaz a\lg (.Q

1) If 4 is similar to B with the matrix P, then B is similar to 4, with the matrix Pl
P P
P'arP=B = A=PBP .
2) A is similar to itself, with P =I:

A=T"Ar

3) Being similar is transitive: if A is similar to B and B is similar to C, then 4 is similar to C: If we have
invertible matrices P, Q so that

PlaP=8B

0'BOo=C
then

_1..-1 _
o'p 4P0=0"'Bo=C
s0 A is similar to C via the matrix PQ.
vl pedaa .

These three "equivalence relations" mean that the space all n X n matrices can be partitioned into subsets of
matrices which are similar to each other.

We'll see tomorrow that similar matrices represent the same linear transformation from R” to R”, but with
the matrices expressed with respect to different bases. For now (and for one of your homework problems
tomorrow), we need to know that

Theorem Let 4 and B be similar matrices. Then they have the same characteristic polynomial, so the same
eigenvalues. (They won't have the same eigenvectors, though.) Sawy daanac J—(N 5 11‘-0 Fvl«ﬁ\ﬂmj
proof Let
PlapP=B
Then
det(B—\1) =det( P"'AP—\T) y

=det (P'AP-AP ' IP) P~ (/f\f)—m P)
=det (P"' (4—\1) P) T (A-ATY P




— det (P"') det (A —\.1) det (P). P'p=L

- 1k T
=det (4 —\T). At (P 74&;3';?)-:\;; I
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If we have a linear transformation 7 : V— W and bases B= {LI,LQ, Qn} mnV, C= {21’92’ gﬂ} in
W, then the matrix of T with respect to these two bases transforms the B coordinates of vectors ¥y € V'to

the C coordinates of 7'(») in a straightforward way:
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Exercise 1) Let V=P, = span{1,t, 2,05, W= P, = span{1,1, 2}, and let D : V— W be the derivative

operator. Find the matrix of D with respect to the bases {1, 7, £r }in Vand {1, 1, s }in W. Test your
result.
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A special case of the matrix for a linear transformation is when 7" : — J and one uses the same basis in
the domain and codomain:
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And a special case of that is when 7 : R” —[R” is a matrix transformation 7'(x) = 4 x, and we find the
matrix of 7 with respect to a non-standard basis. This is how similar matrices arise: as descriptions of the
same linear transformation, but using different bases:
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Huw alse C=FAP

A special case of similar matrices is when A4 is diagonalizable and P is a matrix whose columns are an
eigenbasis for R”. Then C is a diagonal matrix with the corresponding eigenvalues in each column,
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