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1.9 Theorem: Every linear transformation 7" : R* — R is actually a matrix transformation)!
reas on "III‘VW’*
Some general defintions first, which we've already alluded to: T : {R'z —3 [p’" .
—_ n
TR R

+ In R"” we write

1 [0 | 0 .
\l"\-QM,)
0 1 0
g=|  |e=| . }-&=| . |
0 0 1
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the standard basis for [R” because each
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Example 1:
3 1 0 0
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Example 2: For 4 written in terms of its columns, 4 = [gl, 4, .4 ],

Ae.=a. ,
J J

the fh column of 4.
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Theorem: Every linear transformation 7" : R” — R is actually a matrix transformation,

where the fh column of 4

proof: T is linear, which means it satisfies
(1) Tu+y)=T(u)+T(») VuyeR

(if) T(cw)=c T(w) VeeRueR.
» (<) S oo o
T (@ReDrw ) = T(aw) + TW)
)
= [T + T@) 4T
= TE ATE) +TR)

Let's compute 7'(x) forx € R” :

1
X
T =T(x1gl+x2g2+ —I—xngn)
X
n

= T(xlgl) + T(ngz) + .. T(xngn)
by repeated applications of the sum property (7).

=x1T(g1) +x2T(_e2) + .. +an(gn)
by applications fo the scalar multiple property (ii).

for the matrix 4 given in column form as

Q.ED.



Exercise 1 Illustrate the linear transformation theorem with the projection function 7 : R3 — R2,
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2.1 Matrix multiplication

Suppose we take a composition of linear transformations:
T, (R)-R™ Ty (x)=4x (4, )
mXn

T, :Rm@ T,(x)=Br (B,,,)

Then the composition 7, o T, : R" —RP is linear:
W (e f)lete) = (1, (1, e+ ))

(T1 (¥ ) T, linear

—

* So T, o7, : R"—Rr is a matrix transformation, by the theorem on the previous page.

o Its fh column is
T (&)= B(T(8) T (1(s) -
R ~ Ty (<0 (4) o

1.e. the matrix of T2 c>T1 Rr—>RPis
[BQIBQZ Bgn] = B A. e

where col. (A) =a, .
J -

Summary: For Bp <m and Am

Xn

() the matrix product (BA )p xn is defined by

col, (BA)=Bcol, (4) j=1.n U'Qi’\
(=) or equivalently r
entry, (BA) =row, (B) °colj (4) i=1.p,j=1.n P T
@ And,
(BA)x=B (A x) "
because BA is the matrix of 7, o T . 8
N
A

o..JmA 4 (» N
T eonn(B) ey (A



Exercise 2 Compute
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Exercise 3 For
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T, (x)=

-1 3

compute 7, (T | (X) ) How does this cc_)mpu_tation relate to Exercise 27



