5) homogeneous and nonhomogeneous systems
Sa) The homogeneous matrix equation, 4 x = 0 is always consistent.

Sb) If 4 x= b is also consistent, then the solution set to 4 x = b is a translation of the solution set to
Ax=0. In other words, the solution set of 4 x = b is the set of all vectors

w=p+ty

where p is a particular solution to 4 x=b and y, is any solution of the homogeneous equation
Ax=20.
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Exercise Y I gave an abstract explanation for Why 5b is true on Friday. We can see it more concretely if
we understand how this exercise below generalizes: A double augmented matrix for Ax=0and Ax=5h
and its reduced row echelon form are shown. Find and express the homogeneous and non-homogeneous
solutions in linear combination form.
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1.6 Some applications of matrix equations.
Exercise 2) Balance the followi'ng chemica]sreaction eql‘-%:ltion, for t(l}'e burning of propane:

n n " 1]
X, C3H8 + X, O2 - X, CO2 + X, HZO

¢ = 2 o \ Iz
H = Xi(lg | + % ol = % |lo|* Xu|2
o N (0] 2 2 "
3 o | o o)
X, |¢| +% o |~ %|o| " *|2| =0
0 2 2 | 0
1.0 -1 0 ]|% [>)
g 0 o 2 [|%]|~ |0
[ B S § A o

Hint: after you set up the problem, the fgllowing reduced row echelon form computation will be helpful:
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Exercise 3) Consider the following traffic flow problem (from our text): What are the possible flow
patterns, based on the given information and that the streets are one-way, so none of the flow numbers can
be negative?

EXAMPLE 2 The network in Figure 2 shows the traffic flow (in vehicles per hour)
over several one-way streets in downtown Baltimore during a typical early afternoon.
Determine the general flow pattern for the network.

X3 100

Calvert St. T South St.Y T
N
Lombard St. |B C
300 <€ < < 400
Xy
o A sy
Pratt St. |A D
300 > : » 600
X Inner Harbor
A

500

FIGURE 2 Baltimore streets.
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Hint: If you set up the flow equations for intersections 4, B, C, D in that order, the following reduced row
echelon form computation may be helpful:

11 00 0(800 | (1000 1[600 ]
01 -1 1 0]300 0100 -1/200
—

00 01 1/[500 0010 0[400
10 00 1|600 0001 1500
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Tues Jan 23
+ 1.7 linear dependence and independence. Connections to reduced row echelon form.

Announcements:
L7 15,7 (15,17,2.2%,31, 3%, 42)
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Warm-up Exercise:



1.7 When we are discussing the span of a collection of vectors v, v,, ...» we would like to know that

we are being efficient in describing this span, and not wasting any free parameters because of redundancies
in the vectors. For example, the most efficient way to describe a plane in [R3 is as the span of exactly two
vectors, rather than as the span of three or more. This has to do with the concept of "linear independence":

Definition: ") {- c(.qw-.Jb.—‘I*

2a) An indexed set of vectors { Y,Y,, ¥ } is said to be linearly independent if no on€of the vectors is a

linear combination of (some) of the other vectors. The concise way to say this is that the only way 0 can be
expressed as a linear combination of these vectors,
¥ +c222+ . tcy =0,
n—n

is for all of the weights ¢, =c¢, =...=c =0.

S‘l‘o«r‘\
b) An indexed set of vectors { Y,Y, .Y } is said to be linearly dependent if at least one of these

vectors is a linear combination of (some) of the other vectors. The concise way to say this is that there is
some way to write 0 as a linear combination of these vectors

@

¥, + ¥, + ...+ cy =0

where not all of the ¢ = 0. (We call such an equation a linear dependency. Note that if we have any such
linear dependency, then any Y with ¢ # 0 1s a linear combination of the remaining v, with k£ # j. We say

that such a % is linearly dependent on the remaining v, J)
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Note: The only set of @ single vector {» at is dependent is if ¥, = 0. The only sets of two non-zero

vectors, { Y, ¥, } that are linearly dependent are when one of the vectors is a scalar multiple of the other
one. For more than two vectors the situation is more complicated.
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Exercise 1a) Is this set linearly dependent or independent? [

-2 6
1b) Is this set of vectors linearly r independent? [ , 3 ”‘?
- -
v, v,
~ ~
R 17
T



Example
1 -2

1
s Yy =
-1 |72 3 8
showed when we were introducing vector equations (and as we can quickly recheck),

in R? is linearly dependent because, as we

The set of vectors [ y = A

1 1 -2 V. s lineal w
_ — vV,
3.5[ RS 3‘ l O ﬂ#&\_’,"‘a

We can also write this linear dependency as

35y 415y, —p =0 (2) ‘2"“‘%{:%

(or any non-zero multiple of that equation.) i V.,Vu\'}ﬂ ot

do st

Exercise 2) For a linearly independent set of vectors { V.Y, ¥ }, every vector v in their span can be

written as y = a’1 v+ dzzz + ...+ dnyn uniquely, i.e. for exactly one choice of weights a’l, d2""dn . This

is not true if vectors are dependent. Explain these facts. (You can illustrate these facts with the vectors in
the example above.)



Note that the set of vectors { Y,V ¥ } is linearly dependent if and only if there are non-zero solutions
¢ to the homogeneous matrix equation

Ac=0

for the matrix 4 = [ AL U 2”] having the given vectors as columns. Thus all linear
independence/dependence questions can be answered using reduced row echelon form.

Exercise 3) Show that the vectors

y = , V. =
=2 -3
0

5

Il
[N

are linearly dependent (even though no two of them are scalar multiples of each other). What does this
mean geometrically about the span of these three vectors?

I o~ ~ =106
Q\ Vi + C’LVL ¢ (3\/3 0
0
Hint: You might find this computation useful:
1 -1 -1]0 102710
0O - 013]1p
0 00010



