
Wed Feb 28
          4.5  dimension of a vector space, and related facts about span and linear independence.

Announcements: 

Warm-up Exercise:



Theorem  Let V be a vector space, and let b1, b2,  ... bp  be a basis for V.  Then for each v V there is a 
unique set of scalars c1, c2, ... cp so that

v = c1b1 c2b2  ... cpbp.
proof:



Definition  (Each basis gives us a coordinate system).  Let V be a vector space, and let = b1, b2,  ... bp  

be a basis for V.  For each v V we say that the coordinates of v with respect to  are c1, c2, ... cp if 

v = c1b1 c2b2  ... cpbp.  

And, we write the vector of the coordinates of v with respect to  as:

v  = 

c1

c2

:

cp

p .

Example:  For the vector space 
P

3
= p t = a0 a1 t a2 t2  a3 t3 such that a0, a1, a2 , a3

we've checked that
=  1, t, t2, t3 

is a basis.  So the coordinate vector of
p t = 3 4 t2  t3

with respect to  is

p  = 

3

0

4

1



And, if  q  P
3
, with 

q  = 

2

1

7

0
then

q t = 2 t 7 t2.

It turns out that we can understand pretty much any vector space question about P
3
 by interpreting the 

question in terms of the coordinates with respect to , which lets us work in 4 in lieu of P
3
 .  That's what 

coordinates with respect to a basis are good for, when you're working with a non-standard vector space.



Exercise 1)  Let  

=
1

1
 , 

1

3
= u, v

be a non-standard basis of 2.   

1a)  Suppose x is a vector in 2, and 

x  = 
2

1
.

Find the standard coordinates for x, i.e. its coordinates with respect to the standard basis E = e1, e2 .

1b)  Find the coordinates for the vector b =
2

8
.  (The math may seem familiar.)

1c)  Interpret your work in 1ab geometrically, in terms of the coordinate system generated by .
 



Theorem  Let V, W be vector spaces, and T : V W a linear transformation.  If T is 1 1 and onto, then 
the inverse function T 1 is also a linear transformation, T 1 : W V.  In this case, we call T an
isomorphism.

proof:   We have to check that for all u, w W and all c ,

T 1 u w = T 1 u T 1 w

T 1 c u = c T 1 u .

Theorem  Let V be a vector space, with basis = b1, b2,  ... bn .  Then the coordinate transform 
T : V n defined by

T v = v

is linear, and it is an isomorphism.  


