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3.2 properties of determinants

Announcements: © ‘]\M'l +b da

e 5"?"1 F—Jv\'o\a\/ v (e la A[M\-.'\' WMW v‘F c‘L‘,l,\kak-‘s

A
Warm-up Exercise: W[“J.e 4’6\/(5 &LL’/\.WMK-" P 797,V 113 0«:7 row bt
,"'\l 10247 1 \ _y Z q,‘:'cx‘d‘
+ -+ - 2 -4 2 = l..__.t
Tt 7 A Jq-s
P QN
-~ 4~ F | O '3 0o ) J
or dow- w(wat
el o rov a
Q.: -
ot Exomsion g1 (0, 2 s
D‘NO\UV). 2 L=\
+0 M,,
AMga FOM,,
- I v L
3 2L -4 2
O % 0

"



The effective way to compute determinants for larger-sized matrices without lots of zeroes is to not use the
definition, but rather to use the following facts, which track how elementary row operations affect
determinants:
+ (la) Swapping any two rows changes the sign of the determinant.

proof: This is clear for 2 x 2 matrices, since

a b c d

a b

=ad — bc, =cb—ad.

c d

For 3 x 3 determinants, expand across the row not being swapped, and use

the 2 x 2 swap property to deduce the result. Prove the general result by induction:
once it's true for n X n matrices you can prove it for any (n + 1) x (n + 1) matrix,
by eiqzanding across a row that wasn't swapped, and applying the n x n result. ,Qj_ Sup rrw,

Uwn Swepp ®

< ' | ' v
l aAn 4,2 1L |G ql'l,l | Qi q'g\ IQl\ anL
=R = +ay, T "
o B SR

< 9y 9 ,
whak bagpaws o e riaht of [ Susp rowr] R vaar o Pl ©
Png: revs Swap ™ R\-\é' S0 V_l- tf(ws‘.)-e vzluag '(“‘U% "‘-‘;"(
$6 sbine 353 cl.t(-b\ww..\— MSI'T..
S0 bu tmdnchon, can Show L stalemend s e frall nxn
3 VY SOPRI B dsp e I Ché1)% () M.}MM.

4q

(1b) Thus, if two rows in a matrix are the same, the determinant of the matrix must be zero:
on the one hand, swapping those two rows leaves the matrix and its determinant unchanged;

on the other hand, by (1a) the determinant changes its sign. The only way this is possible
is if the determinant is zero.




(2a) If you factor a constant out of a row, then you factor the same constant out of the determinant.
Precisely, using R_for " row of 4 , and writing ® = ¢ R”*
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proof: expand across the i row, noting that the corresponding cofactors don't
change, since they're computed by deleting the " row to get the corresponding minors:

det(A) :J_Zla:'jcij :j;c‘jijcij - Cj;aijcij =cdet(4) . u‘;‘&-av:—:msf
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(2b) Combining (2a) with (1b), we see that if one row in 4 is a scalar multiple
of another, then det(4) =0 .
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. (3) If you replace row i of 4, ® by its sum with a multiple of another row, say mk then the

determinant is unchanged! Expand across the " row:
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Remark: The analogous properties hold for corresponding "elementary column operations". In fact, the)
proofs are almost identical, except you use column expansions.
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Exercise 1) Recompute | 0 3 1 | from yesterday (using row and column expansions we always got
2 -2 1

an answer 0f_1_5_ then.) This time use elementary row operations (and/or elementary column operations).

-
| 2 - 5 o ‘\ =1
o3 | o o |
1 -2 | !
— (07,; \l —_ o 3 | = -3
20,4 R, IR o o 5 A 'l
“URe R Ry 0 -¢ 3 Rt R IRy wpp \m:l:;x

10 -12
21 10
Exercise 2) Compute 50 11
-1 0 -2 1




Theorem: Letd . Then 4™ exists if and only if det(A) # 0.

X

proof: We already know that 4 ! exists if and only if the reduced row echelon form of 4 is the identity
matrix. Now, consider reducing 4 to its reduced row echelon form, and keep track of how the
determinants of the corresponding matrices change: As we do elementary row operations,

« if we swap rows, the sign of the determinant switches.
« if we factor non-zero factors out of rows, we factor the same factors out of the determinants.

« if we replace a row by its sum with a multiple of another row, the determinant is unchanged.

Thus,
| 4| =c¢, ‘A1| = 0102|A2‘ =..=00 .0y |rref(A)|

where the nonzero ¢, 's arise from the three types of elementary row operations. If rref(4) = Iits

determinantis 1, and | 4| =cc, ...c, # 0. If rref (4) # [ then its bottom row is all zeroes and its
determinant is zero, so | 4 | = ¢ ¢, ... ¢, (0) = 0. Thus |4] # 0 if and only if rref (4) =/ if and only if

A" exists !

Theorem: Using the same ideas as above, we can show that det(A4 B) = det(A)det(B). This is an
important identity that gets used, for example, in multivariable change of variables formulas for integration,
using the Jacobian matrix. (It is not true that det(4 + B) = det(A) + det(B) .)

Here's how to show det(A4 B) = det(A)det(B): The key point is that if you do an elementary row
operation to AB , that's the same as doing the elementary row operation to 4 , and then multiplying by B.
With that in mind, if you do exactly the same elementary row operations as you did for 4 in the theorem
above, you get

| AB|=c||4,B|=c|¢)|4,B| = ... = ¢ ¢, .. oy |rref (4)B].

If rref (4) =1, then from the theorem above, | 4 | = ¢,c, ... ¢,;, and we deduce |4 B| = |4]|B|. If

rref (A) # I, then its bottom row is zeroes, and so is the bottom row of rref (4)B . Thus |4 B] = 0 and
also |4||B| =0.



