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Math 2270-3

Final Exam
December 14, 2009

This exam is closed-book and clesed-note. Y ou may not use a calculator which is capable of doing
linear algebra computations. In order to receive full or partiai credit on any problem, you must show all of
your work and justify your conclusions. There are 150 points possible, and the point values for each
problem are indicated in the right-hand margin. This exam counts for 30% of your final grade. Good

Luck!
1) Let
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Then 7' (x) = A x is a linear a map with domain R*and target space R
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a) Carefully compute the reduced row echelon form of 4. Hint: There should only be two non-zero
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ih) Use your work above to answer the following True-False questions about the matrix 4 m this

problem. One point for the correct answer, two points for justification.
{15 pomis)

1bi) The inverse of 4 does not exist.

T rreb(AYE 1

1bii) The determinant of 4 1s 147.

E 1A\=0O

1biii) The nuility of A1s 2.
T rark (A) T2 So i kT ™

1biv) The columns of 4 are linearly independent.

E lnAF 503, 0.q. why= -2k,

1bv) There is no vector b so that the matrix equation Ax = b has exactly one solution x .
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icy Find a basis for the kernel of 7.
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1d) Find a basis for the imageof 7. = SF&M f—«s’fs 53 A
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1e) Is the vector V= in the image of 77
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2z) Find an orthonormal basis of £ 5o that the first two vectors span the plane with implicit equation

-x+ y+ 2z =0, and the third vector is perpendicular to Jt.
{10 points}
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2b) Write the vector V= | 6 |as the sum of a vector in the plane of (2p), with a vector perpendicular to
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3) Let I be the subspace of continuous functions with domain £ and image in R, spanned by the

functions sin (1), cos{1}. Thus a basis for ¥is
B = {sin{t}, cos{?}}
Let 72 W->W be defimed by
1) =P 3D + 2
where D stands for t-derjvative. In English, that means that 7 (/) 1s the sum of the second derivative of
/() with three times the first derivative of £(7) with two times the function 7 (7).

3a) Show that Tis limear.  T{4)= 47,25 +2. 4~ o
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3b) Find the matrix B for 7@ W->W with respect t the basis B. Recall that the derivative of sin(?) is
cos (7} and the derivative of cos{f) is -sin{?}. . \
() (1) is -sin(?) gg.,{smi,wr‘c .
? ‘? (5 points})
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3¢y Suppose an clement g of ¥ satsifies

T{g{#y)=10cos().
What matrix equation does the B-coordinate vector of g satisfy? Hint: it involves the matrix you found in
3b!

[Ty = Lo witlg

) )

{5 poinis)

3d) Solve the matrix equation in (3¢), and deduce the solution g to the equation in (3c).
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4) This is a discrete dynamical system story problem about an interacting prey-predator population of
rabbits and foxes on an isolated island. In this linear model the rabbit and fox populations change each

year according to the equations
5
Fr+ 1) = £l #(1) — 20 f(1)

)= 2 = 310

42) Explain why this is at least a plausible model, by explaining what the four coefficients imply about
how rabbits and foxes would fare in the absence of the other, and about how they interact when both are
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4b) Exhibit the transition matrix 4 for this discrete dynamical system. yl'e_%y{ ona 2x hres TOX Yhon,
(2 points)
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4¢) Find a basis of R made out of eigenvectors of the transition matrix 4. Hint: As a first step, you

should find that the eigenvalues are —é— and %

. - (14 points)
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4dy Suppose that at vear zero there are 400 rabbits and 30 foxes. Find an explicit formula for the number
of rabbits and foxes "t years later.

: (10 poinis)
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4¢) Forthe initiaLtvalue problem in 4¢, what happens to the yabbit and fox populations as 1— « ?
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4f) Sketch a phase portrait in the first quadrant of the rabbit-fox plane, and explain what would happen 0
the rabbit-fox populations depending on different initial populations.
{5 points)
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5} Find an orthonormal eigenbasis (of R y for the mam}c
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ows one to convert a general quadratic equation in n-variables
T
¥ Ax+Bx+e=0
Recall that in the equation above, x Tepresents the standard basis
tumn vector), 4 is a symmetric # by 7 matrix, B1is a
one finds a new orthonormal

62) Explain the procedure which all

into one without any €ross terms’.
coordinate vecior of & point in n-space {written as a ¢co
row vector {1 by » matrix) and is a scalar. Be precise in explaining how
basis for B” so that the standard coordinates of points safisfy the original equation if and only 1f the

coordinates with respect to the new basis satisfy an equation with no ¢ross lerms. What theorem about

symmetric matrices nakes this possibie? Show how the new equation is derived from the original one.
(4 points)
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6b) A;:;Ei:oiwyi the procedure frori‘; ‘pzim (6a) to find a rotated basis P of R so that the conic section whose
standard coordinates satisfy

4+ dxy+ay +2 5 x—J5y+5=0

with respect to {8, and so that the equation these new coordinates satisfy has no u v

i
has coordinates [

v
cross term. Put the resulting equation into standard form and identify the conic. (HINT: Refer to your

work in problem 5 1)
(8 points)
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6¢) Carefully sketch the rotated basis vectors you found in part (6b), the new coordinate axes, and the

conic section you found in (6b). Try to measure lengths consistently. Label the vertex or vertices and

X i

exhibit the and

} coordinates of at least one verlex,
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