Math 22703
First Exam
September 25, 2009

This exam is closed—book and closed-note. You may not use a calculator which is capabie of doing

linear algebra computations. in order to receive full or partial credit on any problem, you must
shew all of your work and justify your conclusions. There are 100 points possible, and the point values

for each problem are indicated in the right—hand margin. Good Luck!

1) Consider the matrix

3 -1
A=112 2
12 1

ia) Use the algorithm we’ve learned in this class to find the inverse matrix for A.

(15 points}
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1b) Use your work from (1a) to find the solution to

13 -1 -z}
12 20ixnl= 3§.
12 %y 2 |

(7 points)

1¢) The algebraic system from (1b) has two geometric interpretations that we’ve discussed: one involves
intersecting planes, and the other is a linear combination problem. Explain these two interpretations by
writing the system in two different ways. Explain what the solution vector x means in each case.
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2) Recall that an affine transformation is the composition of a translation with a linear transformation.

Here is the template for a mystery affine transformation, showing the original unit square and its image

after the affine transformation. Find the transformation!
(10 points)

mystery transformation
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3) Here is a matrix B and its refuced row echelon form:

E: g
-1 3%53572;—3% 1 -30134
Bi=] 113

i
§0;a§3§4 RREF=10 01213
17

2 61104 |7 (1 0 00000

3a) Find a basis for the image of the transformation T(x)=Bx, using appropriate column vectors above.

Justify your work. . oA
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3¢} A different way of finding a basis for the image of T is to do elementary column operations on the
columns of B, since these don’t change the column span. As we discussed in class, you can follow this
procedure to compute the "reduced column echelon form” of B. Here is the result:

(-1 311 -2 -1 100000
B=l 1-301 3 4 RCEF=1010000
7 -6 14 7 11 130000

I7se the information above to find a different basis for the image of T than the one you constructed in
(3a). Show how your two different bases for the image are related.

(5 points)
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3d) State the rank + nullity theorem for matrix transformations. Verify that the theorem holds in this
example.
(5 points)
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4) True—False. Two points for correct answer, and three points for justification, on each problem,
(30 points)

42) If A and B are square matrices of the same size, then
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4b) There is a linear transformation T: R?~»R* for which the kernel of T coincides with the image of T.
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4c) The plane in 3—-space whose points satisfy the equation
x+2y—3z=6

is a subspace of R,
G 4 i N %
@ Sm;%ﬁﬁ?e‘{;a; m%-w‘sh e 9?%4‘;\. bl 15 heot 6 ‘%‘ius ?g&am, :

{?%aw Horw Ha 6’\«3{& and Shiﬁ*féfsm }



4 If TR — R is a linear transformation, and if

then it must be true that
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4e) Let W is a subspace of dimension k. Then any collection of exactly k linearly independent vectors
in W is a basis for W.
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4f) If the kernel of a linear transformation T(x)=Ax consists of the zero vector only, then the columns
of the matrix A are a basis for image(T).
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