Math 2270-2

Final Exam
December 13, 2001

This exam is closed-book and closed-note. You may not use a calculator which is capable of doing
linear algebra computations. In order to receive full or partial credit on any problem, you must show all
of your work and justify your conclusions. There are 200 points possible. and the point values for each
problem are indicated in the right-hand margin. Of course, this exam counts for 30% of your final grade
even though it 1s scaled to 200 points. Good Luck!
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Then T(x):=Ax is a linear a map from R to R*4. Here are the reduced row echelon forms of A and of
the transpose of A:
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ta) Find a basis for the kernel of T.
(10 points)



1b) Find a basis for the image of T.
(5 points)

lc) Express the 4th column of A as a linear combination of the two non-zero rows in the reduced row

echelon form of A transpose.
(3 points)

ldy For a subspace V of R”n, define what is meant by the orthogonal complement to V.
(5 points)



le) For the matrix A on page 1, find a basis for the orthgonal complement to the kernel of A. What do
we usually call this subspace, which is one of the four fundamental subspaces associated to the muatrix?
(5 points)

ify For our matrix A on page . find a basis for the orthogonal complement to the image of A. What is
another name for this subspace?
{10 points)



2a) Exhibit the rotation matrix which rotates vectors in R*2 by an angle of o radians in the
counter-clockwise direction.
(5 pomts)

2b) Verify that the product of an ¢-rotation matrix with a -rotation matrix is an (o+3)-rotation matrix.
(7 points)

2¢) Use Euler’s formula to expand both sides of the identity
oy Gy ({a+pn
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and verify that (as in 2b) this identity is equivalent to the addition angle formulas for cos and sin,
(8 points)



3) Let V be the vector space of polynomials in t of degree at most 1. Let T:V->V be defined by
TH=3DF-27
where D stands for t-derivative.

3a) Show that T is linear.
(5 pomts)

3b) Let
B=1{L1)

be a basis for V. Find the matrix B for T with respect to this basis.
(10 points)

3c) Let
IF={i+ 11}
be a different basis for V. Find the matrix S which converts Gamma-coordinates to beta coordinates, In
other words, S times the Gamma-coordinates of o vector yields the beta-coordinates.
{5 points)



3d) Use the matrix S from part 3¢ and its inverse, together with the matrix B from part 3b, in order to
find the matrix G for T with respect to the basis Gamma. (Or, for only 5 points, find this matrix another
way.)

(10 points)
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4a) If you have studied carefuily you know how to find the least squares solution to Ax=b, by solving
the system

ATAx=A"h
Carry out his procedure to find the least squares problem for A and b as above,
(5 points)
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4h) The least squares solution is the vector x so that Ax equals the projection of b onto the image of A,
Use this characterization to explain the derivation of the displayed formula in part 4a.
{3 points)

4¢) Find an orthonormal basis for the column space {(=tmage) of A.
(10 pomts)

4d) Find the projection of b onto the column space of A, using your basis from 4b.
(5 points)

4e) Verify that the projection of b which you found in 4c does indeed equal Ax, where x is the least

squares solution you found in 4a.
(5 points}
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5) This is a discrete dynamical system story problem: Company "B" invents a new, neat internet
application, which can be downloaded from their company page for a cost of $10.00. Company "M".
reverse engineers the product, and begins including the application as a free part of their dominant
browser package. Let x(t) represent the fraction of computers using B’s application or no application at
all. and let y(t) represent the fraction of computers using M’s version. Suppose that initially. x{0)=1.
y(0)=0.

Suppose that the following transition equation describes how these fractions change menth by month:
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5a) Explain the meaning of the transition equations above: how do customers change applications from

month to month? A diagram may help.
(5 points)

5b) Find the eigenvalues and eigenvectors for the transition matrix above. Hint: this is a regular
rransition matrix so lambda=1 will be an eigenvalue. This should help you factor the characteristic

polynomial.
(20 points)
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5¢) Using the eigenvalues and eigenvectors from part 5b find a closed form expression for
- -

§ x(t)
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{5 poimnts)

5d) What fractions will x(t) and y(t) be close to 12 months later?
(5 points)



6a) Explain the procedure which allows one to convert a general quadratic equation in n-variables

Ax+Bx+c=0
into one without any *‘cross terms’’. Be precise in explaining the change of variables. and the
justification for why such a change of variables exists.
(5 points)

6b) Apply the procedure from part (4a) to put the conic section (this is a curve in R*2)
3 a
SxT+b6xy-3v =24
into standard form. Identify the conic section and sketch it in the x-y plane (use the next page), showing

the rotated axes.
{20 points)
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7) True-False. Four points each (2 points for answer. two points for justification.)
(20 points)
71y Let A be a nonsingutar n by n matrix. Then the equation Ax=Ay implies that x=y.

7i1) In the discrete dynamical system problem #5 above, if the initial customer distribution had included
a positive fraction who already used the company M software (so that y{0)>0), then the limiting market
share for company M would have been even greater.

7iin) If A and B are symmetric (square) matrices (of the same size) then so 15 their product AB.

7iv) Let A be a rectangular matrix whose columas are orthonormal. Then
__ ATA=1
where I is the identity matrix.

7v) There exists a matrix with three rows and four columns which has the property that the columns are
orthonormal.
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