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Figure 2.18 » y ¥ .
The conic sections in 1
standard position €0, a) ,{’\(G'b)

// \\ (0. b) [

Y B P . Pl
bl X

{~a,0) Ja. oy (=a.0 e et | @)
{0, —-8) 1‘ f
0, ) {n, ~b)

Circle. Ellipse. Ellipse.
2 2 3 £ 4 ”
x ¥ x ¥ x y?
at a’ = : 7B :
ax>b>0 b>a>0

4 /
\E\ /;‘ / \_\ // |

Parahola, Parabole. Parabola.
xt=ay x* =gy v =ax
a>0 a -0 a>{

3 v
\\ . / \\/ -
% s
N Y I3 0,b)
x 3 { X x
f (fa-,(?}// L fa,0) (0, -}
3, "“-».\
/ / h / =
s ™, M
Parabaola. Hyperbola. Hyperbola.
3% = ax :\i_}lm; ﬁ x:_i
a <0 a2 [ e I
a>0Db=0 a=0b=0

Solution (2} We rewrite the given equation as

4 5,25 5 10
To0* T 1007 T 100

or , ,

Xy

o4l =1,

25 - 4
whose graph is an ellipse in standard position witha = S and b = 2. Thus
the x-infercepts are (5, 0) and (-3, 0y and the y-intercepts are {0, 2) and
(0, -2).

(b) Rewriting the given equation as

2
X2y

9 4

[l

we see that its graph is a hyperbola in standard position with a = 3 and
b = 2. The x-intercepts are (3, 0) and (-3, 0).
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=7 S i

In Exercises 19 through 24, rotate axes to identify the graph
of the equation and write the equation in siandard forn.

In Exercises | through 10, identify the graph of the equation.

1. 224992 -09=0. 2. x% =12y

3. 25— 4xi=100. 4 ¥ —16=0 19, 5 +ay +y7 =6
5. 3x% -y =0 6. y=10 20 xy = 1.

7 4+ 4y —9=0 8 —2527+9y7+225=0. 21, 937 4 ¥+ bxy =4
9, 4x7 +y* =0 10, Sl + 4y +36 =0 22, x4y ey =9

23, 4xt+4y* — 10xy = 0.
In Exercises 11 through 18, translate axes to identify the

graph of the equation and write the equation in standard 24. 9x* +6)7 +dxy —5=0.
form.
11, 3142yt —dx —dy +4 = 0. In Exercises 23 through 30, idenify the graph of the equation

and write the equation in standard form.

25, 9x7 412 4 6xy — 10/T0x + 10410y +90 = 0.
26. 5% 4+ 5y — 6xy — 3082 x + 182y + 82 =0.
27, 5x2 4 12xy — 124/13x = 36.

12, x2 -y 4 dy - 6y = 9= 0
13, 22 4y —8x — 6y =0
14, x%2 - dx 4 dy+d =0

15, v — 4y =0

16. 4x% +5y* =30y +25 = 0. 28. 67+ 9y — dxy —4/5x - 185y =5

17 5% 4 37 = 2x - 6y + 10 =10. 29, x* -y + 23y 4 6x = 0.

18. 2x% 4P — 12x — 4y + 24 =0 30 807 + 837 — 165y +33v/Zx =312y +70=0.

Canie Serlions,

In Section 9.5 conic sections were used to provide geometric models for quad-
catic forms in two variables. In this section we investigate quadratic forms in
three variables and use particular surfaces called quadric surfaces as geomeiric
models. Quadric surfaces are often studied and sketched in analytic geometry
and calculus. Here we use Theorems 9.2 and 9.3 to develop a classification
scheme for quadric surfaces.

A second-degree polynomial equation in three variables x, y, and z has
the form

ax? + by + ez 2dxy +2exz 4+ 2fyi+get hy+iz=j, (1)

where coefficients @ through j are real numbers with a, b, ..., f not all zero.
Equation (1} can be written in matrix form as
xT Ax+ Bx = j, 2)
where
a d ¢ X
s A=ld b f|. B=[g i], and x=|v
e f c z
fwo .
i We call x/ Ax the quadratic form {in three variables) associated with the
two second-degree polynomial in {1). As in Section 9.4, the symmetric matrix A

i called the matrix of the quadratic form.

sl
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(a, 0,0

X

Figure 9.22 4
Ellipsoid

X

Figure 9.23 a
Elliptic paraboloid

A degenerate case of a parabola is a line, so a degenerate case of an elliptic
paraboloid is an elliptic cylinder {scc Figure 9.24), which is given by

2y ¥z g2 yiog
2teE=h gta=t pta=t
Hyperbolold of One Sheel (See Figure 9.25.)
2y 2 2y g2 X2yt 2
Stmm—m=l, mo=dm=]l 44 ==1
a? B 2 a?  p2 ol a’ b 2

A degenerate case of a hyperboloid is a pair of lines through the origin;

Figure 9.24 a hence a degenerate case of a hyperboloid of one sheet is a cone (Figure 9.26),
Elliptic cylinder which is given by
2 2 2 2 2 2 2 2 2
X° oy z" X ¥ o 0 X v z7 0
2 et ETetas% TaptetaTY
- E_ =0
P

T
%
EREN
i

(0, -b,0)y_ &

—on

a.0.0)

Figure 9.25 A
Hyperboloid of one sheet

Figure 9.26 a
Cone
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X
Figure 9.27 4 Figure 9.28 A
Hyperboloid of two sheets Hyperbolic paraboloid

Hyvperboiold of Two Sheeis (See Figure 9.27))

- xr oy 7 ¥y oz
Z R a=l Tatmtatlt —atp-a-t

Hyperbolic Paraboloid (See Figure 9.28))

2
2 2 22 o2

e TPEaTy TR

A degenerate case of a parabola is a line, so a degenerate case of a hy-
perbolic paraboloid is a hyperbolic cylinder (see Figure 9.29), which is given

2

S22 2 2 2.
ol g, DoIog LoX

PR ' a2 B PR C R

[

{See Figure 9.30.) One of a or b is not zero.

x% == ay + bz, v = ax + bz, 72 = ax + by.

[
|
3| =
R e ®
il

o
i

X

Figure 9.29 a Figure 9.30 a4
Hyperbolic cylinder Parabolic cylinder
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Continue with Example 5 to eliminate the first-degree terms. : 1
Solution The last expression for the quadric surface in Example 5 can be written as !
1
2 9 2 2 3
S5 —=x 2y =5y =52 e g = 2 3
10 /10

ni

Completing the square in each variable, we have

(e O o B a3, D
x i P —_— mam—
5./10 1000 RN

_5 7"2 3 ’_I.. 9 ) 3
T s/100 0 1000 ; :

2

v b2 b wi)
e x —— — 7 —
10410 ! 104/10

405 50 45

Y

=2
1000 16 10600 \
Letting
H ! w{*' 9 I ! 5 " i 3
X' =X , yomm oy e e 7 =7 - .
104/ 10 4 10410
we can write the equation of the quadric surface as
5485
5 "2 +2 #n2 -5 ,”2 = "7 . 5.485.
AT T To00
This can be written in standard form as 1
x;»z i Z/r?.
sas T 5}./485 — 5w = .
e S e

In Exercises 1 through 14, use inertia to classify the quadric 10. —9x —4y+8:—12=0.
surface given by each equation.

11 x% 4+ 4y? - de + 16y — 167 —4 = 0.
1o x? 4y 4220~ 2xy —dxz —dyz +4x =8
12, 4x* — 2+ 77 ~ 16x +8y — 62+ 5= 0.

2. 2243y 4272 —6x - 6y + 4z — 2= 0.
2 2 -
3. 7 =dxy. 13, x* —dz” —4x + 8z =
4. 2 p V24 y =4, 14, 2x% + 2y 4477 + 2xy — 2xz — 2yz 4+ 3x —
Sy+z=T
5. xz — ¥ = G.
6. 2y +2=0. In Exercises 15 through 28, classify the quadric surface
7. 592+ 20y 4723 = 0. . given by each equation and determine its standeard form.
8. x% 4+ P 4227 - 2xy 4 dxz 4+ dyz = 16, 15, 2 +2y° + 28+ 2yz = L
9, 4x> +9y? 4+ 72 +8x — 18y~ 47~ 19=0. 16, x>+ y2 + 2% — 2xy + dxz + dyz = 16




17.
18.
19.
20.
21,
22.

2xz =2z —4y—47+8=0.

X3y 327 —dyz =0

Xyt 2ay =8

—x? ey e 2 lxy 4 dxz - dyz = 3

2x7 o 2y 4+ dz% — dxy — Bxz — Byz + 8x = 15,

457 £ 4y? 4 8% + dxy — dxz — dyz + 6x -
Wy +2z = %.

Supplementary Exercises 431

23, 2y 427 dyz 4 x4 4 =0,

24, 27 4y - 275 Dxy 4+ Bxz + 8y 3x 4 7 = (.

25. —x2——}’2~22+4.t}'—}—4xz+4yz+—%x—%ym&
26, 207 +3y7 + 327 - 2yz b 2k vk o=

27, x4y - -2 - dy —dr 1 =0,

28, —8x% — 8y 4 107% + 32xy — dxz — dyz = 24,

Key ideas for Review

m Fibonacci sequence.

~ i 1+\/§ a4l 1m\/§ 1
w=z 7] 73

m Theorem 9.1. If the n x » matrix A has n Hnearly
independent eigenvectors py, P2, . . ., P associated with
the eigenvalues Ay, Az, ..., A,, respectively, then the
general solution to the system of differential equations

X = AX

is given by

X(r) = b;p;el" -+ bgi)zeizl R o b”png;‘”!‘

» Theorem 9.2 (Principal Axes Theorem). Any quadratic
form in n variables g(x) = x7 Ax is equivalent to a
quadratic form,

hQY) = 2y} + Radg oo+ b

where
»
Y2
y=1.
Yn
and Ay, Aa, ..., A, are the eigenvalues of the matrix A
of g.

» Theorem 9.3. A quadratic form g(x) = x" Ax in#n
variables i3 equivalent to a quadratic form

h(y) = )';‘1 e )!g R ...E.‘yi My:i+} s )}3+2 v a e yrz
w The trajectories of the 2 x 2 dynamical system of the form
dx
i + by
D cxyd
— =X ¢
dt ’

are completely determined by the eigenvaiues and

eigenvectors of the matrix A = [i 2:|

Supplementary Exercises

CL

Let A(2) = [a;;(t}] be an n x n matrix whose entries are
all functions of #; A¢t) is called a matrix function. The
derivative and integral of A{z) is defined
componentwise; that is,

d d
E;[A(f)] = [;;;tlu (1)}

f! AR ds = {f a;(s) ds} .

For each of the following matrices A{t), compute

4 A()] and f Als) ds.
3]

and

dr
]

2

2‘ [P
(a) A(D) = r+1
4 e

sin 2t G 0
() Ain=1| 9 ! —t
0 et !
P2+ 1

2. Forxg = 1} and each of the following matrices A,

k
solve the initial value problem defined in Exercise T.0
below.

2 -1

{a) A= [W] 2:1‘
-1 I

by A= [ | ml},




