MATH 2270-1

Symmetric matrices, conics and quadrics
Final homework problems
Kolman: section 9.5 problems 25, 26, 27
section 9.6 problems 15, 23, 25, 26

Conic sections Section 9.5

r>restart:with(linalg):wth(plots):#for conmputations and pictures
wi th(student):#to do al gebra conputations |ike conpleting the
squar e

Warni ng, the protected nanes norm and trace have been redefi ned and unprotected

War ni ng, the name changecoords has been redefined

Using the template from December 2 Maple notes:
25
2 A =matrix(2,2,[9,3,3,1]);
B:=matrix(1,2,[-10*sqrt(10), 10*sqrt(10)]);
C. =90,
fmat : =v- >eval n(transpose(Vv) & A&*v
+ B&v + O):
f:=v->sinplify(fmat(v)[1]):
ei genval s(A); #show the ei genval ues
dat a: =ei genvectors(A):
vl:=data[1][3][1]:#first eigenvector
v2: =data[ 2] [ 3] [ 1] : #second ei genvect or
wl: =vl/ norm(vl, 2): #normalized
wW2: =v2/ norm(v2, 2): #normal i zed
P: =augnent (w1, w2) : #our orthogonal matri X,
#unl ess we want to switch col ums
if det(P)<0 then
P: =augnent (w2, wl) :
fi:
eval m(P);
implicitplot(f([x,y])=0,x=-5..10,y=-5..5,
gri d=[ 100, 100], col or=* bl ack*);
#increase grid size for better picture, but too big
#t akes too | ong
f(eval M P& [u,v])):#do the change of vari abl es
sinmplify(%:#sinplify it!
conpl etesquare(% u): #conplete the square in u
conpl etesquare(% v): #and v
9 3
g 3
3 1

Eqt n: =%0;
B:=[-104/10 10y10]
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Eqtn:=10 (v-1)*+80-40u=0
Thisisatrandated rotated parabolal The eigenvectors of the matrix A were 0,10, which meant we
would get a parabola (or a degenerate conic). The positively oriented basis are the two columns of the
exhibited transition matrix S above.

26
2 A =matrix(2,2,[5,-3,-3,5]);
B:=matrix(1,2,[-30*sqgrt(2),18*sqrt(2)]);
C =82,
fmat : =v- >eval n(transpose(v) & A&* v

+ B&'v + O):
fo=v->sinplify(fmat(v)[1]):
ei genval s(A); #show t he ei genval ues
dat a: =ei genvectors(A):
vl:=data[1][3][1]:#first ei genvect or
v2: =data[ 2] [ 3] [ 1] : #second ei genvect or
wl: =v1l/ norm(vl, 2): #normalized
W2: =v2/ norm(v2, 2):#normal i zed




P: =augnent (w1, w2) : #our orthogonal matri X,
#unl ess we want to switch col ums
if det(P)<0 then
P: =augnment (w2, wl) :
fi:
eval m(P);
implicitplot(f([x,y])=0,x=0..10,y=-5..5,
gri d=[ 100, 100], col or=* bl ack");
#increase grid size for better picture, but too big
#t akes too | ong
f(eval M P& [u,v])):#do the change of variables
sinmplify(%:#sinplify it!
conpl etesquare(% u): #conplete the square in u
conpl etesquare(% v): #and v
5 -
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Eqt n: =%=0;
B:=[-30y2 1842]
Cc.=82
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Eqin:=8 (v+3)°-8+2(Uu-3)*=0
Thisisatrandated rotated ellipse!  The eigenvectors of the matrix A were 2,8, which meant we
would get an ellipse (or a degenerate conic). The positively oriented basis are the two columns of the
exhibited transition matrix S above, and the center of the ellipse has coordinates u=3, v=-3 with respect
to thisbasis.

27)
> A =matrix(2,2,[5,6,
B:=matrix(1,2,[-12
C. =- 36;
f mat : =v- >eval n(transpose(v) & A&* v
+ B&'v + O):
fo=v->sinplify(fmat(v)[1]):
ei genval s(A); #show t he ei genval ues
dat a: =ei genvectors(A):
vl:=data[1][3][1]:#first eigenvector
v2: =data[ 2] [ 3] [ 1] : #second ei genvect or
wl: =v1l/ norm(vl, 2): #normalized
W2: =v2/ norm(v2, 2):#normal i zed
P: =augnent (w1, w2) : #our orthogonal matri X,
#unl ess we want to switch col ums
if det(P)<0 then
P: =augnent (w2, wl) :
fi:
eval m(P);
implicitplot(f([x,y])=0,x=-10..10,y=-10.. 10,
grid=[ 100, 100], col or = bl ack’);

6,0]);
*sqrt(3),0]);




#increase grid size for better picture, but too big
#t akes too | ong
f(eval M P& [u,v])):#do the change of vari abl es
simplify(%:#sinplify it!
conpl etesquare(% u): #conplete the square in u
conpl etesquare(%v): #and v
5 6
A::% %
6 O

Eqt n: =%0;
B:=[-12y3 0]
C.=-36
9,-4
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Thisisatrandated rotated hyperbolal The eigenvectors of the matrix A were 9,-4 which meant we
would get a hyperbola(or a degenerate conic). The positively oriented basis are the two columns of the
exhibited transition matrix S above.



Quadric surfaces....I use atemplate | once wrote....

Kolman section 9.6, #15, 23, 25, 26

15

’g A =matrix(3,3,[1,0,0,0,2,1,0,1,2]);
B:=matrix([[0,0,0]]);
C. =-1;#the constant termif the rhs is zero
fmat : =v- >eval n(transpose(Vv) & A&*v

+ B&v + O):
f:=v->fmat(v)[1]:
simplify(f(vector([x,y,2])));
1 0 O

A=H0 2 1

O 1 2
B:=[0 0 O
C=-1

L —1+x2+2y2+2yz+222
> eigenval s(A):
dat a: =ei genvectors(A); #show t he ei genval ues

if data[2]=3 #the case of three equal eigenval ues;
#quadratic part is already diagonalized
then vl:=data[ 3][1];
v2: =data[ 3] [ 2] ;
v3: =data[ 3] [ 3] ;
fi;

if data[1][2] =2 #case of first eigenval ue has al gebraic
#mul tiplicity two, so second one has nultiplicity one

then vil:=data[1][3][1];
v2:=data[1][3][2];
v3:=data[2][3][1];

fi:

if (data[1l][2]=1 and data[?2]][2]=2)
#first eigenvalue nult. one, second
#ei genvalue multiplicity two
t hen
vl:=data[1][3][1];
v2:=data[ 2][3][1];
v3:=data[2][3][2];
fi;

if (data[1l][2]=1 and data[2][2]=1)




#t hree distinct eigenval ues
t hen
vl:=data[ 1] [ 3] [ 1];
v2:=data[2][3][1];
v3: =data[3][3][1];
fi;
data:=[1, 2,{[0, 1, -1],[1, 0, 0]}1,[3, 1,{[O, 1, 1]}]
vl:=][0, 1, -1]
v2:=[1,0, 0]

v3:=[0, 1, 1]

Snce all eigenvalues are positive | expect an ellipsoid (or it could degenerate to a point or nothing).
> al nost P. =GranSchm dt ([v1, v2,v3]);

nor nP: =map(nornmal i ze, al nost P) ;

P: =augnent (nornP[ 1], nornP[ 2], nornP[ 3] ) ;

almostP :=[[0, 1, -1], [1, O, O], [O, 1, 1]]

H O 1 -
H 2 Y2 5
P:=H 2 0 2 H
1 /2 QE
72 9 2 f

> f(eval M P& [u,v,w)):#do t
simplify(9%;#sinplify it!
conpl etesquare(% u); #conplete the square in u
conpl etesquare(%v); #and v
conpl et esquare(% w) ; #and w

>

e change of vari abl es

Eqt n: =%0;

~1+Vv? +u® +3w?
~1+Vv* +u® +3w?
-1 +Vv* +u® +3w?
-1 +v? +u? +3w?

L Eqtn:=-1 +V2 +u? +3w?=0

[ yup, elipsoid

> implicitplot3d(f([x,y,z])=0,x=-2..2,y=-2..2,2=-2..2,

grid=[ 15, 15, 15], axes=boxed, title="el lipsoid');
#increase grid size for better picture, but too big
#t akes too | ong
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| #23)
> A=matrix(3,3,[0,0,0,0,2,2,0,2,2]);
B:=matrix([[16/sqrt(2),0,0]]);
C. =4; #the constant termif the rhs is zero
f mat : =v- >eval m(transpose(Vv) & A&*v

+ B&v + O
f:=v->fmat (v)[1]:
sinmplify(f(vector([x,vy,2z])));

0O O

0
A=H0 2 2

o 2 2
B:=[8y2 0 O]
C:=4

L 8V2x+4+2y* +4yz+27
> eigenval s(A):
dat a: =ei genvect ors(A) ; #show t he ei genval ues

if data[2]=3 #the case of three equal eigenval ues;
#quadratic part is already diagonalized
then vl1:=data[ 3][1];
v2: =data[ 3] [ 2] ;
v3: =data[ 3] [ 3] ;
fi;




if data[1][2] =2 #case of first eigenval ue has al gebraic
#mul tiplicity two, so second one has multiplicity one

then vl:=data[1][3][1];
v2:=data[1][3][2];
v3:=data[2][3][1];
fi;

if (data[1l][2]=1 and data[2]][2]=2)
#first eigenvalue mult. one, second
#ei genvalue multiplicity two
t hen
vl:=data[1][3][1];
v2:=data[ 2] [3][ 1];
v3:=data[2][3][2];
fi;
if (data[1l][2]=1 and data[2][2]=1)
#t hree distinct eigenval ues
t hen
vl:=data[1][3][1];
v2:=data[2][3][1];
v3:=data[ 3] [3][1];
fi;
data:=[4, 1,{[0, 1, 1]}],[0, 2,{[0, 1, -1], [1, O, O]}]
vl:=[0, 1, 1]
v2:=[1,0,0]
v3:=10, 1, -1]

with one non-zero eigenvalue and two zero ones | expect a parabolic cylinder!
> al nost P. =GranSchm dt ([v1, v2,v3]);

nor nP: =map( nornal i ze, al nost P) ;

P: =augment (nor nP[ 1] , nor nP[ 2] , nor nP[ 3] ) ;

almostP := [0, 1, 1], [1, 0, 0], [0, 1, -1]]

normP ;= % IZE %%[l, 0, 0], % ﬁ - 2 %

2°' 2
70 1 0 [
"z ik
P:=H 2 0 7 .
42 J2
2 % T2 {

> f(eval M P& [u,v,w)):#do t he change of vari abl es
sinmplify(9%;#sinplify it!




conpl etesquare(% u); #conplete the square in u
conpl etesquare(%v); #and v

conpl et esquare( % w) ; #and w

Eqt n: =%0;

8y2v+4+40°
8y2v+4+40°
8y2v+4+au’
8y2v+4+4u?

Eqtn:=8 2v+4+4u°=0
[ yup, parabolic cylinder, opening in the negative v direction, cylinder in the w direction
>inmplicitplot3d(f([x,y,z])=0,x=-2..2,y=-2..2,z2=-2..2,

#increase grid size for better picture, but too big
#t akes too | ong
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A=matrix(3,3,[-1,2,2,2,-1,2,2,2,-1
B: —natrlx([[3/sqrt(2) -3/sqrt(2) 0]
C. =-6; #the constant termif the rhs
fmat : =v- >eval n(transpose(Vv) & A&*v

+ B&v + O):
f:=v->fmat(v)[1]:
simplify(f(vector([x,y,2])));

1);
1);
|

is zero

grid:[15,15,15],axes:boxed,title:‘parabolic cyIinder‘);
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ZJEX_ (2y-6-X +axy +4xz -y’ +4yz 7

> ei genval s(A):
dat a: =ei genvect ors(A) ; #show t he ei genval ues

if data[2]=3 #the case of three equal eigenval ues;
#quadratic part is already diagonalized
then vl1:=data[ 3][1];
v2: =data[ 3] [ 2] ;
v3: =data[ 3] [ 3] ;
fi;

if data[1][2] =2 #case of first eigenval ue has al gebraic
#mul tiplicity two, so second one has nmultiplicity one

then vl:=data[1][3][1];
v2:=data[1][3][2];
v3:=data[ 2] [3][ 1];
fi;

if (data[1][2]=1 and data[2][2]=2)
#first eigenvalue nmult. one, second
#ei genvalue multiplicity two
t hen
vl:=data[1][3][1];
v2: =data[2][3][1];
v3:=data[2][3][2];
fi;

if (data[1l][2]=1 and data[ 2][ 2] =1)
#t hree distinct eigenval ues
t hen
vl:=data[1][3][1];
v2:=data[2][3][1];
v3:=data[3][3][1];
fi;
data:=[-3 2,{[1,0,-1],[0, 1, -1]}1, [3, 1, {[1, 1, 1]}]
=[0, 1, -1]
v2:=[1,0,-1]



I v3:=[1, 1, 1]

with two evals of one sign, and one of the opposite, | shall get either a one or two sheeted hyperboloid,

or a degnerate quadric
> al nost P: =GranSchm dt ([v1, v2,v3]);
nor nP: =map(normal i ze, al nost P) ;
P: =augnent (nor nP[ 1] , nor nP[ 2] , nor nP[ 3] ) ;

almostP := %o, 1,-1], % 51 '51%[1, 1, 1]%
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(> f(eval M P& [u,v,w )):#do the change of variables
simplify(9%;#sinplify it!
conpl etesquare(% u); #conplete the square in u
conpl etesquare(%v); #and v
conpl et esquare( % w) ; #and w

Eqt n: =%0;
3 3
Ex/gv—au—6—3v2+3wz—3u2
2
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[ yup, two-sheeted hyerpboloid

(> inmplicitplot3d(f([x,y,z])=0,x=-3..3,y=-3..3,z=-3..3,
grid=[ 15, 15, 15], axes=boxed, titl e=' t wo- sheet ed hyperbol oid);
#increase grid size for better picture, but too big
#t akes too | ong




two-sheeted hyperboloi

26
r> A =matrix(3,3,[2,0,0,0,3, - 1,3]);
B:=matrix([[2,1/sqrt(2), 1/sqrt(2)]]);
C. =-3/8; #the constant termif the rhs is zero
f mat : =v- >eval m(transpose(Vv) & A&*v

+ B&v + O):
f:=v->fmat (v)[1]:
sinmplify(f(vector([x,vy,2z])));

A=

W

408 T

2

o3
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1 1 3
2x+3 2y+EJEz—§+2x2+3y2—2yz+3f

"> ei genval s(A):
dat a: =ei genvect ors(A); #show t he ei genval ues

if data[2]=3 #the case of three equal eigenval ues;
#quadratic part is already diagonalized
then vl1:=data[ 3][1];




v2: =data[ 3] [ 2] ;
v3: =data[ 3] [ 3] ;
fi;

if data[1][2] =2 #case of first eigenval ue has al gebraic
#mul tiplicity two, so second one has multiplicity one

then vil:=data[1][3][1];
v2:=data[ 1] [ 3] [ 2];
v3:=data[2][3][1];
fi;

if (data[1l][2]=1 and data[?2]][2]=2)
#first eigenvalue mult. one, second
#eigenvalue nmultiplicity two

t hen
vl:=data[1][3][1];
v2:=data[ 2][3][1];
v3:=data[2][3][2];
fi;

if (data[1l][2]=1 and data[2][2]=1)
#t hree distinct eigenval ues
t hen

vl:=data[1][3][1];
v2:=data[2][3][1];
v3:=data[ 3] [3][ 1];
fi;
data:=1[2, 2,{[0, 1, 1],[1, 0, 0]}], [4, 1,{[O, -1, 1]}]
vl:=[0,1,1]
v2:=[1,0,0]
| v3:=[0, -1, 1]

with all evals the same sign | shall get either an ellipsoid, or a point or the empty set
> al nost P: =GranSchm dt ([v1, v2,v3]);

nor nP: =map(normal i ze, al nost P) ;

P: =augnent (nor nP[ 1] , nor nP[ 2] , nor nP[ 3] ) ;

almostP :=[[0, 1, 1], [1, 0, 0], [0, -1, 1]]

normP := %) % %E[l’ 0,0], % _%’ ﬁ%

2
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> f(eval mM(P& [u,v,w)):#do the change of var
simplify(9%; #si rrpllfy it!
conpl etesquare(% u); #conplete the square in u
conpl etesquare(% v); #and v
conpl et esquare( % w) ; #and w

Eqt n: =%0;
3
2v+u—§+2v2+2u2+4w2
2
2%1 1% : +2v+2 4
+= = + +
25212V V2 +4w?
2 2
R e
+-H-1+ +-H +
2 4g W
2 2
2[5 -Le2die g v
+ = + +-g +
2 20 4w
Eqt 2%1%12%1%420
= +-H-1+ +-H + =
an 2 ag TV
yup, €lipsoid
>inmplicitplot3d(f([x,y,z])=0,x=-1..1,y=-1..1,z=-1..1,

grid=[ 15, 15, 15], axes=boxed, title="el lipsoid');
#increase grid size for better picture, but too big
#t akes too | ong
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