Math 2250-004 Week 4 notes

We will not necessarily finish the material from a given day's notes on that day. We may also add or
subtract some material as the week progresses, but these notes represent an in-depth outline of what we
plan to cover. These notes include material from 2.3-2.6, with an introduction to 3.1-3.2.
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2.3 Improved acceleration models: linear and quadratic drag forces.
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2.3 Improved acceleration models: velocity-dependent drag

For 1-dimensional particle motion, with

position x(¢) (or y(t)), e
velocity x' (¢) = v(t) ,and o
accelerationx’' (¢) =v' (t) =a(t) e
We have Newton's 2" law
mv'(t)=F

where F'is the net force, possible a sum consisting of several terms.

« By now we're very familiar with constant force F'=m o, where o 1s a constant:

vi(t)=a .

v(t)=at+v, ¢

_ 1 2 .
x(t)—g(xt tv,ttx,.

Examples we've seen already in this course

« o =-g near the surface of the earth, if up is the positive direction, or o0 = g if down is the positive
direction. *

« o arising from a charged particle moving through a constant electric field (lab problem) ¢
« Dboats or cars moving with constant acceleration or deceleration (homework).

New today !!! Combine a constant background force with a velocity-dependent drag force, at the same
time. The text calls this a "resistance" force:

mv'(t)=mo +F,

Empirically/mathematically the resistance forces /7, depend on velocity, in such a way that their magnitude
is

Fd =k 1<p<2.



« p =1 (linear model, drag proportional to velocity):
mv' (t)y=mo -kv
This linear model makes sense for "slow" velocities, as a linearization of the frictional force function,
assuming that the force function is differentiable with respect to velocity...recall Taylor series for how the
velocity resistance force might depend on velocity:
o

1"

. Fo(v) =F,(0) +FR'(0)v+l%£\&\@\§Q —

F,(0) = Oland for small enough v the higher order terms might be negligable compared to the linear term,

SO

F,(v) =F,(0)v=-kv . , kYo

We write -k v with k£ > 0, since the frictional force opposes the direction of motion, so sign opposite of
the velocity's.

http://en.wikipedia.org/wiki/Drag_(physics)#Very low_Reynolds_numbers:_ Stokes.27 drag

Exercise 1: Let's rewrite the linear drag model
mv' (t)y=mo -kv

as

vi(t)y=o—pv \
| k ] - . ..
where th¢ p = . Now construct the phaSedtagramTor v (Hint: there is one critical value for v.)
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The value of the constant velocity solution is called the terminal velocity,\which makes good sense when

you think about the underlying physics and phase diagram. —




« p =2, for the power in the resistance force. This can be an appropriate model for velocities which are
not "near" zero....described in terms of "Reynolds number" Accounting for the fact that the resistance

opposes direction of motion we get F;
—
mv' (t)=mo -kv* ifv>0, FR shald bLe NJA’k"‘C

mv'(t)=mo LV ifv< 0., F‘z shalX he fas\“l‘\‘vc .
Do you understandt the sign of the drag terms in these two cases? ¢

http://en.wikipedia.org/wiki/Dra hysics)#Drag_at _high_veloci

k
Once again letting p = — we can rewrite the DE's as
m
v/(l‘)=oc—pv2 ifv>0 ‘
v’(t)=0c+pv2 ifv < 0. ’

Exercise 2) Consider the case in which o0 =-g, so we are considering vertical motion, with up being the
positive direction.

v/ (t) = —g—pv2 ifv>0

v (t)=-g -l-pv2 ifv <O0.

Draw the phase diagrams. Note that each diagram contains a half line of v-values. Make conclusions
about velocity behavior in case v, > 0 and v, < 0. Is there a terminal velocity?

How would you set up and get started on finding the solutions to these two differential equations? A
couple of your homework problems are related to this quadratic drag model.



Exercise 3a Returning to the linear drag model and with. Solve the IVP
vi(t)=o—pv

v(0) = A

and verify that your solutions are consistent with the phase diagram analysis two pages back. (This is,

once again, our friend the first order constant coefficient linear differential equation.)
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Comparison of Calc 1 constant acceleration vs. linear drag acceleration model:

We consider the bow and deadbolt example from the text, page 102-104. It's shot vertically into the air

(watch out below!), with an initial velocity of 49 — . (That initial velocity is chosen because its numerical
S

value is 5 times the numerical value of g = 9.8 which simplifies some of the computations.) In the

2 2
s
no-drag case, this could just be the vertical component of a deadbolt shot at an angle. With drag, one
would need to study a more complicated system of coupled differential equations for the horizontal and

vertical motions, if you didn't shoot the bolt straight up. So we're shooting it straight up.

No drag:

v’(t)z—g:—9.8ﬂ2 o
S

v(t)=—gt+v0=—gt+5g=g-(—t+5) % ]

1 1 1
x(t)Z—Eth+v0t+xo=—3gt2+5gt=gt[—?t+5) m ¢

So our deadbolt goes up for 5 seconds, then drops for 5 seconds until it hits the ground. Its maximum

height is given by v($) = 0 x16)=0= x(10)

55
x(5) = g2 —1225m o

Linear drag: The same deadbolt, with the same initial velocity with numerical value 5 g = 49 ™ We're
_— S
told that our deadbolt has a measured terminal velocity of v,=- 245 = which is the numerical value of
s

-25 g. The initial value problem for velocity is

—_

vi(t)=-g—pvV
v(0) =, W 53: %9 wvs

So, in these letters the terminal velocity is (easily recoverable by setting v’ (¢) = 0 ) and is given by

e v=-& - 250=p=04. o
p

So, from our earlier work: Substituting o =-g into the formulas for terminal velocity, velocity, and height:

v(6)=v ot (vg—v,) e P = -245 + 294 el 294 = 994 24S

0
294 ]
y(t)= - 2451+ W(l —e 1)



The maximum height occurs when v(¢) =0,

245 + 294 ¢ =0
which yields r=4.56 sec:  V§ § qq¢

—
245.
ln( 294. ] _

.04 ’

4.558038920 )

And the maximum height is 108.3 m:
-.04 -z)

2

> = _24 K R 1_
yi=t— S.t+ 0 ( S

1(4.558038920);
294 (1 - e(—1)-0.04t)
0.04
108.280465 vs. 122.5 (2)

yi=t—(-1)245. 1+

So the drag caused the deadbolt to stop going up sooner (1= 4.56 vs. t=5 sec) and to not get as high (
108.3 vs 122.5 m). This makes sense. It's also interesting what happens on the way down - the drag
makes the descent longer than the ascent: 4.85 seconds on the descent, vs. 4.56 on the ascent.

> solve(y(t) =0, t);
9.410949931, 0. A3

> 9.411 — 4.558;
4.853 “

IMPORTANT to note that we needed to use a "solve" command (or something sophisticated like
Newton's method) to find when the deadbolt landed. Y ou cannot isolate the ¢ algebraically when trying to
solve y(t) = 0 for ¢£. This situation will also happen in some of the lab and/or homework problems this
week.

2451 + %(1—6-04”)

=0
.04



picture:
> z:=1>49t— 497 :
with(plots) :
plotl = plot(z(t), t=0..10, color = green) :
plot2 == plot(y(t), t=0..9.4110, color = blue) :
display ({ plotl, plot2}, title = "comparison of linear drag vs no drag models");

comparison of linear drag vs no drag models
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Tues Jan 30
2.4 Euler's method for solving first order differential equations

Uv\wvﬂc‘]-zﬂ& Hw SOOVL)
Announcements: @ l&S'\' Pa%( 5& HCQ dwe ‘{"D'W»WW s Czorret.,ﬂ4 HN S covd_

e 2.4-2.6 Hw i ok Suq;vo&(* ‘]’v g buu Z_UMLU\{AVQ
(Hlx\) Al Aprorrow (S ’HN"% %2.3)

, o in I Wast a QA.QLJAJ’D, or
OV\ "[’wasakce?/ | L;)Sviu.,l.. [N::{ ” WI["F‘“W’"‘- d\lflf\&.

‘)CS'\' : I)V‘."‘ﬂ (0‘?".0? wnHAacuss ’l'D MA‘H‘L“)
Warm-up Exercise:
GWS:M 'PLl \WP 2,(7(] B f(’("}) Y‘a"(- o{\ c)\ltr\?( ﬂc'l\v\c"\d'\\
}(‘3 =2 /1
l{. e ll Y‘n‘_ l(-W e Ha vzl e J'b Ha SlO(u 'Fuvxc{'\‘n,— 5(7(,:3]
atb Hae Tkl Iwwr (L), say Ass 22

(.7
4 =£(1,2) =3, & GV
what's Y o [‘us" "-PPN$~'W~«4\'0~ ']C'\-— ‘3("") . »Ff\. a(.‘n?.
'Kl leiug “
‘3(‘-‘) = ‘A“] + ‘lj L\n%tg(ﬂ/_\x
=y /(4 DNx=.A
3 L 'a )AK ‘A/U)'()_____S_(ILL):S P
=2+ 3(.1) X
< 2.3
\a(."l) < \3(1\ ¥ Jj
= ) & 3’('\/5&
= 92 + 73 (-.\) I _
1 4 Fx.y)
@ (%0,

/_\‘A"'f— ‘F(K.,ao\ AX



2.4 Euler's method.

In these notes we will study numerical methods for approximating solutions to first order differential
equations. Later in the course we will see how higher order differential equations can be converted into
first order systems of differential equations. It turns out that there is a natural way to generalize what we
do now in the context of a single first order differential equations, to systems of first order differential
equations. So understanding this material will be an important step in understanding numerical solutions
to higher order differential equations and to systems of differential equations later on. I wrote these notes
using the software package Maple. Your lab questions on Thursday will let you do analogous
computations in Matlab. Today we'll focus on Euler's method. Tomorrow we'll study "improved Euler"
(section 2.5) and Runge Kutta (section 2.6).

Euler's Method:
The most basic method of approximating solutions to differential equations is called Euler's method,
after the 1700's mathematician who first formulated it. Consider the initial value problem

dy _
|vP g_f(xay)
Y(%0) = Yo

We make repeated use of the familiar (tangent line) approximation
y(x+4Ax) = y(x) +y (x)A  *
where we substitute in the slope function f'(x, y), for y' (x).

As we iterate this procedure we and the text will write "A" fixed step size, Ax := A, As we increment the
inputs x and outputs y we are approximating the graph of the solution to the IVP. We begin at the initial

point (xo, Yo ) Then the next horizontal value on the discrete graph will be
x,=x,th = X, & Ax
And the next vertical value y, (approximating the exact value y(x1 ) ) is

Y=Y, +f(x0,y0)h. = ao'\- 'a’(x,') Ax

In general, if we've approximated (xj, yj) we set

We could also approximate in the -x direction from the initial point (x

0 Yo ), by defining e.g.

X =x,—h
y_] :yo - hf(xoayo)
and more generally via



Below is a graphical representation of the Euler method, illustrated for the IVP

%‘y’(x)Z l—3x+y = -f(x,«a)

, y(0)=0

with step s

Exercise 1 Find the numerical values for several of the labeled points.
A=0

File Edit Window Solution Options
0 Y,= O 5 (Xo,yo') =£(0,0)= | y' = 1-3x+y
= 2 A7":’ —;(0,0)L\ =1(2)=-2 o
VW To* b7’ i 30 g

= O+.2 <=2
7("‘-7-, Yl-:'?'

0.6

£F(2,2)2 =642
Q\[‘JQG)(.')_) =6
=

2

0.2
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Y?-: Yt A\/ =.24+.02%.32
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As arunning example in the remainder of these notes we will use one of our favorite IVP's from the
time of Calculus, namely the initial value problem for y(x),
Y (x)=y = $Gy)
y(0)=1.
We know that y = ¢ is the solution, so we'll be able to compare approximate and exact solution values.

Exercise 2 Work out by hand the approximate solution to the IVP above

on the interval [0, 1], with n = 5 subdivisions and / = 0.2, using Euler's method. This table might help
organize the arithmetic. In this differential equation the slope function is f(x, y) = y so is especially easy to
compute.

stepi | x|, fS(Ig’;i): Y Av A= f(x, ) Ax @ v+ 4y

0 0 |1 1 02 [02=1(2) 02]12 = \+(2)

1 02 |12 |12 0-2 |(L2)C2) =.29 |.4]| v2rayq=tyy | L2 Hiaa(a) -:(x.z)(u.?z}

2 4 |y lMl{’-‘(L‘Z)L 0.9 | .26% o Q-'L')’L(»Z) G l'q-lbt."l??-.gi% Q.z)’q (.z](a-'z)z:ég?(““z)
3 C 2y 2)® [.2 | arCe) cg| 2 a2y = (l.zf\— =12’
C g ] Gt e | () U] Cad « (e <=2 45y

5 | 248§ =12y

Euler Table

Y our work should be consistent with the picture below.




Here is the automated computation for the previous exercise, and a graph comparing the approximate
solution points to the actual solution graph:

Initialize:
| > restart : #clear all memory, if you wish
| > Digits := 6 : #use floating point arithmetic with 6 digits. could use more if desired
| > unassign('x’, y'); # in case you used the letters elsewhere
> = (x,y)—y; #slope field function for the DE y’(x)=y
# change for different DE's!!!
f=(xy)—y )

> x[0] := 0;y[0] := 1; #initial point
h:=02;n:=15; H#step size and number of steps

X, = 0
Yo =1
h:=10.2
n:i=>3 6)

> exactsol == x—¢€'; #exact solution for the IVP y'=y, y(0)=1
#change (or omit) for different IVP's!!!

exactsol == x—¢€" @)

>

Euler Loop
> for i from O to n do #this is an iteration loop, with index "i" running from 0 to n
print(i,x[i], y[i], exactsol(x[i]));
#print iteration step, current x,y, values, and exact solution value
k= f(x[i], y[i]); #current slope function value
x[i+ 1]:=x[i]+ h;
i+ 1] = y[i] + hok;
end do: #how to end a do loop in Maple
0,0,1,1

1,0.2,1.2,1.22140
2,0.4,1.44,1.49182
3,0.6,1.728, 1.82212

4,0.8, 2,0936,2.22554
5,1.0(2.48832, 1.71828 ®)

—_—




Plot results:
> with(plots) :
Eulerapprox := pointplot({seq([x[i],y[i]],i=0..n)}) : #approximate soln points
exactsolgraph = plot(exactsol(t),t=0..1, ‘color’ = "black’) : #exact soln graph
#Hused t because x has been defined to be something else
display ( { Eulerapprox, exactsolgraph}, title = "approximate and exact solution graphs);

approximate and exact solution
graphs
2.6
2.41
2.21
2-
1.81
1.6
1.4 ’
1.2-
11 . . . . .
0 02 04 06 0.8 1
t

Exercise 3 Why are our approximations too small in this case, compared to the exact solution?



It should be that as your step size 7 = Ax gets smaller, your approximations to the actual solution get
better. This is true if your computer can do exact math (which it can't), but in practice you don't want to
make the computer do too many computations because of problems with round-off error and computation
time, so for example, choosing 2 =.0000001 would not be practical. But, trying 2= 0.01 in our previous
initial value problem should be instructive.

If we change the n-value to 100 and keep the other data the same we can rerun our experiment, copying,
pasting, modifying previous work.

Initialize
| > restart : #clear all memory, if you wish
| > unassign('x’, y'); # in case you used the letters elsewhere
| > Digits == 6:

> == (x,y)—y: #slope field function for the DE y’'(x)=y
_ # change for different DE's!!!

> x[0]:= 0:y[0] := 1: #initial point

h = 0.01:n:= 100 : f#step size and number of steps

> exactsol := x—¢€" : #exact solution for the IVP y'=y, y(0)=1
#change (or omit) for different [VP's!!!

>

Euler Loop (modified using an "if then" conditional clause to only print every 10 steps)

"en
1

> for i from O to n do #this is an iteration loop, with index
) i
if frac( 10 ] 0
then print(i, x[i], y[i], exactsol(x[i]));
end if: #only print every tenth time
k= f(x[i], y[i]); #current slope function value
x[i+ 1]:=x[i]+ h;
i+ 1] = y[i] + hok;
end do: #how to end a for loop in Maple
0,0,1,1
10, 0.10, 1.10463, 1.10517
20, 0.20, 1.22020, 1.22140
30, 0.30, 1.34784, 1.34986
40, 0.40, 1.48887, 1.49182
50, 0.50, 1.64463, 1.64872
60, 0.60, 1.81670, 1.82212
70, 0.70, 2.00676, 2.01375

running from 0 to n

®




plot results:
> with(plots) :
Eulerapprox := pointplot({seq([x[i],y[i]],i=0..n)}, color =red) :
exactsolgraph := plot(exactsol(t), t=0..1, ‘color" = "black") :
#Hused t because x was already used has been defined to be something else
display ( { Eulerapprox, exactsolgraph}, title = "approximate and exact solution graphs);

approximate and exact solution graphs,




Exercise 4: For this very special initial value problem
y'(x)=y
y(0)=1
which has y(x) = ¢" as the solution, set up Euler on the x-interval [0, 1], with n subdivisions, and step

size h = —. Write down the resulting Euler estimate for exp (1) = e. What is the limit of this estimate as
n

n— ? You learned this special limit in Calculus!
skep v Y F Gy |82 )k, \ Yian
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Wed Jan 31
2.5-2.6 Improved Euler and Runge Kutta.
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2.5-2.6 Improved Euler and Runge Kutta

In more complicated differential equations it is a very serious issue to find relatively efficient ways of
approximating solutions. An entire field of mathematics, “numerical analysis" deals with such issues for a
variety of mathematical problems. Our text explores improvements to Euler in sections 2.5 and 2.6, in
particular it discusses improved Euler, and Runge Kutta. Runge Kutta-type codes are actually used in
commerical numerical packages, e.g. in Wofram, Matlab, Maple etc.

Let's summarize some highlights from 2.5-2.6.

Suppose we already knew the solution y(x) to the initial value problem

. Yy (x)=f(x%)
y(xo) =Yy
1 BF
If we integrate thflPE from x to x + 4 and apply the Fundamental Theorem of Calculus, we get
x+h
la’lﬂ dt = y(x+h)-y(x)=|  [flLy(r))dr,ie o
x : X+h

y(x+h)=y(x)+ S(ty(t))de. e

X
L

One problem with Euler is that we approximate this integral above by /4-f (x, y(x) ), i.e. we use the value at
the left-hand endpoint as our approximation of the integrand, on the entire interval from x to x + 4. This
causes errors that are larger than they need to be, and these errors accumulate as we move from subinterval
to subinterval and as our approximate solution diverges from the actual solution. The improvements to
Euler depend on better approximations to the integral. These are subtle, because we don't yet have an
approximation for y(¢) when ¢ is greater than x, so also not for the integrand f (¢, y(#)) on the interval

[x,x + h].



Improved Euler uses an approximation to the Trapezoid Rule to compute the integral in the formula
X+h

yxthr)y=y)+ | fler(0)de.
X
Recall, the trapezoid rule to approximate the integral

x—+h
f(6(1)) dt Ao aa
would be ’ - W(15E)

1

Sh (Fn () +/(x+ by + b)),
Since we don't know y(x + /) we approximate its value with unimproved Euler, and substitute into the
formula above. This leads to the improved Euler "pseudocode" for how to increment approximate

solutions.

Improved Euler pseudocode:

k ( ) #current slope

k =f (x ' y +h kl) #use unimproved Euler guess for y(x_ + h) to estimate slope function when x=x_+ h
J J J

k= 7 (k +k ) #average of two slopes

x = x + h #increment x

Jjt1

y, = y +hk #increment y

jt+1

Exercise 1 Contrast Euler and Improved Euler for our IVP (%, ‘@
’ _ / J Je | - X

Yy (x) Y 0\(.'{'\/\ S "6 e

y(0)=1
to estimate y(1) = e with one step oflsize / = 1l Your computations should mirror the picture below.
Note that with improved Euler we actually get a better estimate for e with ONE step of size 1 than we did
with 5 steps of size # = 0.2 using unimproved Euler on Tuesday. (It's still not a very good estimate.)

xO =0 ) \/0: & File Edit Window Solution Option

< Flo,ny = ; S M A2
k, = F (o, |+l|) F0,2)=2 |
(4- Llletly) =L (1e2)= L5

2.51 , ‘ , A (x ) =02

X, =0+\ =| : s
Y\ | + \(lS) 2.5 Q:l'ﬁ“%"' y 11 % : -
bebles Hoam yuch Eulin

w5

zbeps VYSLLMB' 50s]

Done Arrow of slope +1.0



In the same vein as “"improved Euler" we can use the Simpson approximation for the integral for Ay
instead of the Trapezoid rule, and this leads to the Runge-Kutta method. You may or may not have talked
about Simpson's Parabolic Rule for approximating definite integrals in Calculus. It is based on a parabolic
approximation to the integrand , whereas the Trapezoid rule is based on an approximationg of the graph
with trapezoids, on small subintervals.

Simpson's Rule:

Consider two numbers x, < x, , with interval width 2 = x, — x,, and interval midpoint x =

1
: o X E (xo + X, )
If you fit a parabola p (x) to the three points
(o &%) @ g@), (¥, 8(x)) *

then

X

1 h
L p(t)dt = F(g(xo) + 4-g(x) +g<x1)). .

0
(You will check this fact in your homework this week!) This formula is the basis for Simpson's rule,
which you can also review in your Calculus text or at Wikipedia. (Wikipedia also has a good entry on
Runge-Kutta.) Applying the Simpson's rule approximation for our DE, and if we already knew the

solution function y(x), we would have
X+h

y(x+h)=yx)+ | fly())de
X 0
h h h
= y(x) + g'[f(x,y(X)) +4f(x+ 7,y(x+ 7)) +f(x+h,y(x+h))j .
However, we have the same issue as in Trapezoid - that we've only approximated up to y(x) so far. Here's
the magic pseudo-code for how Runge-Kutta takes care of this. (See also section 2.6 to the text.)

Runge-Kutta pseudocode:

k =f( R # left endpoint slope
h h
k2 =f [x + 7, 5 1] # first midpoint slope estimate, using k1 to increment y,
J J
h h
=flx. + 5,y + 5 k_| #second midpoint slope estimate using k_ to increment y
3 J 277 27 2 J
4 =f (x h,y + k3) # right hand slope estimate, using k3 to increment y
J J
1
k= 3 (kl +2 k2 +2 k3 + k4) #weighted average of all four slope estimates, consistent with Simpson's rule
x  =x+h # increment x
JEL

Y. =y +hk #increment y
JEl T



Exercise 2 Contrast Euler and Improved Euler to Runge-Kutta for our IVP
Y'(x) =y = fly)
_—Jy(0)=1
to estimate y(1) = e with one step of siYour computations should mirror the picture below.
Note that with Runge Kutta you actually get a better estimate for e with ONE step of size # = 1 than you
did with 100 steps of size # = 0.01 using unimproved Euler!

Runge-Kutta pseudocode:

k f , y # left endpoint slope

]
h h
k =f [x + 5.yt 5 1] # first midpoint slope estimate, using k1 to increment y
J J J
h h
=flx + 5,y + 5 k_ | # second midpoint slope estimate using k_ to increment y
3 J 277 27 2 J
4 f X +hy + hk ) # right hand slope estimate, using k3 to increment y
J J
1
k= 3 (kl +2 k +2 k +k ) #weighted average of all four slope estimates, consistent with Simpson's rule
x =x+h # 1ncrement x
Jt1L

y. =y +hk #incrementy
JEL T

7o~
k.= floa) =1
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Numerical experiments

Estimate e by estimating y (1) for the solution to the [IVP

y'(x) =y

y(0) =1
Apply Runge-Kutta with n = 10, 20, 40 ... subintervals, successively doubling the number of subintervals
until you obtain the target number below - rounded to 9 decimal digits - twice in succession.

> evalf (e);
[ 2.718281828459045 (10)

It worked with n = 40:

Initialize
> restart : # clear any memory from earlier work
> Digits == 15 : # we need lots of digits for "famous numbers"

v

> unassign('x’, y') . # in case you used the letters elsewhere, and came back to this piece of code
> f= (x,y)—y: #slope field function for our DE i.e. fory’(x)=f(x,y)
> x[0]:=0:y[0]:=1: #initial point

h = 0.025:n:=40: #step size and number of steps - first attempt for "famous number e"

Runge Kutta loop. WARNING: ONLY RUN THIS CODE AFTER INITIALIZING
> for i from O to n do #this is an iteration loop, with index "i" running from 0 to n

i
if | fi — | =0
i ( rac( o ) )
then print(i, x[i], y[i]); #print iteration step, current x,y, values, and exact solution value

end if:
kl == f(x[i], y[i]); #current slope function value

h h
k2 :=f(x[i] + 2ol + 7k1);

# first estimate for slope at right endpoint of midpoint of subinterval

k3 :=f(x[i] + %,y[i] + %-Id); #second estimate for midpoint slope
k4 == f(x[i]+ h,y[i] + h-k3); #estimate for right-hand slope
(kI +2-k2+2-k3 +k4)

k= 6 ; # Runge Kutta estimate for rate of change of y
x[i+ 1] :=x[i]+ h;
yli+1]:=y[i]+ hk

end do: #how to end a for loop in Maple

0,0,1
10, 0.250, 1.28402541566434
20, 0.500, 1.64872126807197
30, 0.750, 2.11700001155073
40, 1.000, 2.71828181979283 (11)




For other problems you may wish to use or modify the following Euler and improved Euler loops.

Euler loop: WARNING: ONLY RUN THIS CODE AFTER INITIALIZING
> for i from O to n do #this is an iteration loop, with index "i" running from 0 to n
print(i, x[i], y[1]):
#print iteration step, current x,y, values, and exact solution value
k= f(x[i], y[i]); #current slope function value
x[i+ 1]:=x[i]+ h
i+ 1] = y[i] + hok;
end do: #how to end a for loop in Maple

>

Improved Euler loop: WARNING: ONLY RUN THIS CODE AFTER INITIALIZING

> for i from O to n do #this is an iteration loop, with index "i" running from 0 to n
print(i, x[i], y[i]); #print iteration step, current x,y, values, and exact solution value
kl == f(x[i],y[i]); #current slope function value
k2 == f(x[i] + h,y[i] + h-kl); #estimate for slope at right endpoint of subinterval

(kI + k2)
k= —7—
2
x[i+ 1] = x[i]+ h;
yli+1]=yl[i]+ h-k
end do: #how to end a do loop in Maple

; # improved Euler estimate

>




Before running, please put Eulers.m, Runge_Kutta.m, Improved_Eulers.m,

SlopeField.m, example.m in the same folder. To see the result, input example
in the command windows

example.m

10
11
12
13
14
15
16
17

18
19
20
21
22
23
24
25
26
27
28
29
30
31

32
33
34
35
36
37
38
39

% Clear the command window screen, all the variables and
close all windows
clc, clear, close all L]

o

% Input your function f(x,y) (as a string), where f(x,y) =

dy/dx. In this example, f(x,y) = sin(x*y)
£ = '1-3.xx+y'; % Ao w\c,.lo{\'plua, 5(.410:/\5 !
% Draw the slope field in the region xmin<x<xmax, .

ymin<y<ymax for dy/dx = f(x,y) (\4 (ﬂ j
xmin = -1; %
xmax = 1;
ymin = -1;
ymax = 1;

SlopeField (xmin, xmax, ymin, ymax, f) g

hold on &F— +o W\qu a. oh‘s?laa wi—"in [oﬁ DD P’wl“

% Use differepsz
interval

al methods to solve the IVP on the
h n subintervals

% y(x0) = yO
0 = 0; .
; -1, riﬂb\{-‘/sav\o( M‘mw\jr
y0 = 0;
n = 10;

% Use Euler Method to Solve
[x y]=Eulers(x0,y0,b,n, f);
plot(x,y,'-—', 'LineWidth',2, 'Color', 'r");

% Use Improved Euler Method to solve

[x y]=Improved.-Eulers (x0,y0,b,n, f);

plot(x,y,'-"', 'LineWwidth"', 2, 'Color', [0.9100 0.4100
0.17001);

% Use Runge Kutta method to solve
[x y]=Runge_Kutta (x0,y0,b,n, f);
plot(x,y,':"','LineWidth"', 2, 'Coloxr','b");

xlabel ('x"');ylabel('y")
legend('Slope Field', 'Euler', 'Improved Euler', 'Runge Kutta')
title(['dy/dx = "' £f])

' 1‘«0\49'{'\'\
stran
= =3 Ay




The code gives you

\3’= | -3x4 Y
dy/dx = 1-3.*X+y
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function handle

ymin:stepsize:ymax) ;

X

]

£

X

0]

N
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wn
o O
< 0
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—~ 0
Mo
o o
£
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I X
o
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ones (size (dY));

dx=
L

10

"2);
quiver (X,Y,dX./L,dY./L, 'Color', 'k', '"LineWidth', 1, "AutoScaleFactor',0.5);

sgrt (1+dY.
axis tight

11

12

13




14 end




Eulers.m

10

11
12
13
14
15
16
17
18
19
20

function [x,y] = Eulers(x.0,y-0,b,n,f)

% Eulers method with n intervals to solve the initial value
problem dy/dx=f (x,y) with

initial conditions y(x-0)=y-0 on the interval [x.0,b]. The
function

f(x,y) must be entered as a string.

o\

o

% For example, if you wish to solve dy/dx=yxcos(x) with y(0)=1
on the

interval [0,15] with 50 intervals you would enter

Eulers (0,1,15,50, 'y.xcos (x) ")

oo oo

f = str2func(['@(x,y) ',f]); %converts the string input into a
function handle

h=(b-x_0) /n;
x=zeros (n+l,1); y= zeros(n+l,1l); %$Pre-allocoting vectors for speed
x(1)=x-0; y(1)=y-0;

for i=1l:n

x (1+1)=x_0+1*h;

¥ (i+1)=y (i) +h+£ (x (1), y (1)) ;
end
end




Improved_Eulers.m

10

11
12
13
14
15
16
17
18
19
20
21
22

function

o

% Improve

[x,vy] = Improved-Eulers(x.0,y-0,b,n,f)
d Eulers method with n intervals to solve the initial

value problem dy/dx=f(x,y) with

% initial conditions y(x-0)=y-0 on the interval [x-0,b]. The
function
% f(x,y) must be entered as a string.

% For exa

mple, if you wish to solve dy/dx=yxcos(x) with y(0)=1

on the

o

interva

o\

f = str2f

1 [0,15] with 50 intervals you would enter

Improved-Eulers (0,1,15,50, 'y.*cos (x)")

unc(['@(x,y) ',f]); % converts the string input into a

function handle

h=(b-x_0)

x=zeros (n

x(1)=x_0;

for i=1:n
x (i+1
k1=f(
u=y (i
k2=f (
y(i+l

end

end

/n;
+1,1); y= zeros(n+l,1l); % Pre-allocoting vectors for speed
y(1)=y-0;

)=x_0+ixh;
x(1),y(1));

) +hxk1;

x(i+1),u);

)=y (i) +h* (k1+k2) /2;




Runge Kutta.m

10

11
12
13
14
15
16
17
18
19
20
21
22
23

function [x,y] = Runge_Kutta(x-0,y-0,b,n,f)

% Runge Kutta method with n intervals to solve the initial value
problem dy/dx=f (x,y) with

initial conditions y(x-0)=y-0 on the interval [x.0,b]. The
function

f(x,y) must be entered as a string.

o\

o

% For example, if you wish to solve dy/dx=yxcos(x) with y(0)=1
on the

interval [0,15] with 50 intervals you would enter

Runge_Kutta(0,1,15,50, 'y.*cos(x) ")

o

o\

f = str2func(['C@(x,y) ',£f]); % converts the string input into a
function handle

h=(b-x_0) /n;
x=zeros (n+l,1); y= zeros(n+l,1l); % Pre-allocoting vectors for speed
x(1)=x.0; y(1)=y-0;
for i=1:n

x (1+1)=x_0+1i*h;

k1=f(x(i),y(1));

k2=f (x (1) +h/2,y (i) +h/2xkl);

k3=f (x(1)+h/2,y (i) +h/2xk2);

kd4=f (x (1i+1),y (1) +h*k3);

v (i+1)=y (1) +h* (k1+2%xk2+2%k3+k4) /6;
end
end
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Exercise 1: (Relates to this week's homework, and introduces systems of linear algebraic equations:

Find the quadratic function p (x) = a x> + bx + cso that the graph y = p(x) interpolates (i.e. passes
through) the three points (-1, 0), (0,2), (1,2):

g just ik Haig quadratic fit to three points
3 -1,0).(0,2),(1,2)

1

-1 =05 0 05 1

X



In Chapters 3-4 we temporarily leave differential equations in order to study basic concepts in linear

algebra. Almost all of you have studied linear systems of equations and matrices before, and that's where *
Chapter 3 starts. Linear algebra is foundational for many different disciplines, and in this course we'll use o
the key ideas when we return to higher order linear differential equations and to systems of differential
equations. As it turns out, there's an example of solving simultaneous linear equations in this week's
homework. It's related to Simpson's rule for numerical integration, which is itself related to the Runge-
Kutta algorithm for finding numerical solutions to differential equations.

In 3.1-3.2 our goal is to understand systematic ways to solve systems of (simultaneous) linear equations.

Although we used a, b, ¢ for the unknowns in the previous problem, this is not our standard way of
labeling.

- We'll often call the unknowns Xy5 Xppee X, , OF write them as elements in a vector
xX= [xl, Xys oo X, ]
+ Then the general linear system (LS) of m equations in the » unknowns can be written as

a ., x +a12x2+ -l-alnxn—b

(LS) a, x+a22x2+ +a, x =b,

a x ta x +.+a x =b
m ealwal'-ms i~ = uv\kmwg
X113 K o ae Kya,
B! ave nun. é
where the coefficients a, - and the right-side number b are knowln "llhe goal is to find values for the vector

X so that all equations are true. (Thus this is often called finding "simultaneous" solutions to the linear
system, because all equations will be true at once, for the given vector x .

Notice that we use two subscripts for the coefficients a,; and that the first one indicates which equation it

appears in, and the second one indicates which variable its multiplying; in the corresponding coefficient
matrix 4 , this numbering corresponds to the row and column of a,
oS —' & vvlu\w\v\

iy 4y 443 - 4y,
ay a, e a Az & W"H' i 24 Ve,
A= " g “e.uw«\
: : i cane Hon- m—e-C "
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Let's start small, where geometric reasoning will help us understand what's going on:
Exercise 2: Describe the solution set of each single equation below; describe and sketch its geometric
realization in the indicated Euclidean spaces R” .

5z,
2a) 3x=5, for x e R. P2 ® >
= 9 . .
x= % sdb st vag a sfhj(t [’0“~Jt R

y

2b) 2x+3y=6, for [x,y] € R2. \N\
3\{ =b-1x \- <
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20 2x+3y+4z=12, for [x,y,z] € R3. 2
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2 linear equations in 2 unknowns:
a, x+ alzy=b1
a, x + a,, y= b2

goal: find all [x, y] making both of these equations true. So geometrically you can interpret this problem
as looking for the intersection of two lines.

Exercise 3: Consider the system of two equations £, E:

E, ~ S5x+3y=1  @x=\ 5*’;\1“
_ =4
E, x-2y=38 th“‘/z

3a) Sketch the solution set in [R2, as the point of intersection between two lines.

L
(O\‘I"’) I\ *
S}}J!—L [ uq""" " (%,0)
EZAE| K _.2 ‘l = %
€ .7€, Cx {-3\[ = L 0,- &\

Ly

3b) Use the following three "elementary equation operations" to systematically reduce the system £, E,
to an equivalent system (i.e. one that has the same solution set), but of the form

Ix+0y=c

Ox+1y=c,

(so that the solution is x = ¢,, y = ¢,). Make skeftches of the intersecting lines. at each stage.

The three types of elementary equation operation are below. Can you explain why the solution set to the
modified system is the same as the solution set before you make the modification?

+ interchange the order of the equations

« multiply one of the equations by a non-zero constant

« replace an equation with its sum with a multiple of a different equation.
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3c) Look at your work in 3b. Notice that you could have save a lot of writing by doing this computation
"synthetically”, i.e. by just keeping track of the coefficients and right-side values. Using R, R, as

symbols for the rows, your work might look like the computation below. Notice that when you operate

synthetically the "elementary equation operations" correspond to "elementary row operations":
+ interchange two rows

«  multiply a row by a non-zero number
+ replace a row by its sum with a multiple of another row.

3 )
16 2%
' S
R v -1 §
\
{2\ 5 311
| -2} §
~’7§2\5§22 O 13 -39
1 «zg%’
0 (-3
p =2 |
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{/ ["3 |

3d) What are the possible geometric

solution sets to 1, 2, 3, 4 or any number of linear equations in two
unknowns? -y s'l,wX



Solutions to linear equations in 3 unknowns:

What is the geometric question you're answering?

Exercise 4) Consider the system

x+2y+z=4
3x+8y+7z=20
2x+T7y+9z=23.
Use elementary equation operations (or if you prefer, elementary row operations in the synthetic version)

to find the solution set to this system. There's tematic way to do this, which we'll talk about. It's
called Gaussian elimination.

Hint: The solution set is a singlepomt, [x, y,z]=[5,-2, 3].
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Exercise 5 There are other possibilities. In the two systems below we kept all of the coeffients the same

as in Exercise 4, except for a,, , and we changed the right side in the third equation, for 4a. Work out

what happens in each case.

Sa)
x+2y+z=4
3x+8y+7z=20
2x+7y+8z=20.
Sb)

x+2y+z=4
3x+8y+7z=20
2x+T7y+8z=23.
Sc) What are the possible solution sets (and geometric configurations) for 1, 2, 3, 4,... equations in 3
unknowns?



