E_"oi‘“f.k—" NS L, flf.x\:x, {-;(x\t <
R TN WA TR WV RTI TS , ahceR]
=§_ f(ﬂ‘:&-l*t-ﬂl-c-t‘, q.'-;,céﬂ?.ﬁg
T speen ) prlipeominds § dipee £2.
o &n,‘cz,g-; l""““‘la. 'l {/%vu‘fw,ukn__
. §, +c,[1+cg'(:l’:0
al ead~n )<4 c_l»c-c-c.‘&"zo
@ x=0: ¢, =0

@ x:t e ¥4 0 “
s Loz ] s Lnealy twdsgndsd

cl;|(*‘*(l£1('l\“‘cl§;(x]-'o 4‘7\. 6“ k3

Qo the wry

D, (Sl r o largf =0 vy
D, ¢ 5" +oh 1+ oh'ln=0 V«x
. 'f-‘ I:. c’» L o
m'““.i———? {4.' Y ”‘z\[ } kol fvall x
6k £roge & LS Lo
Cx CV(4] < o
{% 107.;] [2’ [:] ) boldg frall »
- g
@x=0 [} O\MH 2 qrasGE0,
00 2 & 0



Definition: A second order linear differential equation for a function y(x) is a differential equation that
can be written in the form
Ax)y"" + B(x)y" + C(x)y=F(x) .
We search for solution functions y(x)defined on some speciﬁed interval / of the forma < x < b, or
(a, ), (- %, a) or (usually) the entire real hne (-o0,0). In this chapter we assume the function 4 (x)
# 0 on /, and divide by it in T eguation in the standard form

vs. -34?(«)3 1/(&\

L@ := AlR)
satisfies the so-called linearity properfies AlZ+7) = Aﬁ' . A;’
(DL(y, +2,)=L(3) +L (1) A(w:v) .
(2)L(cy)=cL(y),c € R. () =c AR

(Recall that the matrix multiplication function L (x) := A x satisfies the analogous properties. Any time we
have have a transformation L satisfying (1),(2), we say it is a linear transformation. )

Exercise 1a) Check the linearity properties (1),(2) for the differential operator L .
(0 LCyt) = (90)”+ prlyeda) s 4 (g0 y,)
= 3” + bh" + p- (3(& %) + 1 (J‘ph')
- ﬂ\ ‘4 P9 *131 4 «h 4 l"h ¥4 = L(wj‘\-t L(‘].,_') v’
1b) Use these properties to show that (2 L(Cj) = (cn') & (c R 'L(Cﬂ
“py 'u@) = eL(y)

Theorem 0: the solution space to the homogeneou second OAGI" linear

y'+px)y +qx)y=0
is a subspace. Notice that this is the "same" proof we used Monday to show that the solution space to a

hom¢geneous matrix equation is a subspace. sl S path 4o A;’C::),
's swh
) 1 Lh=o, Lhw=o A SA(T:‘T—:;’L AGY=6
Heeo [..(3‘41,_'): L(ﬂn]*l-(‘[ﬂ’o (Dq Hao AR4d) = F\ﬁ f"\\e
ﬁ) £ L(y\to o L(ty'\“-cL(ﬂ‘-‘ -0 (0 ([ﬂ A (e2) < ‘A(:O"b

e 0
Exercise 2) Find the solution space to }Mtiaﬂ equation for y(x) 0

! y'+2y'=0 s u’u.Pl.‘wl- &guﬁpl\‘m.
on the x-interval - © < x < . Noticet olution space is the span of two functions. Hint: This is

really a first order DE forv=y". v e 2v= 0
lxqwnh e* (v 42v) = 0-¢"= )

_L” a iAx = ,
L(‘)\‘j 4,2‘3/ Ix(e_':) 0 SJ&\SPAU-“"P 3'*23/:0
L(e™) = e +2(3¢7) e’v=C = Spand € 1'}

= 15¢™" = vz C&™ [ ’
L(2xx3)= 0+ 2(2)= 4 =cet
L(e¥™) = 4 +2 (-2e”) == (ce™an’s S up

= O I 1
—_ > [ ‘a(x] 3 e c_\ J.xfl.’c.‘{' devenep o~




Exercise 3) Use the linearity properties to show
Theorem 1: All solutions to the nonhomogeneou second order linear DE

L() y'+px)y +qx)y=£f(x)

are of the for+1 y=yptyy, here Yp s any single particular solution and y,, is some solution to the

homogeneous "

is Called y , for complementary solution, in the text). Thus, if you can find a single

particular solution to the nonhomogeneous DE, and all solutions to the homogeneous DE, you've actually
found all solutions to the nonhomogeneous DE. (You had a homework problem related to this idea,
3.4.40, in homework 5, but in the context of matrix equations, a week or two ago. The same idea

reappears in this week's lab 6, in problem 1d !)

Gt Ly =F§

Lt Lly)=0
The L(-y?"j\..‘\ = L(j(,)-‘ L(-jl-l) = 8—40: S_

u{- L(\/Q\': ‘S he awo Haen Solu""'o‘b\

p{_ A_, _\:
awnd Ax =6

Hao A(xh’?") = Ax+AZ,
= L+0
LT

W""b - - - -
jQ‘jP'\' (jQ 4p) Mo %o~ Gox

— —

= Ly -1 "%
=§-§=0 ) I
Sv Ya" Y¢ 'S @ hoven AUna oS sedh~ . =L-L=0

Exercise 4) Verify Theorem 1 for the differential equation { 4+ ?(,uj—_- T,L.,.l
y'+2y'=3 ‘)(x\f-‘z
=y’ ’ - 24
v 4 Y +2v <} 1x 1.F e§ *= e'z,(

e_lx (v'.\-‘).v) =3

x - L%
f*x(ef‘ v) = e

'va = S ‘56‘“&1{

Wx (X4
——19e.v-le + C

V= 3—+Ce
3‘-1{-Ce

—ﬁn(x)""" + 'C‘e

x D

X LS
<G

lx\"%?‘ + Qle
j — —

t(x)

(LiE=0+2

3“ (x)

)<3 v



Theorem 2 (Existence-Uniqueness Theorem): Letp(x), ¢(x),f(x) be specified continuous functions on
the interval /, and letx, € 7. Then there is a unique solution y(x) to the initial value problem

' +p(x)y +qx)y=f(x)
(%) =
Y (%) =0
and y(x) exists and is twice continuously differentiable on the entire interval / .

and the IVP

Exercise 5) Verify Theorem 2 for the interval /= (- o,
— y/ ’ + 2 yr:

)
3

\3()(\: %—_X
3’(x\ =3

@x=0 o)
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Unlike in the previous example, and unlike what was true for the first order linear differential equation

Y+ p(x)y=q(x)
there is not a clever integrating factor formula that will always work to find the general solution of the
second order linear differential equation

'+ p(x)y +q(x)y=r(x).
Rather, we will usually resort to vector space theory and algorithms based on clever guessing. It will help
to know

Theorem 3: The solution space to the second order homogeneous linear differential equation

y'+px)y' +q(x)y=0
is 2-dimensional.

This Theorem is illustrated in Exercise 2 that we completed earlier. The theorem and the techniques we'll
actually be using going forward are illustrated by

Exercise 5) Consider the homogeneous linear DE for y(x) ,

L(ﬂ"—’y"—2y’—3y=0 «]-m,:DM
5a) Find two exponential functions y, (x) =¢"*, y, (x) = " that solve this DE. 3(1() zce
Sb) Show that every IVP

y''=-2y"'-3y=0
y(0) =5,
' (0)=b,
can be solved with a unique linear combination y(x) = ¢,y (x) + ¢,y,(x) .
Then use the uniqueness theorem to deduce that y,, v, span the solution space to this homogeneous
differential equation.

px

Next, show y, (x) = e, ¥, (x) =e€"" are linearly independent by setting a linear combination equal to the

zero function, differentiating that identity, and then substituting x = 0 into the resulting system of equations

to deduce C,=¢,= 0:

ey (x) + ey, (x) =0
=y, (x) Ty, (x)=0
sothat {y (x)=¢€",y,(x)=¢€""} is abasis for the the solution space. So also the solution space is

two-dimensional since the basis consists of two functions.

q) 3_; erx L(e"\ = 2 rx_,z(re n) .5e

= &% [¥-2e-3] = O
= ——-—-~"
" OL\M&'-'LU\AS)-K folto

L \"n'h
Ux oy 7(P-§)Lr+l): O
Lﬂ e
‘1,'(70 Q,’ .

jH(x\'-Q e +qe



Sc¢) Now consider the inhomogeneous DE

y'-2y"-3y=9
Notice that y,(x) =-3 is a particular solution. Use this information and superposition (linearity) to solve

the initial value problem
y''-2y'-3y=9
¥(0)=6
y'(0)=-2.



Math 2250-004
Week 9: March 6-10 5.2-5.4

Mon Mar 6: Section 5.2 from last week.

The two main goals in Chapter 5 are to learn the structure of solution sets to n™ order linear DE's,
including how to solve the IVPs

y +a, _ o Dy +a y +ay=f ‘3,"‘ N'Q‘j’ 1)
y(%) = b, Clpte A
IvP /(x) =b
Y (%) = by

(n—1) —
y (xO) B bn —1
and to learn important physics/engineering applications of these general techniques.

Finish Wednesday March 1 notes, from last week which discuss the case #n = 2, and continue into the
Friday March 3 noted which discuss the analogous ideas for general n. This is section 5.2 of the text.




