10.1-10.2 Laplace transform, and application to DE IVPs, including Chapter 5.
linea~ 4 romefovriahio. |
+ This new material having to do w1th the Laplace Transform will help you review and solidify the ideas
in Chapter 5. It will not be tested on the second midterm, but will show up on the final exam.
n Pu"‘- .

«+ The Laplace transform is a linear transformation "L that converts ewise continuous functions

|Lt defined for # > 0 and with at most exponential growth (| f(¢)] < Ce ffor some values of C and
M), mto functlonle ) \defined by the transformation formula

6\\“‘7“" @ —st u%\r
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"l cCe e =Ce
SYM

o Notice that the integral formula for F'(s) is only defined for sufficiently large s, and certainly for

s > M, because as soon as s > M the integrand is decaying exponentially, so the improper integral from ¢
=0 to o converges.

@ The convention is to use lower case letters for the input functions and (the same) capital letters for their

Laplace transforms, as we did for f(¢) and F'(s) above. Thus if we called the input function x(¢) then we

would denote the Laplace transform by X (s).

Taking Laplace transforms seems like a strange thing to do. And yet, the Laplace transform £’ is just one
example of a collection of useful "integral transforms". -£"is especially good for solving IVPs for linear
DEs, as we shall see starting today. Other famous transforms - e.g. Fourier series and Fourier transform
are extremely important in studying linear partial differential equations, as you will see in e.g. Math 3140,
3150, physics, engineering, or Wikipedia.

Exercise 1) Use the definition of Laplace transform
Fis)=LUW0)s) = | fe™ ar
0

to check the following facts, which you will also find inside the front cover of your text book.

L)) =+ (s> 0)

b £{e" Y (s) =
¢) Laplace transform is linear, i.e.
e[’{fl(t) +f2(t)}(s)=Fl(s)+F2(s).
L{cf(t)}(s)=cF(s )

d) Use linearity and your work above to compute £’ {3 —4e ’}(s ). /‘\
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For the DE's like we've just been studying in Chapter 5, the following Laplace transforms are very
important:

Exercise 2) Use complex number algebra, including Euler's formula, linearity, and the result from 1b that
I{e(a+ki)t}(s)= 1

s — (a+ ki)

to verify that | had
/a) L{cos(kt)}(s) = s \'!:‘ S?wskf)e.stu:

B S+ o
I Lsinlkn ) = 5
\/g) L{e cos (k) }(s) = (Sj;2“+kz Fr=athke

k

l/d L{e sin(kt) }(s) = (s—a)2—|-k2 .

(Notice that if we tried doing these Laplace transforms directly from the definition, the integrals would be
messy but we could attack them via integration by parts or integral tables.)
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It's a theorem (hard to prove but true) that a given Laplace transform F'(s) can arise from at most one
piecewise continuous function f'(#). (Well, except that the values of fat the points of discontinuity can be
arbitrary, as they don't affect the integral used to compute F'(s).) Therefore you can read Laplace
transform tables in either direction, i.e. not only to deduce Laplace transforms, but inverse Laplace
transforms £ =1 {F(s)}(¢) =f(¢) as well.

Exercise 3) Use the Laplace transforms we've computed and linearity to compute
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The integral transforms of DE's and PDE's were designed to have the property that they convert the
corresponding linear DE and PDE problems into algebra problems. For the Laplace transform it's because
of these facts:

Exercise 4a) Use integration by parts and the definition of Laplace transform to show that

L{S () }s) =s L{f(D)}(s) —f(0) =s F(s) —f(0).

4b) Use the result of a, applied to the function f” (¢) to show that
r ! 2 ’
LS (1)} s)=5"F(s) —sf(0) —f(0).
4c) What would you guess is the Laplace transform of """ (¢) ? Could you chegk this?

‘]’a.\. Z {f (t)}(ﬂ = S &({\e ‘H .': uv]:’ ~ gvdu.
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Here's an example of using Laplace transforms to solve DE IVPs, in the context of Chapter 5 and the
mechanical (and electrical) application problems we just considered there.

Exercise 5) Consider the undamped forced oscillation IVP
x""(t) +4x(t) =10 cos(3 ?)

x(0)=2

x"(0)=1
If x(¢) 1s the solution, then both sides of the DE are equal. Thus the Laplace transforms are equal as well...
.s0, equate the Laplace transforms of each side and use algebra to find-£" {x(#) } (s) = X(s). Notice you've
computed X (s ) without actually knowing x(¢)! If you were happy to stay in "Laplace land" you'd be
done. In any case, at this point you can use our table entries to find x(¢) = £~ {x(¢) }(s).

(Notice that if your algebra skills are good you've avoided having to use the Chapter 5 algorithm of (i) find
x,, (i) find an x, (iii) x = x, + x,, (iv) solve IVP.) Magic!

M 2xam i-_ DE s tre fn slh- x(€)
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l xl{) = Y w2l ¢ 15m2£ -luogBL’\
[> with(DEtools) :

> dsolve({x"' (t) +4-x(t) = 10-cos(3-¢),x(0) = 2 x'(0)=1}); #to check
[x(t)Z ; Sm(27) + 4 cos(2 1) —2cos(3t)w )

Exercise 6) Use Laplace transform as above, to solve the [IVP for the following underdamped, unforced
oscillator DE:
x""(t) +6x'(t) +34x(t)=0

x(0)=3
x'(0)=1
> dsolve({x"' (t) + 6-x"(t) +34-x(¢t)=0,x(0)=3,x"(0) =1}); # to check
x(t)=2 B sm(5z)+3e‘3’cos(5t) (8)
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Finish Tuesday notes on Laplace transform introduction, and thert review for Friday midterm exam.

Exam 2 Review Questions
Math 2250-004 March 2017

Our exam covers chapters 3.6, 4.1-4.4, 5.1-5.6 of the text. Only scientific calculators will be allowed
on the exam.

+ remember to get to class a few minutes early. The exam will be from|10:40 - 11:40 a;.] Graphing
calculators are not allowed, only scientific ones.| Symbolic answers are allowed, although a scientific
calculator could give you confidence on an amplitude-phase calculation, for example.

I try to find problems that touch on most of these key topics. I've put *'s next to topics which have higher
probabilities of appearing on my exams, although anything we've learned is fair game.

Chapter 3.6: Determinants. Approximately 10% of the exam could be related to this material.

Be able to compute |A| for a square matrix A using cofactor expansions, row operations, or some
combination of those procedures.

* What does the value of |A| have to do with whether A ! exists?

IAL£0 & rref (AV=T & A wisls & s&/t; Jr;

&lm-y exist A are m’a(«n.

What's the magic formula for the inverse of a matrix? Can you work with this formula in the two by two
or three by three cases? Can you use it?

Al S A = -—Q»F(A))T

[:L b "‘_ | 4 -b

c d ad-be |7¢ &
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Chapter 4.1-4.4
Approximately 40% of the exam will deal directly with this material....but much of Chapter 5 uses these

concepts, so much more than 40% of the exam will be related to chapter 4. (And, as far as matrix and
determinant computations go, you should remember everything you learned in Chapter 3.)

* Do you know the key definitions?
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+ Subspace examples from Chapter 4, involving the concepts above

the space of solutions x to matrix equations [A4 [x =0 | f A ot ‘Hv\, S "e'/KS ','2
)

o Az=0 awin R
s span{y ,v,, ..» 'J-"’ ,__,'_{R\m
¥4 {_19 9 _k} [} \(l 'Vz’ -.ch
rhair Sravv s a Sthr&u "1) Rm
* Subspace examples from Chapter 5

« solution space to homogeneous linear differential equation for e.g. y = y(x) on an interval / , i.e.
solutions to

Ly)=y"+p, )"V + 4 p (x)y +py(x)y=0 innp et
&SU\».P‘,)"L

. span{yl,yz, yn}



*+ What does it mean for a transformation L : V'— W between vector spaces to be linear?

Swms o Sums & s“Qm. MJ'LPU, +\: SCJM Pv»k,aitip(&

L +&L‘1$
t.e.
() L(7|+Y,_') = Lly)+ L(ﬁ)
() L 17\ T c L(y) hold ‘F"l\al( ‘au"l-,_,,‘]é\/
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*+ What is the general solution to L(y) =f, if L is a linear transformation (or "operator") in rb

terms of particular and homogeneous solutions? Can you explain why?
‘7 = YP Yu wkp\n Jp 1S an sw\jh w*c.oﬂaw s~
Jl’) SJ ('}LL '%w?aq&ks Pwk(ﬂm)
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Chapter 5
About 50% of the exam will be related to this material.

* What is the natural initial value problem for n'™ - order linear differential equation, i.e. the one that
has unique solutions?

L(y) = y™

+p, T L p () py(x)y=f(x)
y(xo) = bO
Y'(%)=h

VP

y(n_l)(xo):bn—l

* What is the dimension of the solution space to the homogeneous DE
-1 ,
L) =y" +p, @ e p ()Y py(x)y =0 2

Why? dimeinea = h hecanse Ha n .-M-L-J? condnhions m‘«,.ﬂelﬁ
de levmant o So|uhin- (x)

* How can you tell if {yl (%), ¥, (x)5ep, (%) } is a basis for space of solutions t0 the homogeneous DE
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* How do you find the general solution to the homogeneous constant coefficient linear DE
L(y) = any(”) -l-an_ly(”_l) + .. +tay +a,y=0?

(your answer should involve the characteristic polynomial, Euler's formula, repeated roots, complex
roots.) (Do you remember Euler's formula? Can you use it in the various ways we've seen? Do you

remember the Taylor-Maclaurin series formula in general? For €', cos (x), sin(x) in particular?)

+H7 j=e”‘ =) L(Y) < eh( (r"+ %, " -~tar +Ro) =
L/\/"_—_/
4 (") canacdrshe poly,
. A e F "

ey

¢ voots oy rb P veld Sreih.g e
o dadda otz &[soy\/ldo( xek X k.

VH:C‘Y\"“L‘{J""%%\_ ¢ Lom—plex ok = -t

7’1QU. covplex aanLN& sl b,
Via Eln e€ = s h;-x@ Lx'ﬁn,{'

3\,\3-,, Y & Hoane

ax

L rea slhs e toshx | X sinbn

Do you know how to find particular solutions to constant coefficient non-homogeneou's hnear DEs
L(y):—any()-i-an_ly(n )+...+a1y +a,y=17 2

* using undetermined coefficients

(ool -For SW&.[L!QL sw{;grau \/\/ wall, :S-CW
R oso ot |t W—av\/

Casel o ""’M‘l}"“"‘g Soeo{\n.s in \/\/ Lxc-(f‘l' ’c’l Lt fu’*
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*  Can you solve [VP's for solutions y( ) to 3""2“ lﬁa X
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* What is the governin

5.4,5.6, EP3.7 Mechanical vibrations and forced oscillations; electrical circuit analog
second law)? units?

econd order DE's for a damped mass-spring configuration (via Newton's
x (t):
mx” + cx’ 4+ kx = F(t)
Lac lean haass & |<3
hag ’S—oru_ (MM“‘S

C: N_S_ ~ k
( N= L%—— ‘“""‘L‘>> L N/‘M ¥

* What case of the govermng DE leads to unforced damped oscillations? What four phenomena have
we discussed for unforced oscillation problems, and how to they arise? (Hint: one is undamped; three are
damped.)

x4 cx/ +lex= O

. s.:w\?u hartetine o h'o-

(rY=mr rert e
(C = 07 P(r\ fvv\ajl'hﬂ:j woh
a\m?n‘p\j Y

® OV'U\_WA—

(r) veols ¥, < <O
® L.V‘\']t\‘c...((\:& Ota*'\fl . dontle oot F=r <0
3 W\-AJNAN\«-HA F(V') = —-at Cu'i:.
*  What are the forms of the solutions in these four cases?
c=0:

’(H = Q boSwof +C, Sl‘hmo‘l: = C tos ("Uo{ "") wo:/r‘_;_
t kot
cro cce' & Y. rn<o
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e ( C tos (w,{-.— )
Can you convert a linear combination 4 cos (® ¢) + B sin(®¢) in amplitude-phase form? Do’you
remember the addition angle formulas? Can you explain the physical properties of the solution?
3)
LY

Acos(wt) + Bsin(wt)
o \€

A

¢ Cwvs .-ln OLAMAPJA

%

=Ccos(wt—a)
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*  What are the possible phenomena with forced undamped oscillations (assuming the forcing function
is sinusoidal) and how do they arise?

mx'"(t) + kx(t) = Focos(c) t) or Fosin((o t)
. . ~ - < o t - WS"ot
LQA"I‘W:B ww, l/%. , wWZw, ’% A’( Sw ,}
Pwu~ .

o raSnm~anc W""Wo KF =4 (Awao‘l; + &Slv\wo'b)
* What are the possible phenomena with forced damped oscillations (assuming the forcing function is
sinusoidal)?

mx'' (t) +cx'(t) + kx(¢) =F0cos(0)t)

° \>rw\-’c.o-Q 2 s oo

= = - wAH w2 W,
plb) = Xp C cos (ot - o) ad € Small L

Sheody anphide C = Cly)

. W h
* Can you solve all initial value problems that arise in the situations above? 'S |
yes. ([ C(w) has a max
l con vou') valre ot S0
Can. Y . VO“ Yo
O-F\‘haL X * ugCe X;XP‘-XH

¢ fred xp 4o sle WP

For deeper review, consult class notes and examples, quizzes, and homework+lab problems.



