Exercise 4) (acool M.L.T. video.) Here is practical resonance in a mechanical mass-spring demo. Notice
that our math on the previous page exactly predicts when the steady periodic solution is in-phase and when
it is out of phase with the driving force, for small damping coefficient ¢! Namely, for ¢ small, when

2 2 , . 2 2
® < < o, we have a near zero (in phase) for xsp,because sin(ot) = 0,cos(0) = 1; whenw >> o,
. : T
we have o near 7t (out of phase), because sin( o) =~ 0, cos(a) = -1; for ® = @, o is near IR

——
because sin(o) = 1,cos(a) = 0.

http://www.voutube.com/watch?v=aZNnwQ&8HJHU

Exercise 5) Solve the IVP for x(¢):
x""+2x"+26x=82cos(41)

x(0)=6
x'(0)=0.
Solution:
x(t)=y4lcos(4t—a) +/10e 'cos(5¢—P)
o = arctan(0.8), B = arctan(-3) .
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|:> with(DEtools) :
> dsolve({x'" (t) + 2-x' (t) + 26-x(t) = 82-cos (4-1), x(0) = 6,x' (0) = 0});
x(f)=-3¢ "sin(5¢) +e cos(5¢) + 4sin(41) + 5 cos(41) 14)



Practical resonance: The steady periodic amplitude C for damped forced oscillations is

F
$ (o) = = - Clor=
\/(k—mm2> -1-020)2 k.

F
Notice that as ®—0, C(®) — 70 and that as ®— o, C(®) —0. The precise definition of practical

F

. . 0 .
resonance occuring is that C(®) have a global maximum greater than 7 on the interval 0 < @ < oo .

(Because the expression inside the square-root, in the denominator of C(®) is quadratic in @ it will have

at most one minimum in the variable @ , so C(®) will have at most one maximum for non-negative . It
will either be at ® = 0 or for ® > 0, and the latter case is practical resonance.)

Exercise 6a) Compute C(®) for the damped forced oscillator equation related to the previous exercise,
except with varying damping coefficient c:

x'"'+cx'+26x=82cos(wt). &—
6b) Investigate practical resonance graphically, for ¢ = 2 and for some other values as well. Then use

Calculus to test verify practical resonance when ¢ = 2. C=0
w = (/
C (w\ = L ° 2
(26-w 4 &w°
z (X2
/
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| > restart :

| > with(plots) :
82

> C:= (0,c)—

B (26—0)2)2+c2-032

> plot(C(w,2), ®=0..20, color = black, title = “practical resonance when c=2");

practical resonance when c=2
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> plot( C ( 0, .2 ) , ®=0..20, color = black, title = 'serious practical resonance when c=0.2 ‘);

serious practical resonance when c=0.2
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> plot( C( ®, 5 ) , ®=0..20, color = black, title = "barely practical resonance when c=5 ‘);

barely practical resonance when c=5
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> plot( C ( o, 8 ) , ®=0..20, color = black, title = "no practical resonance when c=8 ‘);

no practical resonance when c=8
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The mechanical-electrical analogy, continued: Practical resonance is usually bad in mechanical systems,
but good in electrical circuits when signal amplification is a goal....recall from earlier in the course:

R circuit element |voltage drop units
1 inductor LI'(t) L Henries (H)
r o : (&
Vit Q}) Q “' resistor RI(t) R Ohms (£2)
| @ vorssesoce capaci 1 C Farads (F
: Py capacitor TQ(’) Farads (F)

http://cnx.org/content/m21475/latest/pic012.png

Kirchoff's Law: The sum of the voltage drops around any closed circuit loop equals the applied voltage

V(t) (volts). /\'L" L0 "CJ
ForQ(t): LQ''(1)+RQ' (1) + %Q(r)zV(t)on sin( 1) *2‘,,\\
ForI(¢): \DI'' () H\RI' (¢) + é[(t)zV’(t):EOwcos(mt). ol x" ke’ Yk =(F posiol

Transcribe the work on steady periodic solutions from the preceding pages! The general solution for 7(¢)

is
1(t) =Isp(t) +%€;.o

: T
Isp(t)ZIocos(wt—oc) =I,sin(0r—y), y=o— 5
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The denominator / ( <o — L oo) + R? of I () is called the impedance Z( ) of the circuit (because

the larger the impedance, the smaller the amplitude of the steady-periodic current that flows through the
circuit). Notice that for fixed resistance, the impedance is minimized and the steady periodic current

amplitude is maximized when =Lo,ie. I', o i
Co ( = Lw
1 . . Cw ~
C= 5 1f L is fixed and C is adjustable (old radios). 3_’_ -
Lo Ce @

L= ! 5 1f Cis fixed and L is adjustable
Co
Both L and C are adjusted in this M.I.T. lab demonstration:
http://www.youtube.com/watch?v=ZY gFuUI9_Vs.
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Mon Mar 27: Continue and maybe finish Friday's notes on section 5.6, forced oscill#ion phenomena

Tues Mar 28: Pendulum and mass-spring experiments from last Tuesday (notes included here, though).
Then begin Laplace Transform, 10.1-10.2

Experiment discussion: Small oscillation pendulum motion and vertical mass-spring motion are governed
by exactly the "same" differential equation that models the motion of the mass in a horizontal mass-spring
configuration. The nicest derivation for the pendulum depends on conservation of mass, as indicated
below. Today we will test both models with actual experiments (in the undamped cases), to see if the
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predicted periods 7= —— correspond to experimental reality.
Q)

o l g,(‘w\,.'wwg
8 RLC urc“.;l; '{;rwolol wo leg

R — ['"LR post 2 prmeba frowy
R et i s R KE+TE = caut A tCV\'IMf roles lafer bhj
{hv M U\_]}L L.Arlw _rr'qm?com
) (not fnbus €xanl)
Ve %:L@’lt) b= L-Leasp = L (1= cos8)
| 2 1
3
Vs (e + bl e v L
4 c ¥,
D . ™ L1 c,v’(')”', bv\a)l_hﬁe‘)(:) E e
t e’ ( Le”+ 352.\6) =0
1 ":(; ‘“‘rh—/
—t'ﬂse c;‘ Iﬁolﬁb’(
1 :Lcos® i ~ didua eqbe o mmobon S
' 6"+ % sim@ =0 ‘j
e N et DE
’("&%j’-o k;e:‘\'{@i? (snt ‘.‘,\9-_5—%7{,...
w -:JE W, = 'e‘_ sin@e B © sl
° . 61) =z Cuws(wt-a) is uu_g'_\(aJ' appren
(alkunahing serats i‘s*)
a -
g0, &5
@ 'm»\jem} mags - g | ' 3 st
T O¢.A
i otz -kex Wh 4o} yoo s 3y erve i veplea
5 V.‘_)(”f k#:gﬂ A ?{\»ﬂ DE a s‘-'\e B% 9‘ .;r ,
(% sk x=0| ak """‘"‘—g—‘:'v‘
Txu) ' w70 b 6
m BV —_—



Pendulum: measurements and prediction (we'll check these
> restart:

Digits := 4 :

(> [ =153, m
g = 9.806;

W = % ; # radians per second

f= evalf (w/(2- Pi)); # cycles per second
T = 1/f, # seconds per cycle

L= 1.53

g = 9.806
® == 2.531629974
fi= 0.4029214244

T = 2.481873486
Experiment: —
1o uad:-s V243 24.7¢
24.$ L4.67
‘zq . Sg 2‘{-6
24.¢ \o
Mass-spring: 2 :c‘ 65
compute Hooke's constant: 24-6%

4.9
> 98.7 — 83.4; #displacement from extra 50g

153 # solve k-x=m -g for k.

> m =

| k
W = P ; # predicted angular frequency

numbers).

) red/sec .

'-'achs/uc :
Uc catc-l

e = 2.406
el —

15.3 /186 m
L . 05:9.806

k= 3.204575163 / l< = 3.14%
.1; # mass for experiment is 100g

W=, /3 -
o\
0) .
f = evalf ( S Pi ] ; # predicted frequency
1
T := 7; # predicted period
m = 0.1
® = 5.660896716 5.60G
f= 0.9009596945 .82
T := 1.109927565 (.\2
Experiment:
20 c.ca,c(l- PAY e
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We neglected the KESp”.ng, which is small but could be adding intertia to the system and slowing down the
oscillations. We can account for this:

Improved mass-spring model
Normalize TE = KE + PE = 0 for mass hanging in equilibrium position, at rest. Then for system in

motion,

KE+ PE=KE  + KE + PE

s spring work "

X
1 1
PE —Jksds=—kx2, KE _=—m(x' (1)), KE . =77
0

work 2 mass 2 spring

How to model KESp”.ng ? Spring is at rest at top (where it's attached to bar), moving with velocity x’ (¢) at

bottom (where it's attached to mass). Assume it's moving with velocity i x’ (¢) at location which is
fraction | of the way from the top to the mass. Then we can compute KESp”.ng as an integral with respect

to U, as the fraction varies 0 < u < 1:
1

1 ) 2
KEspring _J 5 (ux (t)) (mspring d},t)

0
1
1 , 2 2 1 , 2
= g (¥ (D) J Wdu=-m, . (3 (1))
0
Thus
TE=~(m+ (O + Sk = M () + kA
where
1
M=m+ —ﬁ
3  spring
D (TE)=0 =

Mx"(t)x""(t) + kx(¢t)x'(¢t)=0.
x'()y(Mx""+kx)=0.
Since x’ (¢) = 0 only at isolated #- values, we deduce that the corrected equation of motion is

(Mx"" +kx)=0
with

Does this lead to a better comparison between model and experiment?
> ms = .011; #spring has mass 11g

1
M= m+ 3 ms; # "effective mass"

ms = 0.011
M = 0.1036666667 5)




>

3.14%

/
- ..wﬂ |<_= 3.14%
W= Y # predicted angular frequency
f = evalf ( % ] ; # predicted frequency

1
T := 7; # predicted period

o = 5.559883146 .500

/= 0.8848828855 876
T == 1.130093051 .1y
—
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