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Exercise 3a) Solve the [VP /
x4+ 9x=280cos(31)
x(0)=0
x'(0)=0.
First just use the general solution formula above this exercise and substitute in the appropriate values for
the various terms. Then, if time, use variation of parameters (see the last pages of today's notes), to check
a particular solution and to illustrate this alternate method for finding particular solutions.

Start bt w3 v x = Bt
wafﬁ:'; w.elrg.
E”:Qg)

xit ¥ L3t +oro0
b .

to 1 g.‘.,.'S't
3

T':z-;".’.?.

3b) Compare the solution graph below with the beating graph in exercise 2.
40
> plot( =3t sin(3- t), t=0..40, color = black, title= ‘resonance‘j;
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+ After finishing the discussion of undamped forced oscillations, we will discuss the physics and
mathematics of damped forced oscillations
mx''+cx'+kx=Fjcos(wt) .

Here are some links which address how these phenomena arise, also in more complicated real-world
applications in which the dynamical systems are more complex and have more components. Our baseline
cases are the starting points for understanding these more complicated systems. We'll also address some of
these more complicated applications when we move on to systems of differential equations, in a few

weeks.

http://en.wikipedia.org/wiki/Mechanical _resonance (wikipedia page with links)
http://www.nset.org.np/nset/php/pubaware_shaketable.php (shake tables for earthquake modeling)
http://www.yvoutube.com/watch?v=M_x2jOKAhZM (an engineering class demo shake table)
http://www.voutube.com/watch?v=i-zcz] XSxnw (Tacoma narrows bridge)
http://en.wikipedia.org/wiki/Electrical resonance (wikipedia page with links)
http://en.wikipedia.org/wiki/Crystal oscillator (crystal oscillators)
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Damped forced oscillations (¢ > 0) for x(#):
mx'"'+cx'+kx=F, cos(w1)
Undetermined coefficients for x,(¢):
k [xpzA cos(wt) + Bsin(w¢) ]
+c [xP’Z—A osin(w?) + Bocos(wt) ]

+m [xP/ '=-4 (chos(wt) —B (Dzsin((nt) ]

L(xp)=cos(@0) (kd+cBo—mAw)
+sin(mt)(kB—cAw—mBm2) .

Collecting and equating coefficients yields the matrix system

k—mo cw A F,
coo k-mo | B . 0|
which has solution
A 1 k—mo  -co F, F, k—mw
B (k—mw2>2+c20)2 cw k—mo’ 0 ) (k—mw2)2+020)2 cw

In amplitude-phase form this reads
x,=4 cos(wt) + Bsin(wt) =Ccos(wt— o)
with
C= 0 . (Check!)
2\2 2
\/ (k —mo ) + o
k—ma €— n\(%,.-u?')‘-‘ ""("".2""‘;‘)

cos(a) =

(k— m 0)2>2 + o
co

sin(o) = = .20
\/<k—mco2) + o
And the general solution x(#) =x,(¢) + x,, () is given by

underdamped: x=x +x, = Ccos(wt— o) + e_ptClcos(mlt — ocl) :

critically-damped: x = X +x = Ccos(mt—oa) +e? t(clt + Cz) .

-r t -r.t

over-damped:  x=x +x, =Ccos(ot—a)+ce ' +ce ?.
—_—
Important to note: -
K&f & ) FO KH x*rl£ )
The amplitude C in x,, can be quite large relative to T if® = o, and ¢ = 0, because the}

denominator will then be close to zero. This phenomenon is practical resonance.
« The phase angle o is always in the first or second quadrant.




Exercise 4) (acool M.L.T. video.) Here is practical resonance in a mechanical mass-spring demo. Notice
that our math on the previous page exactly predicts when the steady periodic solution is in-phase and when
it is out of phase with the driving force, for small damping coefficient ¢! Namely, for ¢ small, when

2 2 , . 2 2
® < < o, we have a near zero (in phase) for xsp,because sin(ot) = 0,cos(0) = 1; whenw >> o,
. : T
we have o near 7t (out of phase), because sin( o) =~ 0, cos(a) = -1; for ® = @, o is near IR

——
because sin(o) = 1,cos(a) = 0.

http://www.voutube.com/watch?v=aZNnwQ&8HJHU

Exercise 5) Solve the IVP for x(¢):
x""+2x"+26x=82cos(41)

x(0)=6
x'(0)=0.
Solution:
x(t)=y4lcos(4t—a) +/10e 'cos(5¢—P)
o = arctan(0.8), B = arctan(-3) .
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|:> with(DEtools) :
> dsolve({x'" (t) + 2-x' (t) + 26-x(t) = 82-cos (4-1), x(0) = 6,x' (0) = 0});
x(f)=-3¢ "sin(5¢) +e cos(5¢) + 4sin(41) + 5 cos(41) 14)



Practical resonance: The steady periodic amplitude C for damped forced oscillations is

F
$ (o) = = - Clor=
\/(k—mm2> -1-020)2 k.

F
Notice that as ®—0, C(®) — 70 and that as ®— o, C(®) —0. The precise definition of practical

F

. . 0 .
resonance occuring is that C(®) have a global maximum greater than 7 on the interval 0 < @ < oo .

(Because the expression inside the square-root, in the denominator of C(®) is quadratic in @ it will have

at most one minimum in the variable @ , so C(®) will have at most one maximum for non-negative . It
will either be at ® = 0 or for ® > 0, and the latter case is practical resonance.)

Exercise 6a) Compute C(®) for the damped forced oscillator equation related to the previous exercise,
except with varying damping coefficient c:

x'"'+cx'+26x=82cos(wt). &—
6b) Investigate practical resonance graphically, for ¢ = 2 and for some other values as well. Then use

Calculus to test verify practical resonance when ¢ = 2. C=0
w = (/
C (w\ = L ° 2
(26-w 4 &w°
z (X2
/
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| > restart :

| > with(plots) :
82

> C:= (0,c)—

B (26—0)2)2+c2-032

> plot(C(w,2), ®=0..20, color = black, title = “practical resonance when c=2");

practical resonance when c=2
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> plot( C ( 0, .2 ) , ®=0..20, color = black, title = 'serious practical resonance when c=0.2 ‘);

serious practical resonance when c=0.2
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> plot( C( ®, 5 ) , ®=0..20, color = black, title = "barely practical resonance when c=5 ‘);

barely practical resonance when c=5
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> plot( C ( o, 8 ) , ®=0..20, color = black, title = "no practical resonance when c=8 ‘);

no practical resonance when c=8
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Mon Mar 27: Continue and maybe finish Friday's notes on section 5.6, forced oscill#ion phenomena

Tues Mar 28: Pendulum and mass-spring experiments from last Tuesday (notes included here, though).
Then begin Laplace Transform, 10.1-10.2

Experiment discussion: Small oscillation pendulum motion and vertical mass-spring motion are governed
by exactly the "same" differential equation that models the motion of the mass in a horizontal mass-spring
configuration. The nicest derivation for the pendulum depends on conservation of mass, as indicated
below. Today we will test both models with actual experiments (in the undamped cases), to see if the

. ) 2T . .
predicted periods 7= —— correspond to experimental reality.
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