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You can also get this solution by letting ®— o, i the beating formula. We will probably
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Exercise 3a) Solve the [VP /
x4+ 9x=280cos(31)
x(0)=0
x'(0)=0.
First just use the general solution formula above this exercise and substitute in the appropriate values for
the various terms. Then, if time, use variation of parameters (see the last pages of today's notes), to check
a particular solution and to illustrate this alternate method for finding particular solutions.
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3b) Compare the solution graph below with the beating graph in exercise 2.
40
> plot( =3t sin(3- t), t=0..40, color = black, title= ‘resonance‘j;
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+ After finishing the discussion of undamped forced oscillations, we will discuss the physics and
mathematics of damped forced oscillations
mx''+cx'+kx=Fjcos(wt) .

Here are some links which address how these phenomena arise, also in more complicated real-world
applications in which the dynamical systems are more complex and have more components. Our baseline
cases are the starting points for understanding these more complicated systems. We'll also address some of
these more complicated applications when we move on to systems of differential equations, in a few

weeks.

http://en.wikipedia.org/wiki/Mechanical _resonance (wikipedia page with links)
http://www.nset.org.np/nset/php/pubaware_shaketable.php (shake tables for earthquake modeling)
http://www.yvoutube.com/watch?v=M_x2jOKAhZM (an engineering class demo shake table)
http://www.voutube.com/watch?v=i-zcz] XSxnw (Tacoma narrows bridge)
http://en.wikipedia.org/wiki/Electrical resonance (wikipedia page with links)
http://en.wikipedia.org/wiki/Crystal oscillator (crystal oscillators)
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Damped forced oscillations (¢ > 0) for x(#):
mx'"'+cx'+kx=F, cos(w1)
Undetermined coefficients for x,(¢):
k [xpzA cos(wt) + Bsin(w¢) ]
+c [xP’Z—A osin(w?) + Bocos(wt) ]

+m [xP/ '=-4 (chos(wt) —B (Dzsin((nt) ]

L(xp)=cos(@0) (kd+cBo—mAw)
+sin(mt)(kB—cAw—mBm2) .

Collecting and equating coefficients yields the matrix system

k—mo cw A F,
coo k-mo | B . 0|
which has solution
A 1 k—mo  -co F, F, k—mw
B (k—mw2>2+c20)2 cw k—mo’ 0 ) (k—mw2)2+020)2 cw

In amplitude-phase form this reads
x,=4 cos(wt) + Bsin(wt) =Ccos(wt— o)
with
C= 0 . (Check!)
2\2 2
\/ (k —mo ) + o
k—ma €— n\(%,.-u?')‘-‘ ""("".2""‘;‘)

cos(a) =

(k— m 0)2>2 + o
co

sin(o) = = .20
\/<k—mco2) + o
And the general solution x(#) =x,(¢) + x,, () is given by

underdamped: x=x +x, = Ccos(wt— o) + e_ptClcos(mlt — ocl) :

critically-damped: x = X +x = Ccos(mt—oa) +e? t(clt + Cz) .

-r t -r.t

over-damped:  x=x +x, =Ccos(ot—a)+ce ' +ce ?.
—_—
Important to note: -
K&f & ) FO KH x*rl£ )
The amplitude C in x,, can be quite large relative to T if® = o, and ¢ = 0, because the}

denominator will then be close to zero. This phenomenon is practical resonance.
« The phase angle o is always in the first or second quadrant.




Exercise 4) (acool M.L.T. video.) Here is practical resonance in a mechanical mass-spring demo. Notice
that our math on the previous page exactly predicts when the steady periodic solution is in-phase and when
it is out of phase with the driving force, for small damping coefficient ¢! Namely, for ¢ small, when

2 2 , . 2 2
® < < o, we have a near zero (in phase) for xsp,because sin(ot) = 0,cos(0) = 1; whenw >> o,
. : T
we have o near 7t (out of phase), because sin( o) =~ 0, cos(a) = -1; for ® = @, o is near IR

——
because sin(o) = 1,cos(a) = 0.

http://www.voutube.com/watch?v=aZNnwQ&8HJHU

Exercise 5) Solve the IVP for x(¢):
x""+2x"+26x=82cos(41)

x(0)=6
x'(0)=0.
Solution:
x(t)=y4lcos(4t—a) +/10e 'cos(5¢—P)
o = arctan(0.8), B = arctan(-3) .
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|:> with(DEtools) :
> dsolve({x'" (t) + 2-x' (t) + 26-x(t) = 82-cos (4-1), x(0) = 6,x' (0) = 0});
x(f)=-3¢ "sin(5¢) +e cos(5¢) + 4sin(41) + 5 cos(41) 14)



Practical resonance: The steady periodic amplitude C for damped forced oscillations is

F
$ (o) = = - Clor=
\/(k—mm2> -1-020)2 k.

F
Notice that as ®—0, C(®) — 70 and that as ®— o, C(®) —0. The precise definition of practical

F

. . 0 .
resonance occuring is that C(®) have a global maximum greater than 7 on the interval 0 < @ < oo .

(Because the expression inside the square-root, in the denominator of C(®) is quadratic in @ it will have

at most one minimum in the variable @ , so C(®) will have at most one maximum for non-negative . It
will either be at ® = 0 or for ® > 0, and the latter case is practical resonance.)

Exercise 6a) Compute C(®) for the damped forced oscillator equation related to the previous exercise,
except with varying damping coefficient c:

x'"'+cx'+26x=82cos(wt). &—
6b) Investigate practical resonance graphically, for ¢ = 2 and for some other values as well. Then use

Calculus to test verify practical resonance when ¢ = 2. C=0
w = (/
C (w\ = L ° 2
(26-w 4 &w°
z (X2
/

VG ¥

| > restart :

| > with(plots) :
82

> C:= (0,c)—

B (26—0)2)2+c2-032

> plot(C(w,2), ®=0..20, color = black, title = “practical resonance when c=2");

practical resonance when c=2
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> plot( C ( 0, .2 ) , ®=0..20, color = black, title = 'serious practical resonance when c=0.2 ‘);

serious practical resonance when c=0.2

401
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> plot( C( ®, 5 ) , ®=0..20, color = black, title = "barely practical resonance when c=5 ‘);

barely practical resonance when c=5
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> plot( C ( o, 8 ) , ®=0..20, color = black, title = "no practical resonance when c=8 ‘);

no practical resonance when c=8
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The mechanical-electrical analogy, continued: Practical resonance is usually bad in mechanical systems,
but good in electrical circuits when signal amplification is a goal....recall from earlier in the course:

R circuit element |voltage drop units
1 inductor LI'(t) L Henries (H)
r o : (&
Vit Q}) Q “' resistor RI(t) R Ohms (£2)
| @ vorssesoce capaci 1 C Farads (F
: Py capacitor TQ(’) Farads (F)

http://cnx.org/content/m21475/latest/pic012.png

Kirchoff's Law: The sum of the voltage drops around any closed circuit loop equals the applied voltage

V(t) (volts). /\'L" L0 "CJ
ForQ(t): LQ''(1)+RQ' (1) + %Q(r)zV(t)on sin( 1) *2‘,,\\
ForI(¢): \DI'' () H\RI' (¢) + é[(t)zV’(t):EOwcos(mt). ol x" ke’ Yk =(F posiol

Transcribe the work on steady periodic solutions from the preceding pages! The general solution for 7(¢)

is
1(t) =Isp(t) +%€;.o

: T
Isp(t)ZIocos(wt—oc) =I,sin(0r—y), y=o— 5

X.,tlﬂ’i Cen (_lvs (wt-w)
Fo By

Clo)=+ = (o) -

1 2
_ 2 o
C Lm) + R

| 4 £
{ / Ca) —Lco +R2 /

1 2
The denominator / ( <o — L oo) + R? of I () is called the impedance Z( ) of the circuit (because

the larger the impedance, the smaller the amplitude of the steady-periodic current that flows through the
circuit). Notice that for fixed resistance, the impedance is minimized and the steady periodic current

amplitude is maximized when =Lo,ie. I', o i
Co ( = Lw
1 . . Cw ~
C= 5 1f L is fixed and C is adjustable (old radios). 3_’_ -
Lo Ce @

L= ! 5 1f Cis fixed and L is adjustable
Co
Both L and C are adjusted in this M.I.T. lab demonstration:
http://www.youtube.com/watch?v=ZY gFuUI9_Vs.
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Mon Mar 27: Continue and maybe finish Friday's notes on section 5.6, forced oscill#ion phenomena

Tues Mar 28: Pendulum and mass-spring experiments from last Tuesday (notes included here, though).
Then begin Laplace Transform, 10.1-10.2

Experiment discussion: Small oscillation pendulum motion and vertical mass-spring motion are governed
by exactly the "same" differential equation that models the motion of the mass in a horizontal mass-spring
configuration. The nicest derivation for the pendulum depends on conservation of mass, as indicated
below. Today we will test both models with actual experiments (in the undamped cases), to see if the
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Pendulum: measurements and prediction (we'll check these
> restart:

Digits := 4 :

(> [ =153, m
g = 9.806;

W = % ; # radians per second

f= evalf (w/(2- Pi)); # cycles per second
T = 1/f, # seconds per cycle

L= 1.53

g = 9.806
® == 2.531629974
fi= 0.4029214244

T = 2.481873486
Experiment: —
1o uad:-s V243 24.7¢
24.$ L4.67
‘zq . Sg 2‘{-6
24.¢ \o
Mass-spring: 2 :c‘ 65
compute Hooke's constant: 24-6%

4.9
> 98.7 — 83.4; #displacement from extra 50g

153 # solve k-x=m -g for k.

> m =

| k
W = P ; # predicted angular frequency

numbers).

) red/sec .

'-'achs/uc :
Uc catc-l

e = 2.406
el —

15.3 /186 m
L . 05:9.806

k= 3.204575163 / l< = 3.14%
.1; # mass for experiment is 100g

W=, /3 -
o\
0) .
f = evalf ( S Pi ] ; # predicted frequency
1
T := 7; # predicted period
m = 0.1
® = 5.660896716 5.60G
f= 0.9009596945 .82
T := 1.109927565 (.\2
Experiment:
20 c.ca,c(l- PAY e
2247 21.$
13.%¢ —
2517 B e :l 16 see
13.07 20 cy —

%.17
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We neglected the KESp”.ng, which is small but could be adding intertia to the system and slowing down the
oscillations. We can account for this:

Improved mass-spring model
Normalize TE = KE + PE = 0 for mass hanging in equilibrium position, at rest. Then for system in

motion,

KE+ PE=KE  + KE + PE

s spring work "

X
1 1
PE —Jksds=—kx2, KE _=—m(x' (1)), KE . =77
0

work 2 mass 2 spring

How to model KESp”.ng ? Spring is at rest at top (where it's attached to bar), moving with velocity x’ (¢) at

bottom (where it's attached to mass). Assume it's moving with velocity i x’ (¢) at location which is
fraction | of the way from the top to the mass. Then we can compute KESp”.ng as an integral with respect

to U, as the fraction varies 0 < u < 1:
1

1 ) 2
KEspring _J 5 (ux (t)) (mspring d},t)

0
1
1 , 2 2 1 , 2
= g (¥ (D) J Wdu=-m, . (3 (1))
0
Thus
TE=~(m+ (O + Sk = M () + kA
where
1
M=m+ —ﬁ
3  spring
D (TE)=0 =

Mx"(t)x""(t) + kx(¢t)x'(¢t)=0.
x'()y(Mx""+kx)=0.
Since x’ (¢) = 0 only at isolated #- values, we deduce that the corrected equation of motion is

(Mx"" +kx)=0
with

Does this lead to a better comparison between model and experiment?
> ms = .011; #spring has mass 11g

1
M= m+ 3 ms; # "effective mass"

ms = 0.011
M = 0.1036666667 5)




>

3.14%

/
- ..wﬂ |<_= 3.14%
W= Y # predicted angular frequency
f = evalf ( % ] ; # predicted frequency

1
T := 7; # predicted period

o = 5.559883146 .500

/= 0.8848828855 876
T == 1.130093051 .1y
—

©)



10.1-10.2 Laplace transform, and application to DE IVPs, including Chapter 5.
linea~ 4 romefovriahio. |
+ This new material having to do w1th the Laplace Transform will help you review and solidify the ideas
in Chapter 5. It will not be tested on the second midterm, but will show up on the final exam.
n Pu"‘- .

«+ The Laplace transform is a linear transformation "L that converts ewise continuous functions

|Lt defined for # > 0 and with at most exponential growth (| f(¢)] < Ce ffor some values of C and
M), mto functlonle ) \defined by the transformation formula

6\\“‘7“" @ —st u%\r
Fs)=Lf(0)) = | flne"dr. e (st
=S
"l cCe e =Ce
SYM

o Notice that the integral formula for F'(s) is only defined for sufficiently large s, and certainly for

s > M, because as soon as s > M the integrand is decaying exponentially, so the improper integral from ¢
=0 to o converges.

@ The convention is to use lower case letters for the input functions and (the same) capital letters for their

Laplace transforms, as we did for f(¢) and F'(s) above. Thus if we called the input function x(¢) then we

would denote the Laplace transform by X (s).

Taking Laplace transforms seems like a strange thing to do. And yet, the Laplace transform £’ is just one
example of a collection of useful "integral transforms". -£"is especially good for solving IVPs for linear
DEs, as we shall see starting today. Other famous transforms - e.g. Fourier series and Fourier transform
are extremely important in studying linear partial differential equations, as you will see in e.g. Math 3140,
3150, physics, engineering, or Wikipedia.

Exercise 1) Use the definition of Laplace transform
Fis)=LUW0)s) = | fe™ ar
0

to check the following facts, which you will also find inside the front cover of your text book.

L)) =+ (s> 0)

b £{e" Y (s) =
¢) Laplace transform is linear, i.e.
e[’{fl(t) +f2(t)}(s)=Fl(s)+F2(s).
L{cf(t)}(s)=cF(s )

d) Use linearity and your work above to compute £’ {3 —4e ’}(s ). /‘\
-st $)eo
e e

s>oifo €R,s>aifa=a+kicC)

-st
Q). Y 11¥ 'S 1e* at = ] =€ _ L SY0 , =0
-5 o -9 -9 ’
o0 A = L =t
t «t _ot + ¢ 7lg
b 1) = SC e dt & (® - BNE S7e
) I{e .j S) . < S e(x s)&dt _ e( 9t * —0. L 67 Ra )
-5 «-$

)

¢) r{C.F\(H’f&&“ﬂ\(S) ’ T 7_‘_
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st
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~sE = -st
o\ ffe 4t + ¢ 4 lne dt
0 (/]

= ¢, Fls) + o Rlg)
&
L)
). £ {34879 =30 - e
S _y4y_t_ = 3. a4

S $--2 S s+

For the DE's like we've just been studying in Chapter 5, the following Laplace transforms are very
important:

Exercise 2) Use complex number algebra, including Euler's formula, linearity, and the result from 1b that
I{e(a+ki)t}(s)= 1

s — (a+ ki)

to verify that | had
/a) L{cos(kt)}(s) = s \'!:‘ S?wskf)e.stu:

B S+ o
I Lsinlkn ) = 5
\/g) L{e cos (k) }(s) = (Sj;2“+kz Fr=athke

k

l/d L{e sin(kt) }(s) = (s—a)2—|-k2 .

(Notice that if we tried doing these Laplace transforms directly from the definition, the integrals would be
messy but we could attack them via integration by parts or integral tables.)

f{eM e = <k
= z(i okt + a:s«'.\ht'j (s
RO g
< TSL-t 4 2 =,
(arki)t LI st
¢d.) i{ ) 7} VT ek (

s-a) -l "
_ | (s-a) +ch - S-2 $£¢
e { et skt +te tsmLt} (s) T -tk Geayrck (s-at e kT
" - . -

: k. _ $-a s bk
1 { th MSL{ES) + i{eq _slhttt} (§) — (ol 4 I (s-a)t+ |2

————




It's a theorem (hard to prove but true) that a given Laplace transform F'(s) can arise from at most one
piecewise continuous function f'(#). (Well, except that the values of fat the points of discontinuity can be
arbitrary, as they don't affect the integral used to compute F'(s).) Therefore you can read Laplace
transform tables in either direction, i.e. not only to deduce Laplace transforms, but inverse Laplace
transforms £ =1 {F(s)}(¢) =f(¢) as well.

Exercise 3) Use the Laplace transforms we've computed and linearity to compute

) AN, S L P
s Y416 2 +16

— 7 _‘_:['s"“t\{; -0 ws4t Z‘{-C(l:“‘l(C\: O

| n\lxs sl b i
/2\ {wizo
“
/ﬁ
) Fs) = j Fiest dr
t 0
il = cet fors > M
¢ J,(0) F e, (1) ¢ F (s) + ¢ F (s)
1 1
- s>0) .
et 1 R
>N
cos(k ¢) 5 i 5 s> 0) R - le ':v.'
sin(k 1) k . 4
* - sindd -_—
s+ K2 (s>0) S"* [L
edlcos(k t) (s —a)
R ¢
& lsin(k 1) k
(s —a)2 + k2 (s > a)
1) s F(s) — £(0) . ';f_ { 3’(6)}(5\ = SI iglt)} ) — 3(0\
S0 $2F(s) = 5 f(0) = f'(0) . I i f”m} (s) = si{ £y ) = £/

Laplace transform table (et alﬁ) = §'[¢)

L{s whtn=s (s F(9)- £ —§(o)

= S FE() -sfa-410)



The integral transforms of DE's and PDE's were designed to have the property that they convert the
corresponding linear DE and PDE problems into algebra problems. For the Laplace transform it's because
of these facts:

Exercise 4a) Use integration by parts and the definition of Laplace transform to show that

L{S () }s) =s L{f(D)}(s) —f(0) =s F(s) —f(0).

4b) Use the result of a, applied to the function f” (¢) to show that
r ! 2 ’
LS (1)} s)=5"F(s) —sf(0) —f(0).
4c) What would you guess is the Laplace transform of """ (¢) ? Could you chegk this?

‘]’a.\. Z {f (t)}(ﬂ = S &({\e ‘H .': uv]:’ ~ gvdu.

r-4
0 . -
- '5*" A= -sesEat
= f'mdti sm

($ll< Ce™® = -“;m] S‘Ht)(—s)e 4+

ST M
571 =0- .(lm +SS foe’ alf-
= SF(s\ £ (o)

Here's an example of using Laplace transforms to solve DE IVPs, in the context of Chapter 5 and the
mechanical (and electrical) application problems we just considered there.

Exercise 5) Consider the undamped forced oscillation IVP
x""(t) +4x(t) =10 cos(3 ?)

x(0)=2

x"(0)=1
If x(¢) 1s the solution, then both sides of the DE are equal. Thus the Laplace transforms are equal as well...
.s0, equate the Laplace transforms of each side and use algebra to find-£" {x(#) } (s) = X(s). Notice you've
computed X (s ) without actually knowing x(¢)! If you were happy to stay in "Laplace land" you'd be
done. In any case, at this point you can use our table entries to find x(¢) = £~ {x(¢) }(s).

(Notice that if your algebra skills are good you've avoided having to use the Chapter 5 algorithm of (i) find
x,, (i) find an x, (iii) x = x, + x,, (iv) solve IVP.) Magic!

M 2xam i-_ DE s tre fn slh- x(€)
xq= Ceostt basiall g X xl0+ dxuill) = L § 0wty
= Auwsit S‘IX(S)","_(&‘)’:‘_,-(-:) + ‘}X(s)—_- o %_
K= /A wes3t ke wsnt A s+
k¢, sintt X(s)(¢+9) = ‘Z:ﬂ
$
slve Pl \ 25 1
‘ s) = los + +
KO = o * Fm " e




= los . + ﬁ_ 2
X(ﬂ ((s"-bq)(s"f‘n) "3

= ( )4..2—5-—4__‘.—
$*+ 4 s+‘l sty sty

X(ﬂ" 7'_1 _‘_Zé & 24

e 249 Thg T ay
X () = ,5. P 2s
ot +Yy §hry

l xl{) = Y w2l ¢ 15m2£ -luogBL’\
[> with(DEtools) :

> dsolve({x"' (t) +4-x(t) = 10-cos(3-¢),x(0) = 2 x'(0)=1}); #to check
[x(t)Z ; Sm(27) + 4 cos(2 1) —2cos(3t)w )

Exercise 6) Use Laplace transform as above, to solve the [IVP for the following underdamped, unforced
oscillator DE:
x""(t) +6x'(t) +34x(t)=0

x(0)=3
x'(0)=1
> dsolve({x"' (t) + 6-x"(t) +34-x(¢t)=0,x(0)=3,x"(0) =1}); # to check
x(t)=2 B sm(5z)+3e‘3’cos(5t) (8)

[>
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Finish Tuesday notes on Laplace transform introduction, and thert review for Friday midterm exam.

Exam 2 Review Questions
Math 2250-004 March 2017

Our exam covers chapters 3.6, 4.1-4.4, 5.1-5.6 of the text. Only scientific calculators will be allowed
on the exam.

+ remember to get to class a few minutes early. The exam will be from|10:40 - 11:40 a;.] Graphing
calculators are not allowed, only scientific ones.| Symbolic answers are allowed, although a scientific
calculator could give you confidence on an amplitude-phase calculation, for example.

I try to find problems that touch on most of these key topics. I've put *'s next to topics which have higher
probabilities of appearing on my exams, although anything we've learned is fair game.

Chapter 3.6: Determinants. Approximately 10% of the exam could be related to this material.

Be able to compute |A| for a square matrix A using cofactor expansions, row operations, or some
combination of those procedures.

* What does the value of |A| have to do with whether A ! exists?

IAL£0 & rref (AV=T & A wisls & s&/t; Jr;

&lm-y exist A are m’a(«n.

What's the magic formula for the inverse of a matrix? Can you work with this formula in the two by two
or three by three cases? Can you use it?

Al S A = -—Q»F(A))T

[:L b "‘_ | 4 -b

c d ad-be |7¢ &

)



Chapter 4.1-4.4
Approximately 40% of the exam will deal directly with this material....but much of Chapter 5 uses these

concepts, so much more than 40% of the exam will be related to chapter 4. (And, as far as matrix and
determinant computations go, you should remember everything you learned in Chapter 3.)

* Do you know the key definitions?

vector space : a collechina fb G’LJ'Qc_"‘S VA »\Lo?_-]-h. wnHL .-+:. ve efon add porn
Suck H A7 sealon mdpliadin

= & vo (3
a_ linear comblnatlon) (‘))ii co’lleccgo(rf;': v, Y, C:fyéof vectors P m\' l\ﬁ <+fR o.:i\ QT
1§ any Sanm z SC&.QJ\' M‘A’[‘w h"‘—e’l N ”2 abd -Fol— ‘L'-A"f}“ﬂ‘-‘
07) WW\, - -e Qy:j 5 Qare +'.""L)

v-ci,’+c,v+ LRy
linearly independent vectors y VY, . Y
{v‘.\?;, _.vl:} Y3 (cmm(a M%M-" »{: aud o\a f

Y, 46% + -t 420 € C,TGTEG 0

linearly dependent vectors v, v , ... v, 5 o . .
(~o-" lncU[:—k-Ju\ e, Sewme O\, +GY 4. '«-cl‘\/ =0
wheg ot A 4'5=0

span of a collection of vectors { Y, ¥y, yk}

Sr"“" i"n Vay "VL‘S = Ha bol(tc-.l:‘kﬂz all linear “"“‘6"’“1("”‘5'
= { c':/" + (2.;;," --'-4' CLVL / Ch('l) = Cké/R}



subspace of a vector space \/
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r.Q. ) f )J EW = J—‘j eWwW ( W M-{:PL'C«
basis of a vector space“\/nk B) _‘fé \/\/, ceR= CJC ¢w Se '2 ;4;“% \\;e 0-‘{1)»)
e eollaehor~ 0(' vec foe {5(:":‘:23—- J—L} i~V

So ‘H»JJ-. t'+ SraV\S V4 (;',e. SPQ}\ {f,,[z,” }L} :V-)
* {:F";'z)--- }h'l' s ll'r%la, O :(.f“ L 7’—
dimension of a vector space V /_“.' ' & Yth/ V
Ha o 6] veerns 1nn & Dag's
- (6 (e vecfuns S:w'u be [rmean! sz,mla.__y
')ce”m" H"'l"') N fa../vZ’-n SP‘“ V4

+ Subspace examples from Chapter 4, involving the concepts above

the space of solutions x to matrix equations [A4 [x =0 | f A ot ‘Hv\, S "e'/KS ','2
)

o Az=0 awin R
s span{y ,v,, ..» 'J-"’ ,__,'_{R\m
¥4 {_19 9 _k} [} \(l 'Vz’ -.ch
rhair Sravv s a Sthr&u "1) Rm
* Subspace examples from Chapter 5

« solution space to homogeneous linear differential equation for e.g. y = y(x) on an interval / , i.e.
solutions to

Ly)=y"+p, )"V + 4 p (x)y +py(x)y=0 innp et
&SU\».P‘,)"L

. span{yl,yz, yn}



*+ What does it mean for a transformation L : V'— W between vector spaces to be linear?

Swms o Sums & s“Qm. MJ'LPU, +\: SCJM Pv»k,aitip(&

L +&L‘1$
t.e.
() L(7|+Y,_') = Lly)+ L(ﬁ)
() L 17\ T c L(y) hold ‘F"l\al( ‘au"l-,_,,‘]é\/
Chapter 4 examples? ~ L FM célR
L(%):~ A’(. } Aw\%w H“; I.O“hs L R~
IR W & SubS Pet2 f[)
Chapter 5 examples? o (e ‘,) Hy s }SP “::“‘o x‘,. MCMK;M'),{
‘Fv'ua(x) Ly = '3 * P.\..'a *T|3 foy wh 0, les-Hdl sl X'H
[_qu,(o"w-s x (] =9, 0w a.ngrwz

*+ What is the general solution to L(y) =f, if L is a linear transformation (or "operator") in rb

terms of particular and homogeneous solutions? Can you explain why?
‘7 = YP Yu wkp\n Jp 1S an sw\jh w*c.oﬂaw s~
Jl’) SJ ('}LL '%w?aq&ks Pwk(ﬂm)
X ’aH (;-PLz QMAQS"QA/{-\’M L‘M&

w, L(y) 0.
1
by of LGy~ § - f ale Ly f
- \ :
LA AN
~ 4 Se Yl,yf’ (s syw(e\ow{dv



Chapter 5
About 50% of the exam will be related to this material.

* What is the natural initial value problem for n'™ - order linear differential equation, i.e. the one that
has unique solutions?

L(y) = y™

+p, T L p () py(x)y=f(x)
y(xo) = bO
Y'(%)=h

VP

y(n_l)(xo):bn—l

* What is the dimension of the solution space to the homogeneous DE
-1 ,
L) =y" +p, @ e p ()Y py(x)y =0 2

Why? dimeinea = h hecanse Ha n .-M-L-J? condnhions m‘«,.ﬂelﬁ
de levmant o So|uhin- (x)

* How can you tell if {yl (%), ¥, (x)5ep, (%) } is a basis for space of solutions t0 the homogeneous DE

“'n

above? C,'Z.L"p) L 'h(l,,) .- +<"ﬂa(xﬁ‘\: Lb

1§ eack VP fin 9/ 08) + e, g &~ +oy) = by
L(y\ =0 L\acs au+u:~«‘1kf_ Wf?’ m)w seln: A Ger? \ 4 + e ("‘"( )"‘L‘

How is your answe\z e.lbox;;r‘elate"a“t’b’a Wllonsk‘i‘az‘inat ix.arld the Wron‘s‘kian :germ.il;;lnt? ‘3“ *

st (Wl ) 70 (o4 )

Sina -H,\_,;[- S»’s‘-evw s ‘(’{\9— lm,..‘l‘)w‘x $7Sl¢m—~
P'j'(""‘) YACH Yo (xy) E 1 [b |
LS I ) Wy ||& by

¢\

(aen ' (heo
Y, (%) Yn bp LS .,L"-"\

o

Ond -'} U\)Nk_sla'c\w JJ—* FO0 af X,
Hou iln'sf‘g MM"?M Z_’ Sfeu\.'h\] ‘ML
e fALY S7sl—¢4~.



* How do you find the general solution to the homogeneous constant coefficient linear DE
L(y) = any(”) -l-an_ly(”_l) + .. +tay +a,y=0?

(your answer should involve the characteristic polynomial, Euler's formula, repeated roots, complex
roots.) (Do you remember Euler's formula? Can you use it in the various ways we've seen? Do you

remember the Taylor-Maclaurin series formula in general? For €', cos (x), sin(x) in particular?)

+H7 j=e”‘ =) L(Y) < eh( (r"+ %, " -~tar +Ro) =
L/\/"_—_/
4 (") canacdrshe poly,
. A e F "

ey

¢ voots oy rb P veld Sreih.g e
o dadda otz &[soy\/ldo( xek X k.

VH:C‘Y\"“L‘{J""%%\_ ¢ Lom—plex ok = -t

7’1QU. covplex aanLN& sl b,
Via Eln e€ = s h;-x@ Lx'ﬁn,{'

3\,\3-,, Y & Hoane

ax

L rea slhs e toshx | X sinbn

Do you know how to find particular solutions to constant coefficient non-homogeneou's hnear DEs
L(y):—any()-i-an_ly(n )+...+a1y +a,y=17 2

* using undetermined coefficients

(ool -For SW&.[L!QL sw{;grau \/\/ wall, :S-CW
R oso ot |t W—av\/

Casel o ""’M‘l}"“"‘g Soeo{\n.s in \/\/ Lxc-(f‘l' ’c’l Lt fu’*
Han 03,2.-{- w\-\mlu\q \/
[’
*  Can you solve [VP's for solutions y( ) to 3""2“ lﬁa X
Ly)=y"4a, " U+ +ay —|—a y=Ff(x SM(US"’ S So

y(xo) - bo -HVJ- M Snﬂ‘

sk Tt g T g e GT b T
¢ Selwe (VP lrxa, Salwuj He re;,,_@l—.)j s-rb;.,fpu—v,c.,c-z,-'cw



* What is the governin

5.4,5.6, EP3.7 Mechanical vibrations and forced oscillations; electrical circuit analog
second law)? units?

econd order DE's for a damped mass-spring configuration (via Newton's
x (t):
mx” + cx’ 4+ kx = F(t)
Lac lean haass & |<3
hag ’S—oru_ (MM“‘S

C: N_S_ ~ k
( N= L%—— ‘“""‘L‘>> L N/‘M ¥

* What case of the govermng DE leads to unforced damped oscillations? What four phenomena have
we discussed for unforced oscillation problems, and how to they arise? (Hint: one is undamped; three are
damped.)

x4 cx/ +lex= O

. s.:w\?u hartetine o h'o-

(rY=mr rert e
(C = 07 P(r\ fvv\ajl'hﬂ:j woh
a\m?n‘p\j Y

® OV'U\_WA—

(r) veols ¥, < <O
® L.V‘\']t\‘c...((\:& Ota*'\fl . dontle oot F=r <0
3 W\-AJNAN\«-HA F(V') = —-at Cu'i:.
*  What are the forms of the solutions in these four cases?
c=0:

’(H = Q boSwof +C, Sl‘hmo‘l: = C tos ("Uo{ "") wo:/r‘_;_
t kot
cro cce' & Y. rn<o
. (s'\rm.-o(arnfuvt X < ,t ¢ £ 't (PR
X=Ce  +te
= <t .
¢ Undun — oLowv\ful K= e_h L((lboswlt + C,_s;mt)

e ( C tos (w,{-.— )
Can you convert a linear combination 4 cos (® ¢) + B sin(®¢) in amplitude-phase form? Do’you
remember the addition angle formulas? Can you explain the physical properties of the solution?
3)
LY

Acos(wt) + Bsin(wt)
o \€

A

¢ Cwvs .-ln OLAMAPJA

%

=Ccos(wt—a)

C=/Arr>

cos = £

?A

Sihnek =

NI

+av\°( = &



*  What are the possible phenomena with forced undamped oscillations (assuming the forcing function
is sinusoidal) and how do they arise?

mx'"(t) + kx(t) = Focos(c) t) or Fosin((o t)
. . ~ - < o t - WS"ot
LQA"I‘W:B ww, l/%. , wWZw, ’% A’( Sw ,}
Pwu~ .

o raSnm~anc W""Wo KF =4 (Awao‘l; + &Slv\wo'b)
* What are the possible phenomena with forced damped oscillations (assuming the forcing function is
sinusoidal)?

mx'' (t) +cx'(t) + kx(¢) =F0cos(0)t)

° \>rw\-’c.o-Q 2 s oo

= = - wAH w2 W,
plb) = Xp C cos (ot - o) ad € Small L

Sheody anphide C = Cly)

. W h
* Can you solve all initial value problems that arise in the situations above? 'S |
yes. ([ C(w) has a max
l con vou') valre ot S0
Can. Y . VO“ Yo
O-F\‘haL X * ugCe X;XP‘-XH

¢ fred xp 4o sle WP

For deeper review, consult class notes and examples, quizzes, and homework+lab problems.



