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5.4:] Applications of 2" order linear homogeneous DE's with constant coefficients, to unforced spring
(and related) configurations.
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In this section we study the differential equation below for functions x(#): %

mx' ' +cx'+kx=0.
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In section 5.4 we assume the time dependent external forcing function F'(¢) = 0. The expression for
internal forces -c¢ x’ -k x is a linearization model, about the constant solution x = 0, x'= 0, for which the
net forces must be zero. Notice that ¢ > 0, £ > 0. The actual internal forces are probably not exactly
linear, but this model is usually effective when x(¢), x’ (¢) are sufficiently small. kis called the Hooke's
constant, and c is called the damping coefficient.
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wa"'f cx’tkx = O !

This is a constant coefficient linear homogeneous DE, so we try x(#) @nd compute

L(x)=mx""+ cx’-l—kx:e”(m P+ cr+k) =e”'p(r)
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The different behaviors exhibited by solutions to this mass-spring configuration depend on what sorts of
roots the characteristic polynomial p () pocesses...

Case 1) no damping (c = 0).

— mx'""+kx=0
x”+ix=O. P(r)': hr‘t*k:o
pr)=F+ 20

has roots v=a4bs ert tomplex

IS ie. r==%i * ] Xlt) = e“iws'o’c srlh
m m

- at_. -
So the general solution is YW= R7"Sin b t lm
az0

x(t):CICOS(\/;_t) +czsin(\/7%_t) 4 bi'l’zh

h&d.l‘ﬂv\s 'h,.& . . .
We write| / —- = )|and call i, the natural angular frequency . Notice that its units are radians per

time. We aiso teptace-the linear{combination coefficients ¢

general solution to

1 G by 4, B. So, using the alternate letters, the

x”+0)02x=0

x(t)=A4 cos(mo t) + Bsin(ooo t) :

This motion is called simple harmonic motion. The reason for this is that x(#) can be rewritten as

x(2) =Ccos(0)0t—0c) =Ccos(0)0(t— 8))

in terms of an amplitude C > 0 and a phase angle o, (or in terms of a time delay 9).



To see why functions of the form
x(t)=A4 cos(wo t) + B sin((;)0 t)
are equal (for appropriate choices of constants) to ones of the form
x(t) = Ccos((;)0 t— oc)

w@ ¢ sit@ = |

eos (A 4b) = coga cosb ~simasmb

Sin(a+ b) = tosa sinbs & Stwacog)
s Loamtams all 2

we use the very important the addition angle trigonometry identities, in this case the addition anglm‘ .
cosine : Consider the possible equality of functiong

l ﬁos((on 1) + Bsin((no t) = Ccos(mot— OLB

| S Sgstaib! = Loba cosh — smms.‘ub
Exercise 1 )\Use the addition angle formula cos(a — b) = cos(a)cos(b) + sin(a)sin(b)-to show that the
two functions above are equal provided - = coSa WwSl-b] — Sina Sin(-b

A= Ccos o
B=Csinao .
So if C, o are given, the formulas above determine 4, B. Conversely, if 4, B are given thén

c=JA4+5B

A B
e cos(a), rn sin( o)
determine C, o. These correspondeng,es are best remembered using a diagram in the 4 — B plane:
t + Bsinwt = -
Lﬁwao BSahw COOS (wo'!'_ <) 8 . (A/B’)

= C [o‘,(> wp-l-_ wso + sinv%{s‘n'm]

‘:.C 5=, \‘fsl"g{, ¢ CS:‘nu sfv\w;t

t

\\ ) ’,’i
B'— CSIV\.&

2 o7 2 ..
= A+B :C._:o("-t* C sina

C
[ Co /AR

.%-:Ovsol

(gl

= Sing




It is important to understand the behavior of the functions

A cos((oo t) + B sin((z)o t) = Ccos(coot — oc> = Ccos((oo(t—- d) )
and the standard terminology:

The amplitude C is the maximum absolute value of x(¢). The time delay & is how much the graph of
C cos ( O)Ot) is shifted to the right in order to obtain the graph of x(¢). Other important data is

(O]

f= frequency = cycles/time

2T
T

[\

T = period = = time/cycle.

the geometry of simple harmonic motion

simple harmonic motion

— — time delay line - and its height is the amplitude

_____ period measured from peak to peak or between
intercepts

(I made that plot above with these commands...and then added a title and a legend, from the plot options.)
| > with(plots) :
> plotl = plot(3-cos(2(t— .6)),t=0..7, color = black) :
plot2 == plot([.6,¢,t=0 3 ], linestyle = dash) :
plot3 := plot(3,t=.6..(.6) + P, linestyle = dot) :

Pi 5-Pi
plotd = plot(O 02,¢t=.6 + Tl .6+ VR , linestyle = dot)

;> display ({ plotl, plot2, plot3, plot4});
>




2x"+18x =0 N

Exercise 2) A mass of 2 kg oscillates without damping on a spring with Hooke's constant k=18 — . It
—_— m

xlo) =1

is initially stretched 1 m from equilibrium, and released with a velocity of 5y x)T 3 4
2a) Show that the mass' motion is described by x( _ti_)UsolVing the initial value problem
x""H9x=0
x(0y =T ——w'=9
3 -
x'(0)= 2. W,z
2b) Solve the IVP in a, and convert x(¢) into amplitude-phase and amplitude-time delay form. Sketch the

solution, indicating amplitude, period, and time delay. Check your work with the commands below.

(?(r)-.' r2+‘1 =0

v =-9 £t
r = £3 €
% 817 A cos3l + Bsivdt A1) = =3A simdt +3B syt
(vP x(0)d1 = A X' 1= 0433

= g ofB 4]

Xl{\: Ws%t + ‘7‘:5\.7\34’

C eos (3t-«) e m*r\::ilf:;(ie

C = (AR =ias Cow:‘,T'-—;-;
® L ]
~ + («,.s? d = .S
K6) F L2 eos(3t-90) ST _£L T i
- i A -
;> unassign('x’); = 112 o8 (7»(’:-.19) ‘ P -:Ts='s
> with(plots) : L =.46 vad
with(DEtools) :
3 wW=3 rad/ye
> dsolve({x”(t) +9-x(t)=0,x(0)=1,x’(0)=E}), S‘ -3 “a"(“/uc
L < 2n
| > plot(rhs(%),t=0..5, color = green); T = 7%‘ S&e./a‘,cl(
>
- .12 .,-
_ Lt
2
=L -




+ Then, if time, discuss the possibilities that arise when the damping coefficient ¢ > 0. There are three
cases, depending on the roots of the characteristic polynomial:

Case 2: damping
mx”—l—cx’—l—kaO

k
x''"+ —x"+—x=0
m m

rewrite as
2
x"'+2px'+ wyx=0.
c 2k . L
=75 _,0,=— ) The characteristic polynomial is
2m n,
2 2
rr +2pr+wm,=0

which has roots

'2p+ | 4 p —40)
p+ /| —w

2a) ( p > 0) , or > 4m k). ‘overdamped }In this case we have two negative real roots

rp<r, <0 =-|’ l/—-’_'
and —_— "P"'l/_::,? <O

" r - r2) t
x(t)= cle + c, e = + c,
+ solution converges to zero exponentially fast solut{on passes the ough equ111br1um location x = 0 at

most once.
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2b) (p —a)z,orc —4mk)|c 1t1ca11ydampedlDoublerealrootr =r, ——p———
-pt
e?

l =e P! c +c t) )
+  solution converges to zero exponenfially mng gh x = 0 at most once, just like in the
overdamped case. The critically damped case is the transition between overdamped and underdamped:

2 —_— l’ 2_.n =.
20) ( p2 < ®,,or F<4dm k) |underdamped|. Complex roots P (""
< L r .
r——p+/p—(0 =-ptio w Pt
w

[T <o LR
withw, = [ o) —p~ <. €’ wswt, ¢ '&Sw\;{:
x(t) = e_pt(A cos( @ t) + Bsin( @ 1)) =e” thos( o= ocl) .
+ solution decays exponentially to zero, but oscillates infinitely often, with exponentially decaying
pseudo-amplitude e ” ‘C and pseudo-angular frequency o,, and pseudo-phase angle o, .




Exercise 3) Classify by finding the roots of the characteristic polynomial. Then solve for x(¢) :

3a)
— x'""+6x'"+9x=0 P(r]
\ cril .‘ull.\s x(0)=1
L °\°~1v'\( ()=

;> with(DEtools) :

> dsolve({x”(t) +6-x'(¢) +9-x(¢) =0,x(0)=1,x"(0) = %}j,

_ 9 _
x(t)=e3t—|—ge3tt
>
3b)
x""+10x"+9x=0
x(0)=1
3
"(0)y=—.
x'(0) =3

> dsolve({x//(t) +10.x/(t)_|_9.x(t)=0,x(0)=1,x’(0):%}j;
25 e

x(t)— 166 —ge
>
30
x""+2x"+9x=0
x(0)=1
Sy = S
x(O)—z.

> dsolve({x”(t) +2-x'(t) +9-x(¢) =0,x(0) =1,x" (0) = i} :

2
x(t) = 2 J2 e 'sin(22 1) + e cos(22 1)

= 4 b6r49q

= (e a3y
~3tk

=3
x£1= ¢, € + ¢ te

0y

()]

(&)



;> with (plots) :

1
> plot0 = plot(cos(3-t) + ?~sin(3-t), t=0.4, color = red) :

plotlia = plot(exp( -3:1)- (1 + %-tj, t=0.4, colongreenJ :

21 5
plotlb = plot(ﬁ-exp(—t) — E-exp(—9-t), t=0.4, coloerlue) :

5 . -
plotic == plot[g- \/76 ! -sin(2\/7 ~t) +e " cos(2 \/7 t), t=0.4, color = blackj :
display ({ plot0, plotla, plotlb, plotic}, title = "IVP with all damping possibilities *);
IVP with all damping possibilities




