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5.4:] Applications of 2" order linear homogeneous DE's with constant coefficients, to unforced spring
(and related) configurations.

Friday Mar 10

In this section we study the differential equation below for functions x(#): %

mx' ' +cx'+kx=0.
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In section 5.4 we assume the time dependent external forcing function F'(¢) = 0. The expression for
internal forces -c¢ x’ -k x is a linearization model, about the constant solution x = 0, x'= 0, for which the
net forces must be zero. Notice that ¢ > 0, £ > 0. The actual internal forces are probably not exactly
linear, but this model is usually effective when x(¢), x’ (¢) are sufficiently small. kis called the Hooke's
constant, and c is called the damping coefficient.

S5y mx"ted e kx= O

X|t)



wa"'f cx’tkx = O !

This is a constant coefficient linear homogeneous DE, so we try x(#) @nd compute

L(x)=mx""+ cx’-l—kx:e”(m P+ cr+k) =e”'p(r)

—d

—

The different behaviors exhibited by solutions to this mass-spring configuration depend on what sorts of
roots the characteristic polynomial p () pocesses...

Case 1) no damping (c = 0).

— mx'""+kx=0
x”+ix=O. P(r)': hr‘t*k:o
pr)=F+ 20

has roots v=a4bs ert tomplex

IS ie. r==%i * ] Xlt) = e“iws'o’c srlh
m m

- at_. -
So the general solution is YW= R7"Sin b t lm
az0

x(t):CICOS(\/;_t) +czsin(\/7%_t) 4 bi'l’zh

| l redians/b0 |
We write| / —- = e and call i, the natural angular frequency . Notice that its units are radians per
time. We mmmﬂke linear{ combination coefficients ¢

1 G by 4, B. So, using the alternate letters, the

( x”+0)02x=07

x(t)=A4 cos(mo t) + B sin(ooo t) :
le harmonic motion. The reason for this is that x(¢) can be rewritten as

general solution to

1S

This motion is called si

x(2) =Ccos(0)0t—0c) =Ccos(0)0(t— 8))

in terms of an amplitude C > 0 and a phase angle o, (or in terms of a time delay 9).



To see why functions of the form
x(t)=A4 cos(wo t) + B sin((;)0 t)
are equal (for appropriate choices of constants) to ones of the form
x(t) = Ccos((;)0 t— oc)

w@ ¢ sit@ = |

eos (A 4b) = coga cosb ~simasmb

Sin(a+ b) = tosa sinbs & Stwacog)
s Loamtams all 2

we use the very important the addition angle trigonometry identities, in this case the addition anglm‘ .
cosine : Consider the possible equality of functiong

l ﬁos((on 1) + Bsin((no t) = Ccos(mot— OLB

| S Sgstaib! = Loba cosh — smms.‘ub
Exercise 1 )\Use the addition angle formula cos(a — b) = cos(a)cos(b) + sin(a)sin(b)-to show that the
two functions above are equal provided - = coSa WwSl-b] — Sina Sin(-b

A= Ccos o
B=Csinao .
So if C, o are given, the formulas above determine 4, B. Conversely, if 4, B are given thén

c=JA4+5B

A B
e cos(a), rn sin( o)
determine C, o. These correspondeng,es are best remembered using a diagram in the 4 — B plane:
t + Bsinwt = -
Lﬁwao BSahw COOS (wo'!'_ <) 8 . (A/B’)

= C [o‘,(> wp-l-_ wso + sinv%{s‘n'm]

‘:.C 5=, \‘fsl"g{, ¢ CS:‘nu sfv\w;t

t

\\ ) ’,’i
B'— CSIV\.&

2 o7 2 ..
= A+B :C._:o("-t* C sina

C
[ Co /AR

.%-:Ovsol

(gl

= Sing




It is important to understand the behavior of the functions

A cos((oo t) + B sin((z)o t) = Ccos(coot — oc> = Ccos((oo(t—- d) )
and the standard terminology:

The amplitude C is the maximum absolute value of x(¢). The time delay & is how much the graph of
C cos ( O)Ot) is shifted to the right in order to obtain the graph of x(¢). Other important data is

(O]

f= frequency = cycles/time

2T
T

[\

T = period = = time/cycle.

the geometry of simple harmonic motion

simple harmonic motion

— — time delay line - and its height is the amplitude

_____ period measured from peak to peak or between
intercepts

(I made that plot above with these commands...and then added a title and a legend, from the plot options.)
| > with(plots) :
> plotl = plot(3-cos(2(t— .6)),t=0..7, color = black) :
plot2 == plot([.6,¢,t=0 3 ], linestyle = dash) :
plot3 := plot(3,t=.6..(.6) + P, linestyle = dot) :

Pi 5-Pi
plotd = plot(O 02,¢t=.6 + Tl .6+ VR , linestyle = dot)

;> display ({ plotl, plot2, plot3, plot4});
>




2x"+18x =0 N

Exercise 2) A mass of 2 kg oscillates without damping on a spring with Hooke's constant k=18 — . It
—_— m

xlo) =1

is initially stretched 1 m from equilibrium, and released with a velocity of 5y x)T 3 4
2a) Show that the mass' motion is described by x( _ti_)UsolVing the initial value problem
x""H9x=0
x(0y =T ——w'=9
3 -
x'(0)= 2. W,z
2b) Solve the IVP in a, and convert x(¢) into amplitude-phase and amplitude-time delay form. Sketch the

solution, indicating amplitude, period, and time delay. Check your work with the commands below.

(?(r)-.' r2+‘1 =0

v =-9 £t
r = £3 €
% 817 A cos3l + Bsivdt A1) = =3A simdt +3B syt
(vP x(0)d1 = A X' 1= 0433

= g ofB 4]

Xl{\: Ws%t + ‘7‘:5\.7\34’

C eos (3t-«) e m*r\::ilf:;(ie

C = (AR =ias Cow:‘,T'-—;-;
® L ]
~ + («,.s? d = .S
K6) F L2 eos(3t-90) ST _£L T i
- i A -
;> unassign('x’); = 112 o8 (7»(’:-.19) ‘ P -:Ts='s
> with(plots) : L =.46 vad
with(DEtools) :
3 wW=3 rad/ye
> dsolve({x”(t) +9-x(t)=0,x(0)=1,x’(0)=E}), S‘ -3 “a"(“/uc
L < 2n
| > plot(rhs(%),t=0..5, color = green); T = 7%‘ S&e./a‘,cl(
>
- .12 .,-
_ Lt
2
=L -




+ Then, if time, discuss the possibilities that arise when the damping coefficient ¢ > 0. There are three
cases, depending on the roots of the characteristic polynomial:

Case 2: damping
mx”—l—cx’—l—kaO

k
x''"+ —x"+—x=0
m m

rewrite as
2
x"'+2px'+ wyx=0.
c 2k . L
=75 _,0,=— ) The characteristic polynomial is
2m n,
2 2
rr +2pr+wm,=0

which has roots

'2p+\/4p —40)[ 5 >
r==n = T .
2 Lw‘g’

2a) ( p > 0) , or > 4m k). ‘overdamped }In this case we have two negative real roots

rp<r, <0 =-|’ I/—_’_'
and —_— “'P""/_::,? <O

" r - r2) t
x(t)= cle + c, e = + c,
+ solution converges to zero exponentially fast solut{on passes the ough equ111br1um location x = 0 at

most once.

Yo L\AS A-I- MS{' ohL D-LAQ "h:.' Lt’b)



2b) (p —a)z,orc —4mk)|c 1t1ca11ydampedlDoublerealrootr =r, ——p———
-pt
e?

l =e P! c +c t) )
+  solution converges to zero exponenfially mng gh x = 0 at most once, just like in the
overdamped case. The critically damped case is the transition between overdamped and underdamped:

2 — l’ 2_.n =.
20) ( p2 < w,,or < 4m k) |underdamped|. Complex roots b= (""
< L r .
r——p-l-/p—(D =-prio w P w < W
" = LQ \ 0

—_ t
2
with o, = | @, —p* < , - <o € L oe '&Sw\;{:
x(t) = e_pt(A cos( @ t) + Bsin( @ 1)) =e” thos( o= ocl) .
+ solution decays exponentially to zero, but oscillates infinitely often, with exponentially decaying
pseudo-amplitude e ” ‘C and pseudo-angular frequency o,, and pseudo-phase angle o, .




Exercise 3) Classify by finding the roots of the characteristic polynomial. Then solve for x(¢) :

3a)
x""+6x"+9x=0
Ao»"”’ cvl .‘ull_\s x(0) =1
) damgs & ( ()=

=> with(DEtools) :

> dsolve({x”(t) +6:x"(¢) +9-x(t) =0,x(0)=1,x"(0)

x(t)ze_3t+ % et
>
3b)
"’V)\ x""+10x"+9x=0
L"\\ 1’ x’(O) = E .

> dsolve({x”(t) + 10-x"(¢) + 9-x(¢) =0,x(0) =1,x"(0)

21 o 5 Y
t_ — —
1= 76 16
>
w‘t"w:'—"' <wW
L
s
3c) C

;_J- x""+2x"+9x=0

“ S 0)=1

<

> dsolve({x”(t) +2x"(t) +9x(¢t) =0,x(0) =1,x" (0)

-t

e, e

w =2 =21.¥

w, oo b“-“?“‘b':%

= % J2 e'sin(2y271) + e cos(2y2 1)

A\t)= ¢ & ws(?-*"ib)

P(r) = 4 6r4q
=(r+3) =0 =3
-3tk 12
" 4‘_&

xlt)=¢,e
iWA \'lJ‘-u L“L-
) e pe

0y

l,(ﬂ = ¢txlore
T (r+(re 1)
= '1\_1

()= q‘e—t

rGe

()]

‘:q, wv‘.‘. 3

[g(ﬂ—- vt 2r t1=0
_-z'fme—

=-1
-1

rl'N

ﬁ

2))

H’

(3)

~

or (ru') +g=
(ru\ :-5«
\-H:t'\;r

!'.1.?.\"
'bﬁ_u

S in (20 t)

-
-
—




;> with (plots) :

1
> plot0 = plot(cos(3-t) + 5~sin(3-t), t=0.4, color = red) :

plotla = plot(exp( -3-)- (1 + %-tj, t=0.4, colongreenJ :

Uf(\\’(h“') A'AMQ&L
exp(-9-1),t=0..4, color = blue) :

16
5 -+ .
plotic = plot[g- J2 e s

display ( { plot0, plotla, plotlb,

plotlb = plot(ﬂ-exp(—t) —
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f I'm able to obtain them from Physics, we'll do pendulum and ss) spring experiments :-).
begin §ection 5.5 on finding particular solutions to inhomogeneous linear DE's. It's possible I won't
have the expeiiments on Tuesday and that we "Il move dlrectly into section 5.5
Expoinants postpaud = we'll wnk o Wed wpl-es\ (aflen o &“ﬁ L
Experiment discussion: Small oscillation pendulum motion and vertical mass-spring motion are govemea ﬁ mla s
by exactly the "same" differential equation that models the motion of the mass in a horizontal mass-spring 3
configuration. The nicest derivation for the pendulum depends on conservation of mass, as indicated
below. Today we will test both models with actual experiments (in the undamped cases), to see if the
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> restart .

Pendulum: measurements and prediction (we'll check these numbers)
Digits := 4 :

(> L= 1.53;
g = 9.806;
o= | % ; # radians per second
f=evalf(®/

Pi)); # cycles per second
T =1/fi# Seconds per cycle

L =153
g = 9.806
o = 2.531629974
f:=0.4029214244
T := 2.481873486
I_Experiment:

Mass-spring:
compute Hooke's constant:

98.7 — 83.4; #displacement from extra 50g

15.3
.05-9.806
> k: T sy # solve k-x=m -g for k.
k= 3.204575163
(> m = .1; # mass for experiment is 100g
O =

| k
P ; # predicted angular frequency

f = evalf ( P ]; # predicted frequency

T := 7; # predicted period
m = 0.1
o = 5.660896716
f == 0.9009596945
T == 1.109927565
I_Experiment:

0y

()]

(&)

(C))



We neglected the KESp”.ng, which is small but could be adding intertia to the system and slowing down the
oscillations. We can account for this:

Improved mass-spring model
Normalize TE = KE + PE = 0 for mass hanging in equilibrium position, at rest. Then for system in
motion,

KE+ PE=KE  + KE + PE

s spring work "

X

1
PE —JkstZEkxz, KE _=—m(x' (1)), KE . =27

work mass 2 spring
0

How to model KEspring ? Spring is at rest at top (where it's attached to bar), moving with velocity x’ (¢) at

bottom (where it's attached to mass). Assume it's moving with velocity WL x’ (¢) at location which is
fraction | of the way from the top to the mass. Then we can compute KEspring as an integral with respect

to W, as the fraction varies 0 < u < 1:

1
2

1 !
KEspring - J 3 (H X (t) ) (mspring d““)
0

_ 1 , 2l 2, 1 , 2
- 2 Spring(x (t)) J n dH— 6mSpring(x (t))
0
Thus
—l _ ’ 2 i 2__ f 2 l 2
TE= > (m-l— 3msprl.ng)( (t))” + 2kx =-M(x'(t))" + ka ,
where
1
M=m+ —m___.
3 spring
Dt(TE)=O=>

Mx'(t)x""(t) + kx(t)x'(¢t)=0.
x'()y(Mx""+kx)=0.
Since x’ (¢) = 0 only at isolated ¢- values, we deduce that the corrected equation of motion is

(Mx""+ kx)=0

o= | KX _ k
0 M 1
m+ —m .
3 spring

Does this lead to a better comparison between model and experiment?

with




> ms = .011; #spring has mass 11g

1
M :=m + — -ms; # "effective mass"

3
ms = 0.011
M = 0.1036666667 Q)
| k :
> o= Y # predicted angular frequency

f = evalf ( % ]; # predicted frequency

1
T:= 7; # predicted period

® = 5.559883146
f:= 0.8848828855
T == 1.130093051 (6)
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Section 5.5: Finding y,, for n@homogeneous linear differential equations are canceled,

(9 m
1 L(y)=f
so that you can use the general solution y =y, + y,, to solve initial value problems).
P YH

T r\. o)e,m\ ‘\&M%{MMS S'u’us.

There are two methods we will use: any sirale
!Mk{.«?w- S ol,h -
+ The method of undetermined coefficients uses?guessing algorithmsyand works for constant coefficient

linear differential equations with certain classes o X ) for the non-homogeneous term. The
method seems magic, but actually relies on vector space theory. We've already seen simple examples of
this, where we seemed to pick particular solutions out of the air. This method is the main focus of section
5.5

« The method of variation of parameters is more general, and yields an integral formula for a particular
solution y,, , assuming you are already in possession of a basis for the homogeneous solution space. This

method has the advantage that it works for any linear differential equation and any (continuous) function f.
It has the disadvantage that the formulas can get computationally messy especially for differential
equations of order n > 2. We'll study the case n = 2 only.

The easiest way to explain the method of undetermined coefficients is with examples.

Roughly speaking, you make a "guess" with firee parameters (undetermined coefficients) that "looks like"
the right side. AND, you need to include all possible terms in your guess that could arise when you apply
L to the terms you know you want to include.

We'll make this more precise later in the notes. S

Exercise 1) Find a particular solution y,,(x) for the differential equation
Ly)=y" " "+4y -5y=10x+3.

Hint: try y,(x) =d x + d, because L transforms such functions into ones of the form b, x + b, . d,, d,

are your "undetermined coefficients", for the given right hand side coefficients b, = 10, b, = 3.

L (dix vd) = l)l;u-B,_ -Q( Yo Ax +d, )

* A ( 4 =0 ) v
— Wwan
vy (-5d,+494,) 43\

atch el 3 x - ~S$d,= 10
R ST Y A L A

=) &4 =2 § -S4,-%=3
-Sd, =1\

ra\,(x)-'-?.x-% ! °\"'=—l—$l—




Exercise 2) Use your work in 1 and your expertise with homogeneous linear differential equations to find

the general solution to [_(,"\ = 5—
y'+4y -5y=10x+3 L(ﬂp\ﬁg 51 (
%': (3? {-3\_‘ L (‘jh)’“ - Ljpp]H:)

T X -uy"\*":()u)
'ﬁu" ,_‘3,_ QJ = v e =~§-4—o
()= rtade-6 = -

t T (ees)(r-0)
roots r=-5,\

Exercise 3) Find a particular solution to

L(y)zy”—i-4y’—5y%l4e2x\
2 x

Hint: try y,=d ¢** because L transforms functions of that form into ones of the form b ¢, i.e.

L(d & )=b er . nd " s your "undetermined coefficient" for b = 14.

-5 Lj\’: de ™ \
4&{(_3‘::2&61‘]
Ly = qdet )

e

Llyp) = € st ey)
e 1&@1“
want |y 2%




Exercise 4a) Use superposition (linearity of the operator L ) and your work from the previous exercises

i (L3
to find the general solution to . L ( 26" ) =1Y4e
L(y)=y''+4y -5y=14¢ " —20x—6. U =
4b) Solve (or at least set up the problem to solve) the initial value problem L ('2 x=<\) = l0x +3

V' 4y -5y=14&" —20x—6 —
z y(0)=4 4a) L [Qeu -2(-21‘@
y'(0)=-4. - ) _ 5 il
= L(2&7) -2 Lt
= l‘-[e}'* -2 (toa+d)

T4 20%-6
Y(x) =14-6>" —20-x — 6,p(0) =4,y (0) =-4});

4c) Check your answer with technology.

;> with(DEtools) :
> dsolve( {y” (x) +4-y'(x) —

y(x) ze_sx—4ex+2e baxt 2 0]
_ —— ‘f:" v—v—iJ
|~ < ! 'A(’ 4a) canl'd.

47 Je A\
2 = 2 qn el

S
L3 LS
e rqe

=4 = 7_&-7'1; LSRN Y

\(&'(0}:“{ = 4+ &+ -5




Exercise 5) Find a particular solution to
Ly)=y"+4y -5y=2cos(3x)

Hint: To solve L (y) =fwe hope that fis in some finite dimensi

L:V->V.

+ InExercise | V=span{l,x} and so we guessedy,=d, +d, x.

- InExercise3 V= span{e’*} and so we guessed yp=d &

«  What's the smallest subspace /" we can take in the current exercise? Can you see why
V=span{cos(3 x)} and a guess of y,,= d cos(3 x) won't work?

/= s pow iws")x, sy n’}
‘AP’- o\| wsdx + d,y Sind g
Pt'cle v\p l\N WQJ

s nd LA

-144, + 124, =

1

- (24, -144d,= D

=14, + 6d, = |

L4, +14,=0

[ )

AN

L:V-o\V

-6 [ yp= dwsdx + dusinin ]
£ 40y = -3dsindx ¥ 3 o532 ]
&[ "A” = -4, ws3z -9 o\zs.‘.\%x]

—

L(\a\ = coshx ('Sa\\'\‘"‘-az—a‘“\)
+ Simdix (-56\1"1“\"141)

"—;Mk.(ooﬂn) (29
- (S;h”x) (0\

space V that is preserved by L, i.e.

> with (DEtools) :

dsolve(y"(x) +4-y'(x) — 5-y(x) =2-cos(3-x),y(x));

y(x)=e"

85

\
&‘ ( 7 -Q l - -1 ,f.
- T i ()= -2 g1 4 & iy
)" e 6 -1]{e) e | | 9T g rhaail

7 6
_C2+¢ _Cl— —zcos(3x) + — sin

85

L

—

(3x) ®

du eyt foud



All of the previous exercises rely on:

Method of undetermined coefficients (base case): If you wish to find a particular solution y,, , i.e.
L ( yP! = fand if the non-homogeneous term f'is in a finite dimensional subspace V' with the properties that

(1) L:V=V,ie. L transforms functions in Vinto functions which are also in 7; and
(i1) The only only funct1on g € VforwhichL(g)=0is g=0.

Then there is always a unique y,, € V' with L ( yP) =f.

why: We already know this fact is true for matrix transformations L (x) =4 _ x with L : R"—>R”

nXxXn

(because if the only homogeneous solution is x = @ then A reduces to the identity, so also each matrix
equation 4 x = b has a unique solution x. The theorem above is a generalization of that fact to general linear
transformations. There is an "appendix" explaining this at the end of today's notes, for students who'd like
to understand the details.

Exercise 6) Use the method of undetermined coefficients to guess the form for a particular solution y,,(x)
for a constant coefficient differential equation
-1 ,
L(y) :Zy(”)-l—an_ly('Z )+...+a1y +a,y=/

(assuming the only such solution in your specified subspace that would solve the homogeneous DE is the
zero solution):

6a) L(y)=x +6x—5 L:V—DV
fe\/
'3[, = A‘;’«- 42114- c&gx-»c\qnl
‘e V= sPan{x‘,{‘,x,\'ﬁ
6b) L(v) =4 ¢ sin(3 x) V= cpan ] € sindx, €Fws3ny

A
'S(’ d, rsinbn & Jme*ws?m
4§ = by €75t b by e s

ok
6¢) L(y)=xcos(2x) V= S‘?ahi’ K w05lx | cogLn, K Sinlx, S"V\"-"\’g

_ .3?.: l\xwd.ﬁ * A.‘_WS'L'& +o\,$7\5;“1* * A'g;,a_x
> dsolve(y"(x) +4-y'(x) — 5-y(x) =x-cos(2-x),y(x));

5x 1 1
y(x) :F_i Cz;l: ¢ + S1ops (71305x + 508) cos (2 x) +@x )
+ 644) sin(2 x) va, d. = éeo
B Y N7 Zezs




BUT LOOK OUT pir)= r*1 Y¢-5

Exercise 7a) Find a particular solution to r (J‘ t S)(V' '\
— y'+4y -5y= 4e. =5\
Hint: sincey, = clex +ce I P guess of y,=a ¢" will not work (and span{ does not satisfy the

"base case" conditions for undetermined coefficients). Instead try

yPdeex )
and factor L=D> +4D —5/=[D + 5] [D —I].

L(Ij) CD A4D- 9'1]‘3

lt*‘s {-rn V)r': Aeﬁ = j &'qj 57
L(y‘,) = O
(:D- QI} S(x')eom = 3’(73(«" -S L‘a? -Axe x
Yec« "/ng‘"“ N ‘1[‘3P d* + o\xe ) .
3 = d A ‘al’ - & +AQ X J\XQ
P‘ xeQ %
" = 2de" +dxe
L (4p) = (D*SI]°[D~I_\¢\;4* S t'a /L_l O
N o /A')
= (D#ST] de | tasy) L(.z‘,k e (-54*H
: Ae_"'\'SAe-* e™ ( 0 +44 +24)
= Go\ex fvzl—ef X = 6de” = et
= Z ye
¥y v.al, 3 ¥ ba= ‘1
7b) check work with technology d= /
;> with(DEtools) : ‘af —:SXQ
> dsolve(y”(x) +4-y' (x) — 5p(x) =4-ex,y(x));
y(x)=e ¥ C2+¢€" CI % xe (10)




A vector space theorem like the one for the base case, except for L : V— W, combined with our
understanding of how to factor constant coefficient differential operators (as in lab you're working on this
week) leads to an extension of the method of undetermined coefficients, for right hand sides which can be
written as sums of functions having the indicated forms below. See the discussion in pages 341-346 of
the text, and the table on page 346, reproduced here.

Method of undetermined coefficients (extended case): If L has a factor (D — 1)* and € is also

associated with (a portion of) the right hand side /' (x) then the corresponding guesses you would have

made in the "base case" need to be multiplied by x* , as in Exercise 7. (If you understood the homework
problem last week about factoring L into composition of terms like\(D — 7 1)* |then you have an inkling
of why this recipe works. If you didn't understand that last week problem, there's another one this week
so you get a second chance. :-) ) You may also need to use superposition, as in Exercise 4, if different
portions of f(x) are associated with different exponential functions.

Extended case of undetermined coefficients

/(x) ““"L\;o‘\‘x y s > O0whenp(r)
/4 \”"K g has these roots:
P (x)=by+b + ..+ bmxm @co +cx+ czx2 + ...+ cmxm) r=0
b, cos(wx) + b, sin(wx) xs(clcos((Dx) +czsin(0)x)) r=tio
e”(b1 cos(wx) + b, sin(wx)) xse”(c1 cos(ox) +c, sin((ox)) r=ation
bye"" Xeye!” r=a
(bo +b,+ ...+ bmxm>eax xs(cO +oex+ czx2 + ...+ cmxm)eax r=a

L., " /— - 4 R
:3 7 +qj 67 ¢ o melk ba 7&$ so Hut
(2xmese 7) o Jems On auelss

Sel Wéﬁ DE



Exercise 8) Set up the undetermined coefficients particular solutions for the examples below. When
necessary use the extended case to modify the undetermined coefficients form for y,. Use technology to

check if your "guess" form was right.
-1 ,
L(y) :Zy(”)-l—an_ly('Z )+...+a1y +a,y=f

8_a)_y”’+2y”=x2+6x
(So the characteristic polynomial for L (y) = 0 is P27 =r2(r +2)=(r— 0)2(r +2).)
> dsolve(y'"" (x) +2y"" (x) =¥ + 6-x, y(x));
1 5 3, 1 2y 5

_ 4 2 22
y(x) 2 + TR + 4 © CI 2 + C2x+ (3 (11)

[>

8b) y''-4y'+ 13y=4ezxsin(3 X)
(So the characteristic polynomial for L (y) =0 is
P —dr+13)=(r—2)2+9=(r—2+3i)(r—2-31))
> dsolve(y'" (x) — 4-y" (x) + 13-p(x) = 4-& *-sin(3-x), y(x) );

2 x

2
y(x)=¢ "sin(3x) _C2+ e cos(3x) _CI — 3 ¢ cos(3x)x (12)

[>

8y '+5y +4y=5cos(2x) +4¢ + 5e".
(So the characteristic polynomial for L(y) = 01s p(r) = P 5r4 4= (r+4)(r+1).)

> dsolve(y'' (x) +5y" (x) +4-y(x) =5-cos(2-x) + 4-¢"+ 5¢ 7, y(x));

4y 1 2 v 5 5 -
4A_CI+Esin(2x)+*ek+*ekx—*ex 13)

= 2
y(x)=e _C2+e 5 3 9




Variation of Parameters: This is an alternate method for finding particular solutions. Its advantage is that
is always provides a particular solution, even for non-homogeneous problems in which the right-hand side
doesn't fit into a nice finite dimensional subspace preserved by L, and even if the linear operator L is not
constant-coefficient. The formula for the particular solutions can be somewhat messy to work with,
however, once you start computing.

Here's the formula: Lety, (x),,(x),...v, (x) be a basis of solutions to the homogeneous DE
—1 ,
Lpy)=y"+p " "D+ 4 p () +p,(x)y=0.
Thenyp(x) =u (x)y, (x) +u,(x)y,(x) + ... +u (x)y (x) is a particular solution to
Ly)=f

provided the coefficient functions (aka "varying parameters") u, (x), u, (x),...u, (x) have derivatives
satisfying the matrix equation

U

uz’ . 0
= [F (i rn,)]

un’ _f ]

where [ W( Vs Vyres ¥, ) ] is the W_ronski_an matrix.

Here's how to check this fact when n = 2: Write
yp =y=uy, + Uy, -

Thus
y’=uly1 "+ uzyz/ + (”1 ’y1 +u, ’yz) .
Set
(”1 ’y1 +u, ’y2) =0.
Then
D R Sl (P PR P PR
Set

(ul/yll+u21y2/):f.
Notice that the two ( ...) equations are equivalent to the matrix equation
oy w 0
A PR I 7N A

which is equivalent to the n = 2 version of the claimed condition for Yy Under these conditions we

!

compute
Py [Y=uwy T uy, |
T V= uy tu,
+1 [y”=u1y1”—|— uzyz”+f]
L(y) :ull’(yl) + uzL(yz) +f
Ly)=0+0+f=f






Appendix: The following two theorems justify the method of undetermined coefficients, in both the "base
case" and the "extended case." We will not discuss these in class, but I'll be happy to chat about the
arguments with anyone who's interested, outside of class. They only use ideas we've talked about already,
although they are abstract.

Theorem O:

« Let Vand W be vector spaces. Let /" have dimension n < o and let { Y, Yy, ¥ }

« LetL : V— W be a linear transformation, i.e. L(& +¥) =L (u) + L(2) and L(cu

VYuveV,ce R.) Consider the range of L, i.e.
Range(L) = {L(a’lyl +dy, + ..+ ann) € W, such that each d] S [R}

= {dlL(yl) + dzL(yz) + ...+ dnL( Xn) e W, such thateachdj e [R}

=Span{L(21 )’L(l)z) L(gn)}
Then Range (L) is n — dimensional if and only if the only solution to L (») =0is y= 0.

be a basis for V.
) =c L(u) holds

prooj.

(1) <=: The only solution to L (¥) =01is y =0 implies Range(L) is n — dimensional:

If we can show L ( y, ), L ( Y, ), L ( v ) are linearly independent, then they will be a basis for Range(L)
and this subspace will have dimension n. So, consider the dependency equation:
dlL(gl) + dzL(yQ) + ..+ dnL( Xn)ZQ.
Because L is a linear transformation, we can rewrite this equation as
L(dlz1 + d222 + ...+ dnxn) = 0.

Under our assumption that the only homogeneous solution is the zero vector, we deduce
dy, t+dy, +..+dy =0

Since Y.,Y, ...y area basis they are linearly independent, so a’l = d2 =.=d =0.

O
(1) =: Range(L) 1s n — dimensional implies the only solution to L (¥) =01s y=0: Since the range of

L is n — dimensional, L (21 ), L (22 ), L(zn )must be linearly independent. Now, let v = dlzl + d222

+ ...+ dn v, be a homogeneous solution, L (¥) = 0. In other words,
L(dlzl—l—dz + . +d )ZQ
=>d1L(yl)+d2L( + . +dL( ) =0

=d = d2

%) .
| =d =0=>p=0.

O
Theorem 1 Let Let V" and W be vector spaces, both with the same dimensionn < . LetL : V—Wbe a
linear transformation. Let the only solution to L () =0 bey=0. Then for each w € W there is a unique
veE Vwithl(y)=w.

proof: By Theorem 0, the dimension of Range(L) is n — dimensional. Therefore it must be all of W. So
for each w € W there is at least one v, € Vwith L ( yp) = w . Butthe general solution to L (¥) = w is

y=y, + Y, where v, is the general solution to the homogeneous equation. By assumption, v, = 0, so the

particular solution is unique.



Remark: In the base case of undetermined coefficients, W = V. In the extended case, W is the space in

which flies, and V= x'W, i.e. the space of all functions which are obtained from ones in # by multiplying
them by x°. This is because if L factors as

kI k2 k
L:(D—rll) O(D—rzl) 0...°(D—rm1)m

and if fis in a subspace ¥ associated with the characteristic polynomial root r_, then for s =k _ the factor

k
(D —r 1 ) m of L will transform the space ¥ = x' W back into W, and not transform any non-zero function in
m

V into the zero function. And the other factors of L will then preserve I, also without transforming any
non-zero elements to the zero function.
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Section 5.6: forced oscillations in mechanical (and electrical) systems. We will continue to d1scuss sec% “
5.6 on Monday using these notes. Toesd as

Overview for solutions x(#) to —= ook
“ mx''+cx'+kx=Fjcos(wt) .'(tli*t::“
using section 5.5 undetermined co ; sten .(4,\,,:.‘ v~
taed
undamped (c¢=0) : ‘-L:ek::ar o lts
n this ¢ ementary homogeneous differential equation for x(¢) is
mx'"'+kx=0 x4 l<x‘=\:w5wl:
k o
x4+ —x=0
m

X’l+ E—x:‘ig
.

Ve

l.osvo*:

2
x""+ o, x=0
0 s w x T £ st
which has simple harmonic motion solutions x,, (¢) = C cos ( o, — oc) So for—the-neﬂ——v__‘___

homongeneous DE the method of undetermined coefficients implies we can find particular and general
solutions as follows: = Awswt *+ B),/p

[- 0 * 0, / = x = Acos(® t) because only even derivatives, we don't need

in (®¢)terms !!
= x=x,+x,=Acos(wt) -I—Cocos(wot—o@,
. (x)io)obut(x)za)o,CzC Beafing! "
(:- 0=0 mt)—i-Bsin(m tm "”*"’ox:"i“’s“’ot
0 P 0 0 ™

=>x=xP+xH=thos(coot— 0() + C, cos(wot— OL(L) )

("pure" resonance!)

er S -

mx''+cx'+kx=F cos(wt)
+  damped (c >0’)] in all cases x,= A cos(wt) + Bsin(w?) =Ccos(ws— o) (because the

roots of the characteristic polynomial are never & i ® when ¢ > 0).

underdamped: x=x,+x,=Ccos(0t—oa) +e” tClcos<(x)lt - ocl) :
+  critically-damped: x=x,+ x,= Ccos(mt— o) + e_pt(clt + Cz) .
-r t -r t
over-damped:  x=x,+x,=Ccos(wt—a) tce ' +ce > .
T Xult) o 0 2. Kyt =X )

Skd‘j %'::"A;‘T) Hor JU'Q‘\'\A +rqm\'.u.’|' ?’««“‘ .
XSP \&) = Xplt)

Ace—['UW'\k
*l,\‘[wL YN K"‘ ‘I'WWOM




+  inall three damped cases on the previous page, x,, (¢) — 0 exponentially and is called the transient
solution x_(¢) (because it disappears as — . And in these damped cases x,() as above is called the
steady periodic solution X, (¢) (because it is what persists as t— o, and because it's periodic).

F
+ if cis small enough and ® = , then the amplitude C of X (¢) can be large relative to —0, and

the system can exhibit practical resonance. This can be an important phenomenon in electrical circuits,
where amplifying signals is important.

forced undamped oscillations:
Exercise 1a) Solve the initial value problem for x(): ”
X'+ 9x =80 cos (5 1) mx” 4 ke = Farnt

X”“‘ “Y“ |:°

cos wi

L%
1b) This superposition of two sinusoidal functions per10d1c because there is a common Tultiple of their
(shortest) periods. What is this (common) period?

1c) Compare your solution and reasoning with te display at the bottom of this page. ~ W,*

Xy * x4 Ax = ®) +ﬂ(x|"= CW,(SH]
X () = Aleogit + Bsin +ol x” = -SCsin(st) ]
‘_L[ K’ = =258 C wos§ {:}
(porstit=o vt
¥z -q x”+9x = cosSt kQC-ZSC) — %0 wsSt
reey ) N
: -l6C
7 W‘* IGC. =
l X(£) = -5 wsSt * S ogdt =-5
| v --‘Swsﬂ— -
;> with(plots) : ’;(};272:00 v
> plot] = plot(~5-cos(5-1), t=0.. een,-style = poi %lt)= Xp+ Xy
plot2 == plot(5-cos(3-t), t=0..10

plot3 = plot(-5-cos(5-t) + 5-cos(3-1), 0 x(4) = - Swsg“: ¢ ws'st ¥ c,_Scu&'l:
displ lotl, plot2, plot3}, title="' 7 ;

isplay({ plotl, plot2, plot3}, title superposzzon - &lo‘) 02_5 -\-C ‘=° = '3
superposition x‘l0)= O = 3(7_

*

x_ A x (4] '":‘z:'\_ ( x'(41= *+25sinSk -3¢ sindt * 3¢, Los3t
puniod 4y Sebh- xi) XY= 0 +0+3¢ )
X4)=~-SwsSt + S ws3t 2 2w

(Rast Mvw&‘k‘)(ﬂ ( 5173
T, " '; 'C,F?'—,g =21



AT (Z‘S‘T: n, (?zg) n,n, € IN

3n, =Ion,
In general: et ; (g-\ N (}:)
Undamped fned WP, wiw,, with letles _
? 2 =3 21t
(x"+ B »= %wswt )(”4- w:'x‘: %wswt
X o) = %,
*(0)= VY, X= xl,¥ L
x T-Fo  wswt '\-Cwat
- Y 3
+ e KXP A“Sb‘t \ Vh(w W‘ 4-(25.“,,10{_-
v ol e heset) REOTx,= -Fo 4,
s 1 xf =Pt v (- )

- 2 - ‘ - o !
[&')zuw‘hAEk—?-U) — %Wsh’t C‘ K‘-m wi—)

)('(o\: V.- we

o -
¢, = Yo
‘1'“’0

V‘“%a‘-hﬁ ™m-oF O MLW

So, 57

IVP  solubon is T -

chede - R
x14) = LF_'L._-—- (t,oswt -wswf) + "OWSWO{: + \_&‘,’.smwaf \ -
( 1‘—«):) >
s 1\ //?——v— T
_,,____,—————*i—/‘ Ko u KH
There is an interesting beating phen(b&nenon for 0= o, (but still with @ # coo). This is explained

analytically via trig identities, and is familiar to musicians in the context of superposed sound waves
(which satisty the homogeneous linear "wave equation" partial differential equation):

cos(w) — cos(&iB) =cos(0c)cos([3) + sin(oc)sin(B)

wt wt - (cos(o)cos(B) — sin(a)sin(P))
=2sin(o)sin(B) .
Setou= — 1 (0)—!— ® ) B=— ( O)tin the identity above, to rewrite the first term in x(7) as a
2 2N 9

product rather than a difference:

FO 1 v

1
x(1) 5 m2 sin(;((o + mo)t)sin[?(m — coo)tJ + xocos(coot) + m_OOSin((’)ot) .

angular fyequencies and periods of the original sum. But the second sinusoidal function has small angular
frequenCy and long period, given by

1 4
angular frequency: 3(00— 000), period: _—n _ Sl =6- l' 4- .-
as W% 0=

vtts“jf Kl ww(w'rv\ﬂ(smu‘)ﬂ [‘%(y{‘)‘i: t%;]
v /_F_u T sinw, i‘}

‘me




0 W ~ )

We will call half that period the beating period, as explained by the next exercise: ( whuwe X,=0, V,T0 )
. . 27 . . 2F,
beating period: —— ,  beating amplitude:

0)—0)0

Exercise 2a) Use one of the formulas on the previous page to write down the IVP solution x(¢)to
x""+9x=280cos(3.1%)
x(0)=0
x"(0)=0.
2b) Compute the beating period and amplitude. Compare to the graph shown below.

2 21
ol — o

> plot(262.3-sin(3.05-¢)sin(.05-¢), t=0..100, color = black, title= "beating");

beating




Resonance:

Q‘ {onanca \ (-3

sing bss, omess
¥ w"( x‘,= t (Aooswo'l: % BS-‘nw,'l:)

)

o C xr/___ + (-A“’o s-'nwot 3 B“’,WS‘*-’.*-) + Abosw,l’r ¥ Bs.'.\uof X
+ A ( xp' =t (- Aw! st - Bw) S"""%")*L’ Assinugt + Bug s )2 )
+
\“(’(P) = 4 (o) > 2 (‘AW.,S‘“W,"" -\—Bwotaswo‘k] ::: %\wswo‘h
Deduwe A=D
2%k
L tad,
saks x(0)=0 , S® WP Sveb\_ns_’-__éz___
x'()=0
B bt et ¢ Gt

You can also get this solution by letting ®— o, i the beating formula. We will probably

class.

°
2,

e

do it that way in



Al = E& tSiv\.w"l'. + "DWSNJ: + V"’Sinwot

w
wao 0

Exercise 3a) Solve the [VP
x""+9x=280cos(3¢)
x(0)=0
x'(0)=0.
First just use the general solution formula above this exercise and substitute in the appropriate values for
the various terms. Then, if time, use variation of parameters (see the last pages of today's notes), to check
a particular solution and to illustrate this alternate method for finding particular solutions.

3b) Compare the solution graph below with the beating graph in exercise 2.
40
> plot( KN sin(3- t), t=0..40, color = black, title= ‘resonance‘j;

resonance
400
0-
_ ) 2 0
~400 ‘




