W is subspact o
Exercise 1) Most subsets of R are actually not subspaces. Show that «) cloged wden +
la) W={[xy eB_zs.t.x2+y2=4} is not a subspace of R? .
1b) w={[x, ] € R2s.t.y=3x+ 1} is not a subspace of R? . B closed wden sean neld

1oy w={[xy] TeRsty=3 x} is a subspace of R2 . Then find a basis for this subspace.
_d)_ W = the solution space in R” to a non-homogeneous matrix equation 4 x =5 (b # 0), with 4 is

t a subspace. In particular, lines and planes that don't go through the origin are not subspaces.
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Kev facts about how subspaces DO arise:

There are two ways that subspaces arise: (These ideas will be important when we return to differential
equations, in Chapter 5, although it's probably difficult to envision what they have to do with differential
equations right now.)

@ W= Span{zl,yz, LY }
n
Expressing a subspace this way is an explicit way to describe the subspace W, because you are "listing" all
of the vectors in it. In this case we prefer that Y,V ¥ be linearly independent, i.e. a basis, because
that guarantees that each w € W is a unique linear combination of these spanning vectors.

Recall why Wis a subspace: Lety, w € W =

zzclyl+czzz+...+cngnzs
m=a’121 + dzzz 4.+ dnzn
=yv+w= (c1 +d1)yl+ (cz+d2)l)2 4.+ cn+dn)zn € W (verifies o)
i
I

andletc € R =

cw=ccy +eey, +o.t+ccp & W (verifies B)

= 1
Wsmms I-a.4 MR 2:\4\-.
2) W= {x € R" such that4,_ x= 0}.

X = -

This is an implicit way to describe the subspace W because you're only specifying a homogeneous matrix
equation that the vectors in /# must satisfy, but you're not saying what the vectors are.

Why Wis a subspace: Letv,w € W =
Av=0,Aw=0= Av+ Aw=0= Ay +w)=0=y+w & W (verifies o)
andletc € R = -

Av=0 = cAv=c0=0 = A(cv) =0 = cv € W (verfies P).
Example: Last week we saw that
(1) W=span {21’ 22} with

|
|

1 -1
W=spaniy, = |0 [p,=1 2 -er[\'u'l‘ wa?
2 0

is the collection of position vectors for points (x, y, z) satisfying the impligit equation

(2) . . '}_
2x—y+z=0. et we

In other words the explicit description of W as the span of two vectors in (1) corresponds to the implicit
description of W as the space of solutions to the homogeneous matrix equation
X
[-2 -1 1]y|=]0].

z
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Continuing our discussion of linear combinations, span, linear 1ndependence/dependencel subspace) basis,
dimension.
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7(0)) The single vector [0, 0], «— (G} isa viy Swall Subspace W M <0 eEw

° (1) A line through the origin, i.e. span{u} for some non-zero vector u,or <N.\-¢ o e W whawe W S a anPau_>
*/(2)|Allof R . (1) 1§ W containg e o °

"

G4 Bew, wto (R {1%, teR} W
Exercise 2) Use matrix theory to show that the only subspaces of R3 are is a live thvw 3
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(3) Allof R3 . =) {12+ %, sul{kcw
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Exercise 3) What are the dimensions of the subspaces in Exercise g and Exercise 2? How do these ideas IR
eneralize to subspaces of K" 7 '
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Usually in applications we do not start with a basis for a subspace - rather this is the goal we search for,
since the entire subspace may be reconstructed explicitly and precisely from the basis (which is why a
basis is called "a basis"). Usually, our subspace W in R is likely to be described in an implicit manner, as
the solution space to a homogeneous matrix equation. In Chapter 5 the subspaces W will be the solution
spaces to "homogeneous linear differential equations."

If we wish to find a basis for the homogeneous solution space W = {5 € R such that4 . x=0 }, then

the following algorithm will always work: reduce the augmented matrix, backsolve and write the explicit
solution in linear combination form. The vectors that you are taking linear combinations of will always
span the solution space, by construction. If you follow this algorithm they will automatically be linearly
independent, so they will be a basis for the solution space. This is illustrated in the large example below:

Exercise 4 Consider the matrix equation 4 x = 0 , with the matrix 4 (and its reduced row echelon form)

shown below: G %y T %y Y
1 20 1 1 2]0 1201 12]0
2 41 4 1 7|0 0012 -13|0 e—
A= 0 21 12 1le” |ooo0o0 00]o
2 40 -2 -2 -4|0 0000 00|0O

solutions in linear combination form, and extracting a basis. Explain why these vectors span the solution

Find a basis for the solution space W={x € Rés.t. Ax=0} by backsol?\g, writing your explicit
space and verify that they're linearly independent.
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Solution (don't peek :-): backsolve, realizing that the augmented matrices have final columns of zero.
Label the free variables with the letter "t", and subscripts to show the non-leading 1 columns from which
they arose:

x6=t6,xs=t5,x4=t4,x3=—2t4—I—t5 —3t6
X =t2,x1=—2t2—t4—t5—2t6.

2
In vector form and then linear combination form this is:
(x| [ 22—t —t.—2¢ |
1 2 4 s 6 - - )
X, t2 -2 -1 -1 -2
1 0 0 0
3 T2 3 0 -2 1 -3
X = ¢ = t2 0 + ¢ 1 +¢ 0 + ¢ 0
4 4
0 1
X t
> > 0 0 1
X t ’
6 6
Thus the four vectors
21 [ -1 -1 -2 |
1 0 0 0
0 -2 1 -3
0 b 1 b 0 b
0 0 1
0 0 0 1

are a basis for the solution space:
« They span the solution space by construction.
« They are linearly independent because if we set a linear combination equal to zero:

[ —2¢ —¢t —t —2¢ ]
) 7 ) 7 ) ) 2 4 5 6
) -1 -1 ) 0 )
| 0 0 0 0 2
0 2 ] -3 0 "2ttt 30
t2 0 +l4 1 + ¢ 0 + ¢ = 0 = l4
0 1 0
t
0 0 1 0 3
i i i t
6

then looking in the second entry implies t, = 0, the fourth entry implies t,=0,and simﬂa{rly t,=1,=0.
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5.1 Second order linear differential equations, and vector space theory connections.

Definition: Alvector space ]'s a collection of objects together with and "addition" operation "+", and a scalar
multiplication operation, so that the rules below all hold.

¢ (0) Whenever f, g € Vthenf+ g € V. (closure with respect to addition) %sp«a
* (B) Whenever f € Vand ¢ € R, then c-f € V. (closure with respect to scalar|  P*® -

multiplication) /

As well as: G ML ]

(a) f+ g=g +f (commutative property) (£ zc f’

(b) f+ (g+h)=(f+g) + h (associative property) ) ,

(¢) 30 € Vsothatf+ 0=fis always true. — W'

(d) VfeV3-fe Vsothatf+ (-f) =0 (additive inverses)
(e) c(f+g)=cf+ cg (scalar multiplication distributes over vector addition)
(c +c ) f=c,f+ ¢, f (scalar addition distributes over scalar multiplication)

(g) ¢, (¢, f) = (¢,¢,) f (associative property)
(h) 1 f f, (-1)-f=-1, 0-f=0 (these last two actually follow from the others).

Examples we've seen:

(1) Rm, with the usual vector addition and scalar multiplication, defined component-wise

(2) subspaces W of R™, which satisty (a),(B), and therefore automatically satisfy (a)-(h), because the
vectors in W also lie in R™.

Exercise 0) In Chapter 5 we focus on the yvector space

V=C(R) := {f: R—Rs.t. fis a continuous function}
and its subspaces. Verify that the vector space axioms for linear combinations are satisfied for this space
of functions. Recall that the function f + g is defined by (f+ g) (x) := f(x) + g(x) and the scalar
multiple ¢ f(x) is defined by (cf) (x) := cf(x) . Whatis the zero vector for functions?

Because the vector space axioms are exactly the arithmetic rules we used to work with linear combination
equations, all of the concepts and vector space theorems we talked about for R”* and its subspaces make
sense for the function vector space ¥ and its subspaces. In particular we can talk about

« the span of a finite collection of functions f1 , f2, ]; .

»  linear independence/dependence for a collection of functions £, £, ... /-

« subspaces of V'
bases and dimension for finite dimensional subspaces. (The function space V itself is infinite
dimensional, meaning that no finite collection of functions spans it.)
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