Exercise 1: Discuss qualitative features of the slope field for the logistic differential equation for P = P(t):
P?1 = 7'(v) = (¥1(-) =(-)
— _ P M-e
kP(M-. P) 0<oh o =) P1a) s Mm&w}
Ple) =19 = (+)
= P is inunea
P<O = P/l = (1A =)
=P s stwg

=k P(M — P) , in order to understand
- € 1s a qualititative picture of the slope field, in the
of it, called the phase diagram , is just a P number line with arrows

a) There are two constant ("equilibrium") solutions. What are they?
P=0 st o sel ha.
P=M et sdh.

b) Evaluate the sign and magnitude of the slope functio
and be able to recreate the two diagrams
t — Pplane. The diagram to ¢

indicating whether P(¢) igfncreasing or decreasing on the intervals between the constant solutions.
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¢) When discussing the logistic equation, the value M is called the ' wﬁr" of the (ecological or/ ¢, [‘A
other) system. Discuss why this is a good way to describe M . Hint: if P(0) =P, > 0, and P(t) solvey e

the logistic equation, what is the apparent value of th_r}nooP( ) ? —
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Exercise 2: Solve the logistic DE IVP
P'=kP(M—P)

P(0) =P,

via separation of variables. Verify that the solution formula is consistent with the slope field and phase
diagram discussion from exercise 1. Hint: You should find that

MP,

P(t) = Mt

+ P

(M—Po)e 0

Solution (we will work this out step by step in class):
dP

P(P— M)

=-kdt

By partial fractions,

_ v 1 1t _1
PP—M) M\P—M P
Use this expansion and multiply both sides of the separated DE by M to obtain

1 1
( P—M — ?jdp——kMdl‘.
Integrate:
In|P — M| — In|P| =-Mkt + C|
o 2|
exponentiate:
P—-—M|_ - Mkt
‘ P ’ = C2 e
Since the left-side is continuous
P—-—M - Mkt
7 =Ce (C=C,orC=-C,)
(Att= 0 we see that
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Now, solve for P(¢) by multiplying both sides of of the second to last equation by P(¢):
P—M=cep
Collect P(t) terms on left, and add M to both sides:
P—ce™p=pym
P(1—ce™)=pm

M
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Plug in C and simplify:
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Note: If ) > 0 the denominator stays positive for 7 > 0, so we know that the formu% for mt s la“ %’.LMS
differentiable function for all # > 0. (If the denominator became zero, the function would blow up at the

corresponding vertical asymptote.) To check that the denominator stays positive check that (1) if P; < M

then the denominator is a sum of two positive terms; if P = M the separation algorithm actually fails

because you divided by 0 to get started but the formula actually recovers the constant equilibrium solution
P(t) = M;and if P, > M then |M — P0| < P, so the second term in the denominator can never be

negative enough to cancel out the positive P, , for# > 0 .)

Question: You have a couple of homework problems where you are asked to find solutions x(#) to
differential equations of the form

x'(t)y=a(x—b) (x—c).
How would you proceed?
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Application!

The Belgian demographer P.F. Verhulst introduced the logistic model around 1840, as a tool for studying
human population growth. Our text demonstrates its superiority to the simple exponential growth model,
and also illustrates why mathematical modelers must always exercise care, by comparing the two models to
actual U.S. population data.

> restart: # clear memory \_

| Digits :== 5 : #work with 5 signjficant digits Vshts

> pops = [[1800, 5.3], [1810, 7.2], [ 1820, 9.6], [ 1830, 12.9])
1840, 17.1 Y1850, 23.2], [ 1860, 31.4], [ 1870, 38.6],

[
[1880, 50.21], [1890, 63.0], [ 1900, 76.2], [ 1910, 92.2],
[1920, 106.0], [ 1930, 123.2], [ 1940, 132.2], [ 1950, 151.3],
[1960, 179.3], [1970, 203.3], [ 1980, 225.6], [ 1990, 248.7],
[2000, 281.4], [2010, 308.]] : #I added 2010 - between 306-313
# 1 used shifi-enter to enter more than one line of information
_ # before executing the command.

> with(plots) : # plotting library of commands
pointplot( pops, title = "U.S. population through time");

U.S. population through time
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1800 1850 1900 1950 2000

>

Unlike Verhulst, the book uses data from 1800, 1850 and 1900 to get constants in our two models. We let

t=0 correspond to 1800. t=o0
P,= 63
Exponential Model: For the exponential growth model P(7) = P, ¢"’ we use the 1800 and 1900 data to
get values for P and r: P100) =76 axWir.
(> PO := 5.308;
solve(P0-exp(r-100) =76.212, r);
PO = 5.308
0.026643 ()]
(> Pl = 1—5308 exp(.02664 - t);#exponential model -eqtn (9) page 83
Pl = t—5.308 " 026641 A3)




Logistic Model: We get P from 1800, and use the 1850 and 1900 data to find & and M :
[> P2 = (—>M-PO/ (PO + (M-PO)-exp(-M-k-t)); # logistic solution we worked out
M PO
P2 = t— -Mkt
PO+ (M — P0) e
B solve({P2(50) =23.192, P2(100) =76.212}, {M, k}); @—
{M=188.12, k= 0.00016772}

(> M= 188.12;
k= .16772e-3;
P2(t); #should be our logistic model function,
#Hequation (11) page 84.
M = 188.12
k = 0.00016772
998.54

5308 + 182.81 ¢ 00315317

>
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Now compare the two models with the real data, and discuss. The exponential model takes no account of
the fact that the U.S. has only finite resources. Any ideas on why the logistic model begins to fail (with

our parameters) around 19507
> plotl := plot(PI(¢-1800), = 1800 ..1950, color = black, linestyle=3) :
#this linestyle gives dashes for the exponential curve
plot2 == plot(P2(t-1800), t= 1800 ..2010, color = black) :
plot3 = pointplot( pops, symbol = cross) :
display({ plotl, plot2, plot3}, title = "U.S. population data
and models *);
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2.2: Autonomous Differential Equations.
Recall, that if we solve for the derivative, a general first order DE for x = x(¢) is written as

X'Zf(t,x) > l ,Fw‘ o +
which is shorthand for x' (¢) = f'(¢, x(1)). stope “‘1‘*‘{’ x &

Definition: If the slope function fonly depends on the value of x(#), and not on ¢ itself, then we call the

first order differential equation autonomous: ,
X=f(x) . Ceakeqcmg) O 181F kP (M-P
slopt "y apeds o x

omous differential equation for P(¢), for example.

Example: The logistic DE, P'=k P(M — P) is an aut

Definition: Constant solutions x(¢) = c to autonomous \differential equations x'= f'(x) are called
equilibrium solutions. Since the derivative of a constant\function x(¢) = c is zero, the values c of
equilibrium solutions are exactly the roots c to f(¢) =0 . )z ¢ Solubna

. o xm=0 = £l =4
Example: The functions P(¢) = 0 and P(¢) = M are the equilibrium solutions for the logistic DE.

e e

Exercise 1: Find the equilibrium solutions of

la) x' (1) =3x—x = % (3-x) 2qul selhs - xl)T O

x4 =3

1b) () =x +2x"+x = ¢ (x%1x41)
= 1 lxe) “\w‘l srthy %30

Ie)x' (t) =sin(x) .



