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1.3-1.4: slope fields; existence and uniqueness for solutions to IVPs; exampies we can chetk with +o Tmlag
separation of variables. dasg

Gly)
M{- E) -2 onw»-( ,(‘)—.: '“ﬁ‘

. . an Had
a) Use separation of variables to find sefutions to this DE .the Omagic" algorithm that we ta ed about at
the start of the week, but didn't explain the reasoning for. It is de-mystified on the next page of today's
notes.
b) Use the slope field below A0 sketch some solution graphs. Are your graphs consistent with the

formulas from a? (You cafi sketch by hand, I'll use "dfield" on my browser.)
c) Explain why each has a solution, but this solution does not exist for all x.

Exercise 1: Consider the differential equation f

Y ou can downlgad the java applet "dfield" from the URL
http://math.rice.edu/~dfield/dfpp.html

(You also Jave to download a toolkit, following the directions there.)
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1.4 Separable DE's: Important applications, as well as a lot of the examples we study in slope field
discussions of section 1.3 are separable DE's. So let's discuss precisely what they are, and why the
separation of variables algorithm works.

Definition: A separable first order DE for a function y = y(x) is one that can be written in the form:

T =I00) T oyze dvts male FA= 0
It's more convenient to rewrite this D [ Hron ab‘\ =c ‘S'-?"{S e DE ?
mf%i(x)ﬁ [@slongas o(y) # 0))  chade ! S

| (v) — — w\.""N\S st »&'(x) o
Writing g(y) = —— the differential equatipn reads LS
o(») A RNUS _
dy F6P()
g - =f () . =G0

\_ shorHrod

Solution (math justified): The left side of the modified differential eq tlon'Fs%hort for g(y( dy . And
if G(y) is any antiderivative of g(»), then we can rewrite this as
— G’(-é? =§(ﬂ — G (y(x))y" (x)
rul

‘2('3&1\ z(ﬂ »g-(x) Ax
which by the cha e{read backwards) is nothing more than

“-G). SC (gl g ) dx = 3’“’“""‘

And the solutions to p 5 f; C;(ta(ﬂ\ de = S {' (x14x

are . G(‘abﬂ\ + C\ = F(x) + C‘l
{06 [ ac=ris )+%jr

where F (x) is any antiderivative of /{x). Thus solutions y(x) to the original differential equation satisify

)+ C
This expresses solutions y W may be able to use algebra to solve this

equatlon explicitly for , and Workmg the computation backwards) y(x) will be a solution to the
DE. (Even if you can't algebralcally solve for y(x) , this still yields implicitly defined solutions.)

Solution (differential magic): Treat Y asa quotient of differentials dy, dx , and multiply and divide the

dx
DE to "separate" the variables:
dy _ [(x) .
@ gy e ey
g(y)dy =f(x)dx
Antidifferentiate each side with respect to its variable (?!) L

Jg(y)dyZ f(x)dx,ie. e
G(y)+C, =F(x) +C,=\G(y)=F(x) +é Agrees!

This is the same differential magic that you used for the "method of substitution" in antidifferentiation,

which was essentially the "chain rule in reverse" for integration techniques.




Exercise 2a) Use separation of variables to solve the IVP
2

dy _ \3

w_ (%)

[¥(0)=0 ]
2b) But there are actually a lot more solutions toThisHvP+¢Solutions which don't arise from the
separation of variables algorithm are called singular solutions.) Once we find these solutions, we can
figure out why separation of variables missed them.
2¢) Sketch some of these singular solutions onto the slope field below.
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Here's what's going on (stated in 1.3 page 24 of text; partly proven in Appendix A.)
Existence - uniqueness theorem for the initial value problem

Consider the IVP
dy _
=S (x)
y(a)=>b
« Let the point (a, b) be interior to a coordinate rectangle R : a, <x<a,b <y<b, inthex-y
plane. W b, < b <by

« Existence: If f'(x, y) is continuous in R (i.e. if two points in R are close enougfl, then the values of fat
those two points are as close as we want). Then there exists a solution to the IVP, defined on some
subinterval J S [al, az] 8 __3 Hroe cm'r('s .

0
+ Uniqueness: If the partial derivative function a_y f(x, ) is also continuous in R, then for any

subinterval a € J; < Jof x values for which the graph y = y(x) lies in the rectangle, the solution is

unique!

See figure below. The intuition for existence is that if the slope field f'(x, y) is continuous, one can follow
it from the initial point to reconstruct the graph. The condition on the y-partial derivative of f(x, ) turns
out to prevent multiple graphs from being able to peel off.

\% f); & sRA~ vqo-

Exercise 3: Discuss how the existence-uniqueness theorem is consistent with our work in Wednesday's
Exercises 1-2, and in today's Exercises 1-2 where we were able to find explicit solution formulas because
the differential equations were actually separable.
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Math 2250-004 : Week 2, Jan 17-20; material from sections 1.3, 1.4, 1.5, EP 3.7

Tues Jan 17 o ) dant oo v @ stk of) elas

We will mostly use last Friday's notes. Our goals today are (Labs dve Thowr

. UPf\u howrs 4 20-6:00 po ‘}o&j

* (1) understand what makes a first order differential equation separable. LCB 21y

¢ (2) understand the algorithm based on differentials that solves separable differential equations: why it
works, and how it sometimes misses "singular solutions"

¢ (3) understand and apply the existence-uniqueness theorem for first order DE initial value problems. 913

When discussing the existence-uniqueness theorem at the end of Friday's notes today, we'll refer to

examples from Wednesday's notes that we discussed on Friday. Those were: .
slow fo. .‘ZC,.%) = x-3 is cont. ma.ll-),R
Exercise 1 (Wednesday notes, discussed Friday): o selhns do all WP eusst

LU ey %ﬁy—.o ts b on RE

dx
» Srlbng 4o WP ae wgug
y(1)=2. A
s 9 (x—3 )2
We found the solution y(x) = 5 3x+ 5T, Is this consistent with the existence-
uniqueness theorem?
vy =x-3 Arrow of slope +1.0 1

Exercise 2: (Wednesday notes, discussed Friday)

dy slope fe § 1= qox

d_ =y—x towt o R

y)EO) _o =) WP has srlubneg
From a family of solutions that was given to us, we found a solution 26 =1 also cnd-

y(x)=x+1—¢".

. : . . . P sl &t
Is this the only possible solution? Hint: ustthe existence-uniqueness theorem. se WP srlhs

) -2 -1 0 1 2 3
1.8478, -2.5837



Exercise 1 (today): Here's another example of using a separable DE to illustrate the existence-uniqueness

theorem. _ 2w 2
a) Does each IVP £(x, }) =X 2 ot R
y'=x ?_‘.F =z 2 vot o R*
V(%) =Y ?a ¥
ve a unique solution? ¢o sAlby 4o WP
ind all solutions to this differential equation. Leash X ae g ! l

Acd llughrale dfeld.

* - rrow of slope +
54‘- .‘3 m STt I RO R TR
Q P\ls a tord AN RN *
ERR NI R s S S R tot 1 7:0
tro e N AR R F I
d 2 2 N ;,vfl,-[‘vvy}w 1
[ /A i R S N L A ‘ -
.:t = X P somoafrrafir x)‘:,o
l 14t ; e L
tor ot V/' N A S ] ot ,S
Sy - - aa
A .£ L) e ——— S‘o
rror ot s s o=t o ot
? : ,
- B T S R Y (N a. o.e
JG-xA ¢ 11111rf P 2 3 SR R I B I S -
1 Y 0 SRR SR E A s P S SE NS
7 N R R A e v B B R R B A ‘l"Lb\,-
R AN AN A A A R SR B B
-2 R sr»wr}v?iwv 1ot
—— ~ Tt xx}v (f//r17]xyx L}
'L ‘3 — NI trlt e et
a 3] ) ) 0 1

-1.6558, 0.85572

1_\/Iaple check (notice it mlsse§ the smgular solution): { - —3 R " - R4S .>< =
c

> with(DEtools) :

dsolve(y"' (x) =x2-y(x)2’y(x)); X 410)=D
3 .
! Ny ‘}N ) sh.s (32:3:0
_> o i

Exercise 2: Do the initial value problems below always have unique solutions? Can you find them?
(Notice these are NOT separable ditferential equations.) Can Maple find formulas for the solution

functions? vebinn & =
) ¥ e - et )
y’(=x) +y Lambrt r-y plane)
V(%) =N 2F£
o vt —— =2 adso 3
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LA ek
b) A 2ok, WYV,
,_ 4, 4
y=x +ty - e
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=Yy Lo bvav o IR
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1.4: separable DEs, examples and experiment. -
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For your section 1.4 hw this week I assigned a selection of separable DE's - some applications will be
familiar with from last week, e.g. exponential growth/decay and Newton's Law of cooling. Below is an
application that might be new to you, and that illustrates conservation of energy as a tool for modeling
differential equations in physics.

Toricelli's Law, for draining water tanks. Refer to the figure below.

Exercise 1:

a) Neglect friction, use conservation of energy, and assume the water still in the tank is moving with
negligable velocity (a < < A4) . Equate the lost potential energy from the top in time df to the gained
kinetic energy in the water streaming out of the hole in the tank to deduce that the speed v with which the

water exits the tank is given by
v=y2gy

when the water depth above the hole is y(#) (and g is accel of gravity).

b) Use part (a) to derive the separable DE for water depth
d
Ap) = kY (k=a/Zg).

Ll A

A
[
\
\
\
Lf

\\ﬂ/ “"k”l
= \Z a~to.
vat a

% if accA
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Experiment fun! I've brought a leaky nalgene canteen so we can test the Toricelli model. For a cylindrical
tank of height / as below, the cross-sectional area 4 (y) is a constant 4 , so the Toricelli DE and IVP
becomes

1

dy 2
= —k
a Y

y(0)=nh

(different k).

Exercise 2a) Solve the differential equation IVP, and IVP. Note that y > 0, and that y = 0 is a singular
solution that separation of variables misses. We may choose our units of length so that 2 = 1 is the
maximum water height in the tank. Show that in this case the solution to the IVP is given by

w=(1-41

(until the tank runs empty).
Exercise 2b: (We will use this calculation in our experiment) Setting the height # = 1 as in part 2a, let

T(w) be the time it takes the the water to go from height 1 (full) to height i , where the fraction  is
between 0 and 1. Note, 7(1) =0 and 7(0) is the time it takes for the tank to empty completely. Show

that 7'(0) is related to (W) by

7(0)(1-J 1) =T(n) , ie T(0)= T(u)

S

Experiment! We'll time how long it takes to half-empty the canteen, and predict how long it will take to
completely empty it when we rerun the experiment. Here are numbers I once got in my office, let's see
how ours compare.

;> Digits == 5: # that should be enough significant digits

> Tqrt(.b’); # the factor from above, when mu is 0.5
3.4143 2)
[>T half == 35; # seconds to half-empty canteen
Tpredict = 3.4143- Thalf;, #prediction
Thalf = 35

Tpredict == 119.50 3)



>



Remark: Maple can draw direction fields, although they're not as easy to create as in "dfield". On the
other hand, Maple can do any undergraduate mathematics computation, including solving pretty much any
differential equation that has a closed form solution. Let's see what the commands below produce. We'll
get some error messages related to the existence-uniqueness theorem!

;> with (DEtools) : # this loads a library of DE commands

> degtnl == y' (t) =-y(t); #took k=1
ics] := y(0) = 1; # took initial height=1

deqml := D(y)(t) = -y y(?)
ics] == y(0)=1 4)
> dsolve({deqtnl,icsl},y(t)); #DEIVP sol!
y(z)zl#—zﬂ (5)
> factor(%); #how we wrote it
y(n = (1= 2) ©)

> DEplot(deqinl, y(1), 0.3, {[y(0) = 0], [¥(0) = L.1, [¥(0) = 2.], [»(0) = 0.5], [»(0) = 5]},
arrows = line, color = black, linecolor = black, dirgrid = [30, 30], stepsize = .1, title

= Toricelli*);

Warning, plot may be incomplete, the following errors(s) were issued:

cannot evaluate the solution further right of 1.4141924, probably a singularity
Warning, plot may be incomplete, the following errors(s) were issued:

cannot evaluate the solution further right of 1.9999776, probably a singularity
Warning, plot may be incomplete, the following errors(s) were issued:

cannot evaluate the solution further right of 2.4494671, probably a singularity
Warning, plot may be incomplete, the following errors(s) were issued:

cannot evaluate the solution further right of 2.8283979, probably a singularity

Toricelli
2
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Section 1.5, linear differential equations: —% be canst ‘3 ) ‘3'
P°SS'\U~3, Pl cadk ""’b o~
A first order linear DE for y(x) is one that can be written as . {_ ’1;
. "+ P(x)y=0(x '
4 (=0 ) x=xit) x'it) + ) xt) = QW)

Exercise 1: Classify the differential equations below as linear, separable, both, or neither. Justify your

—

answers. lCnton par~ebLTX x+ PRY1x = Q)
a)y()—‘2y+4x v ho 4
b) y'(x)= x—y +1 ‘)AJ,. o e (d—l -‘F(’Q%La'))
c) ¥y (x)= x—xy-l—l Y v wo i
d) ' (x) = M Ve %
F 41 _
e) y’(x)=x2—|-y2 o o
S =2 g0, S <,
- P(.%‘ - (=1
r"l
]y 2y /. 3x 6
* 3 1° 4 ) ) teu) T 2% limeone
l,) c_a..'\' M\’L“" ® ¥l P
rns & lae o L\w.M_ ‘tl 3
¢) j - x7 <k dx ~ PN (1’7) “p-
n 2 -
Za-\ (6 33")
e) 3
£) -3’-&- Oy=«e¢ (Plzo) = .2 L
Algorithm for solving linear DEs is a method to use the differentiation product rule backwards: ﬂ =re

Y+ L(x)y=0(x)

Let JP(x)dx be any antiderivative of P. Multiply both sides of the DE by 1 onential to yield an
e .
equivalent DE: ‘I"‘l'l:j "‘4"3 foe N
- P(x)dx
bt Pam = o eqminlit b
because the left side is a derlvée pro‘éﬁc@‘ule) 1.F. S? (x2dx
d ( ’ (x)dxy‘l eJP(x)dx e
rFn SO /
» . Coax Ty (437’-‘5'34—53/
So you Wﬂe bot} sides with respect}) X: ¢Pead
/ 2
. P(x)d P(x)d =
MJ‘ﬂ/ J ) xyZJe[ ™ xQ(x)dx + G ¥'=e - Ple)
—

—

Dividing by the positive function e[ P yields a formula for y(x)
formula for the solution, that if P(x), O (x) are defined and continudus on any interval /, then the resulting
formula for y(x) can be used to find a solution to any IVP with initidl point in that interval, defined on the
entire interval. This is in contrast to what can happen with separable [differential equations.

So Y= ! j

Seldn
e

Notice, if you look carefully at this






Exercise 2: Solve the differential equation

vy (x)=-2y+ 45 ,
and compare your solutions to the dfield plot below.
| > with(DEtools) :  # load differential equations library

> degtn2 ==y’ (x)=-2-y(x) + 457 #notice you must use - for multiplication in Maple,
. . R
# and write y(x) rather than y.  du= 8x¢k-x v &
2

dsolve(deqtn2, y(x)); /thkcfr L CA N dv

\y 25 —2x+1+e — — (@)
B @ a S"(x‘e.uo\x
= ¥ (2<-wn) + Q)
wv - VAw

T et - Sq-x o\x

(D_ j’m £ 2y = 4
j, + .zj = 4t

@ Px1=2 ; SP&M* :gzdx = 2x
1.F.

CPLadx 2x

o

2 e
- % X
_ e?-x.qx-._ - lee x —S‘Ze""o\
- 2 1% = L—
- % - :Q —2%eQ te
2 -
Ux e e j <~ e-% ('2..)3'-2_,( ) + Cc
- Arrow of slope +1.0
2 /’
Pt
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Exercise 3: Find all solutions to the linear (and also separable) DE
oy = 8X 3%y é x_ _3x
Y ()C ) - 2 -
x +1 Le l 'L.“
3

Hint: as you can verify below, the general solution is y(x) =2 + C (x +1)

> with(DEtools) :
dsolve(y’ (x) = (6x—3xy))

x2+1

, y(x) J; #Maple check

Yy =2+ —=L ®

(x2+1)

3/2

3 "H \3 x=+\
T
© SPLx\Ax = Sé_—i\dx = g‘;{

w = x‘l“_'
du = 2Zx Ax
%A,p\ %K—O\G‘

3
@ 1.F CPlx1dx %_lm(.xt-# 0 2 (e
T s
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4]

/ - e
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An extremely important class of modeling problems that lead to linear DE's involve input-output models.
These have diverse applications ranging from bioengineering to environmental science. For example, The
"tank" below could actually be a human body, a lake, or a pollution basin, in different applications.

For the present considerations, consider a tank holding liquid, with volume V' (#) (e.g units /). Liquid
flows in ata rate r, (e.g. units — ), and with solute concentration c, (e.g. units %). Liquid flows out at a
s

rate 7, and with concentration ¢, . We are attempting to model the volume V() of liquid and the amount
of solute x(7) (e.g. units gm ) in the tank at time 7, given V'(0) =V, x(0) =x,. We assume the solution

in the tank is well-mixed, so that we can treat the concentration as uniform throughout the tank, i.e.
_x() gm

“T Yy 1
See the diagram below.

| ¢/
L L /¢
” e |
y ra W n

3

*

| L q
T Lonid wTve fHon i A

\I\\/ . \V/(_""\‘ - U’O(MW‘«L '

e b

. , ‘1)
' Fank ab bt T VA

Szrl\uk Cin 4»’“«‘( \ Qo !

| 4]

| | K15 amonnt 5
N b
" ) Gtnact) LonGnTra O~
; A cle) = K'Ltt? ﬁ; Quirag] @ "
' . - - P 4/ / al
Y vz vale ot Al vi ~ T
o , L/
e~ Comlnbrabis OWT Y

0

Exercise 4. Under these assumptions use your modeling ability and Calculus to derive the following
differential equations for V'(¢) and x(¢) :
a) The DE for V' (¢), which we can just integrate:

Vi(ey=r,—r,
t
so V(t)=V, +J ri(t) —r,(7) de
0
b) The linear DE for x(z) .

. X
x'(t)y=r.c.—r c =r.c,-r —
1 1 0o O 1 1 OV



Often (but not always) the tank volume remains constant, i.e. »,=r . If the incoming concentration c, is
also constant, then the IVP for solute amount is
x'+ax=b
x(0) =x,
where a, b are constants. This differential equation is separable and linear, and it is recommended that you
become good at solving it. Notice that it includes the exponential growth/decay and Newton's law of
cooling DE's as special cases.



