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Continue with section 3.6 Determinants 7’/ 21 $'+M’ " hag s r ‘)“‘"‘“’I""*lb

The effective way to compute determinants for larger-sized matrices without lots of zeroes is to not use the

definition, but rather to use the following facts, which track how elementary row o
(.

determinants:

Swef rwy

Iierations affect
23

e (la) Swapping any two rows changes the sign of the deferminant. : b ¢ vs(] i e f
proof: This is clear for 2 x 2 matrices, since T el 2 b e
c d
4 b =ch — ad . 1.(4.‘-'::4) .
Fat , expand across the row not being swapped, and use

-

is if the determinant is zero. Swep i =~ (Al = IA] =6 =21Al=(Al=0

Precisely, using (R _for " row of 4 , and writing R =c R*
1 1

R R R
1 1 1
‘ QZ mZ QZ
IAl =
= D l=c¢ :
— | % cR* R *
l 1 1
R
n n n

(2a) If you factor a constant out of a row, then you factor the same constant out of the determinant.

1] ¢l
“

= é\‘l 7:\

;. Q(a«) v

proof: expand across the " row, noting that the corresponding cofactors don't
change, since they're computed by deleting the " row to get the corresponding minors:

n

n n
det(A) = ZaijCl.j =j21(c al,*]fij = c};a;jcij =cdet(4") .

j=1

¢ (2b) Combining (2a) with (1b), we see that if one row in A4 is a scalar multiple

of another, then det(4) =0 .

determinant is unchanged! Expand across the " row:

)

(3) If you replace row i of 4 by its sum with a multiple of another row, then the

e
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be a c ab
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Jeg|*® H\ (Ae\
property to deduce the result. Prove the general result by induction:
once it's true for n X n matrices you can prove it for any (n + 1) x (n + 1) matrix,
by expanding across a row that wasn't swapped, and applying the n X n result.
(1b) Thus, if two rows in a matrix are the same, the determinant of the matrix must be zero:

on the one hand, swapping those two rows leaves the matrix and its determinant unchanged; =
on the other hand, by (1a) the determinant changes its sign. The only way this is possible
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“)k Z(a +ca )C —Za C +cZa C. =det(A) + =det(4) + 0.
—_— = kj) ij j=1 ij ij j=1 kj ij "
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Remark: The analogous properties hold for corresponding "elementary column operations". In fact, the
proofs are almost identical, except you use column expansions.
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1 2 -1~
Exercise 1) Recompute | 0 3 1 | from yesterday (using row and column expansions we always got
2 -2 1
an answer of 15 then.) This time use elementary row operations (and/or elementary column operations).
- |t - 2 9
- o 3 \ 3 ) Zlg-12=(
- [0 -¢ 3 1
u v
- | - I 2
=30 3| 2-3 T 2.3
0 2 - L3
= -; L 2 -l
- o\ 2
u@f&z o 2 -
- I 2 -
<3|t 2 Al = Cwicem=1s 7
4y |O O -5
1[0)-1 2
I -t 2
2111 1.0 - 04 | -0 + O
Exercise 2) Compute - 7 v
2101 11 -1
-110) -2 1

)

Maple check:
| > with(LinearAlgebra) :
> A= Maﬂ"ix(4, 4a [lv 03_1:2: 2: 1: 1: 07 27 07 19 17_1’ 0’_2’ 1])’

Determinant(4);
10 -12]
21 160
4=
20 11
-1 0 -21
0

0y
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Theorem: Let 4 . Then A" exists if and only if det(4) # 0 .|
| nXxn

AAAAAA

Prooj: We aitcady KIow that A ~ XISt 1T and only 1f the reduced row echelon form of 4 is the identity
matrix. Now, consider reducing 4 to its reduced row echelon form, and keep track of how the
determinants of the corresponding matrices change: As we do elementary row operations,

+ if we swap rows, the sign of the determinant switches.

« if we factor non-zero factors out of rows, we factor the same factors out of the determinants.

« if we replace a row by its sum with a multiple of another row, the determinant is unchanged.

Thus,

| 4| =c¢, ‘A1| = 0102|A2‘ =..=00 .0y |rref(A)|
where the nonzero ¢, 's arise from the three types of elementary row operations. If rref(4) = Iits
determinantis 1, and | 4| =c,c, ...c, # 0. If rref (4) # I then its bottom row is all zeroes and its
determinant is zero, so | 4 | = ¢ ¢, ... ¢, (0) = 0. Thus |4] # 0 if and only if rref (4) =/ if and only if
A" exists.

Remark: Using the same ideas as above, you can show that det(A4 B) = det(A)det(B). This is an
important identity that gets used, for example, in multivariable change of variables formulas for integration,
using the Jacobian matrix. (It is not true that det(A + B).=<et(A) + det(B) .) Here's how to show
det(A B) = det(A)det(B): The key point is thatif you do an elementary row operation to AB , that's the
same as doing the elementary row operation to 4 , and then multiplying by B. With that in mind, if you do
exactly the same elementary row operations as you did for 4 in the theorem above, you get

| AB | =c |AIB| = clc2|A2B| = =00 Oy |rref(A)B|.
If rref (A) =1, then from the theorem above, | 4 | = ¢c, ... ¢,;, and we deduce |4 B| = |4]|B|. If

rref (A) # I, then its bottom row is zeroes, and so is the bottom row of rref (4)B . Thus |4 B| = 0 and
also |A||B| =0



There is a "magic" formula for the inverse of square matrices 4 (called the "adjoint formula") that uses the
determinant of 4 along with the cofactor matrix of 4.

In order to understand the n x n magic formula for matrix inverses, we first need to talk about matrix
transposes:

Definition: LetB, = [b ] . Then the transpose of B, denoted by B"is an n x m matrix defined by

ij —

T
— entryl.j(B ) = entryjl.(B) = bjl. .

The effect of this definition is to turn the columns of B into the rows of B :
entryl.(colj(B) ) = bl.j .
entryl.<r0wj(BT) = entryjl.(BT) = bl.j .

And to turn the rows of B into the columns of B':

entry, ( row,(B) ) = bl.j

enlryj(coll.(BT) ) = enlryjl.(BT) = bl.j .

Exercise 3) explore these properties with the identity
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Theorem: LetA4 . and denote its cofactor matrix by cof (4) < [Cl.j] , with Cl.j =(-1 )i +le.j, and
]Ml.j = the determmant ofthe (n — 1) x (n — 1) matrix obtained by deleting row i and column j from 4.
Define the adjoint matrix to be the transpose of the cofactor matrix:

Adj(4) = cof(4)"
Then, when 4™ exists it is given by the formula

pa— Adj(A) .

det(A)
Exercise 4) Show that in the 2 x 2 case this reproduces the formula /
-1 S l(wr +&4'5
a b 1
c d " ad—be | - ‘ &
L2 =1 5) 2 -6
Exercise 5) Forour friend4=| 0 3 1 |weworkedoutcof(4)=|0 3 6 | anddet(4)=15.
2 -2 1 5 -1 3

Use the Theorem to find 4" and check your work. Does the matrix multiplication relate to the dot
products we computed between various rows of 4 and rows of cof (4)?

2 -D s o0 o
C O 1§ O
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Exercise 6) Continuing with our example,

|1 2 -1 5(/0) 5
A= cof ()< adj(4) = 2|3/ -1
q ~6ll6| 3

6a))The (1, 1) entry of (4)(Adj(4))is15=1-5+2-2+ (-1)(-6) . Explain why this is det(4),
expanded across the first row.

e (2,1) entry pf (4)(Adj(A4))180-5+3-2+ (1)(-6)= 0 Notice that you're using the same_ flug (S &
cofactors as in (4a). at matrix, which is obtained from 4 by e rows, but rM +,
third one with one of]those two, is this the determinant of? - Z0-¢, +3C,+4Cy

of (4)(Adj(A4))is2:0—=2-3 +1-6= 0 What matrix (which usgs two rows of A)

The (3,2) en

157this the determinant of? - - =0 bheoust 2 v one Ha Samyg
t 2 =\
-2 \|\ =0
7 -2\

L e N O
[/\)(M(M A

\ A

A [l 4N = T

If you completely understand 6abc, then you have realized why
[4][Adj(A) ] = det(4)[[1]
for every square matrix, and so also why
a1
 det(A)

Adj(A) .

Precisely,
entry, . A(Adj(A4)) =row (A4) « col (Adj(A)) = row (A) « row,(cof (4)) = det(4),

th
expanded across the i~ row.

On the other hand, for i #+ k&,
entry, . A(Adj(A)) =row, (4) « col (Adj(A)) = row,(A4) « row,(cof (4)) .
This last dot produce is zero because it is the determinant of a matrix made from A by replacing the " row

with the row, expanding across the i row, and whenever two rows are equal, the determinant of a
matrix is zero.



There's a related formula for solving for individual components of x when 4 x = b has a unique solution (

x=4"b ). This can be useful if you only need one or two components of the solution vector, rather than
all of it:

Cramer's Rule: Let x solve 4 x= b, for invertible 4. Then
det(Ak)

T der(4) -
where 4, is the matrix obtained from 4 by replacing the K" column with b.

proof: Sincex=4 'p the K component is given by
-1
X, = entryk(A Q)

= entryk( LAa’j(A )L)

| ||

= oA A))
1

= mcolk(cof(A)) *b.

Notice that co/, (cof (4)) « b is the determinant of the matrix obtained from 4 by replacing the K" column

by b, where we've computed that determinant by expanding down the K" column! This proves the result.

7 -1
7\ q
s -1 [x] [7 A= T T = 1.
Exercise 7) Solve ! =, l 4 ‘
Y
Za) With C_ridmer's rule ) l; Z_ -1
7b) With 4, using the adjoint formula. \/ - S — = -2

X -1 du'd'"'S“' | '.:7
:A{l q‘L.'L A
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Week 7 notes: Sections 4.1-4.3 vector space concepts

Tues Feb 21 Today Tua a(_cuX Wed 2/52 stark hou

. @h section 3.6 on Determmd connections to matrix inverses. Use last week's notes. Then if
we have time on Tuesday, begin.
uesday, begin: Exeenye .

4.1-4.3 The vector space R and its subspaces; concepts related to linear combinations of vectors.

. , Sums of Scalow medd u;@ Wetng
We never wrote it down carefully in Chapter 3, but for any natural number m = 1, 2, 3 ... the spafe R” may
be thought of in two equivalent ways. In both cases, R” consists of all possible m — tuples of numbers:

((i) ’We can think of those m — tuples as representing points, as we're used to doing for m = 1 2, 3. In this
case we can write ug“ R IK"‘ i

Rm = {(xl,xz,...,x ) SLX, Xy X, € [R}. (3,4) € IR"‘, (-12,6)¢ R
e can think of those m — tuples as representing vectors that we can add and scalar multiply. In thls

Se we can write
, [3’\ [I'l _ [a}
X -2 =
! Y ! 2

x p)
Rm = b s.t. Xpp X sy X eR (;,4‘)

" T/‘ =4

Since algebraic vectors (as above) can be used to measure geometric displacement, one can identify the two
models of " as sets by identifying each point ( in the first model with the displacement vector

m

25
& = [ 19 25
just used a transpose, writing a column vector as a transpose of a row vector.)

] from the origin to that point, in the second model, i.e. the position vector. (Notice we

One of the key themes of Chapter 4 is the idea of linear combinations. These have an algebraic definition
(that we've seen before in Chapter 3 and repeat here), as well as a geometric interpretation as combinations
of displacements, as we will review in our first few exercises.

_1 b —2 5 *c
expressed as a sum of scalar multiples of these vectors is called a linear combination of them. In other
words, if we can write

Definition: If we have a collection of n vectors { v } in R™, then any vector y € [ that can be

v= clvl-l—cv +...+cvn,

then y is a linear combination of v, _2_,' Y The scalars €5 Cyseeny €, ATC called the linear combination

coefficients. -




Example You've probably seen linear combinations in previous math/physics classes. For example you
might have expressed the position vector r as a linear combination

T=xityj+t:zk
where i, j, kK represent the unit displacements in the x,y,z directions, respectively. Since we can express
these displacements using Math 2250 notation as

1 0 0
i: 0 9.]._ 5k: O
0 0 1
we have
1 0 0 X
xi+yj+zk=x| 0 |+y| 1 |4+z[0|=|y|
0 0 1 z
VV__J
1226 2250

Remarks: When we had free parameters in our explicit solutions to linear systems of equations A x=5b
back in Chapter 3, we sometimes rewrote the explicit solutions using linear combinations, where the
scalars were the free parameters (which we often labeled with letters that were ¢, ¢ 4> 13 etc., rather than with

"c's"). When we return to differential equations in Chapter 5 -studying higher order differential equations -
then the explicit solutions will also be expressed using "linear combinations", just as we did in Chapters 1
-2, where we used the letter "C" for the single free parameter in first order differential equation solutions:

Definition: If we have a collection { Vis Yy wees yn} of n functions y(x) defined on a common interval / ,

then any function that can be expressed as a sum of scalar multiples of these functions is called a linear
combination of them. In other words, if we can write
Cln.qp ‘-01, Q

y=cy, ey, + ..+ cy,
then y is a linear combination of y,, y,, ..., , .

The reason that the same words are used to describe what look like two quite different settings, is that there
is a common fabric of mathematics (called vector space theory) that underlies both situations. We shall be
exploring these concepts over the next several lectures, using a lot of the matrix algebra theory we've just
developed in Chapter 3. This vector space theory will tie in directly to our study of differential equations,
in Chapter 5 and subsequent chapters.



Exercise 1) (Linear combinations in [R2... this will also review the geometric meaning of vector addition
~and scalar multiplication in terms of net displacements )

Can you get to the point (-2, 8) € R?, from the origin (0, 0) , by moving only in the (+) directions of
1

v=| _, |andy=|, ? Algebraically, this means we want to solve the linear combination problem
— — 1 1 -2
G -1 |79 3|7 s

la) Plot the points (1,-1) and (1,

v + v, y-p. Plot the points for which these are the position vectors. Plot the line of points having

ition vectors v = [1,-17 andxz= [1, 317 Compute

position vectors

{y +ty,t€ [R}.
Note: Depending on where you took mulfivariable caiculus you may have written this parametric line in
various ways:
x=1+1t

y=-1+4+3t
OR

xyy=(14+0L+(-1+32)].

1b) Superimpose a grid related to the displacement vectors v

\» X, onto the graph paper below, and,
recalling that vector addition yields net displacement, and scalar multiplication yields scaled displacement,
try to approximately solve the linear combination problem above, geometrically. .

1c) Rewrite the linear combination problem as a matrix equation, 7nd solve At exactly, algebraically.
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(el [ 'Z‘=A"‘L-;
-l 7’][(1} Q {;1‘31 NN E -|J -2 _:2!_! -y = -39

4

T T *\ \JLS G IS
lc) Can you get to any paint ()3: y) in R2, starting at (0, 0) and moving only in directions parallel to
v, ¥, 7 Argue geometrically and algebraically. How many ways are there to express [x, y]T as a linear v
combination of Y, and 22? B\g .L, . ‘,-‘ b, . 5 i'/J '
\es * [lo,] wsig G AR
- yields

‘ l “l - L' uw»'\h-l. S"U‘K
e ) G b, Q,4 Siwa

A gk

Definition: The span of a collection of vectors .Y, ¥ m R is the collection of all vectors w which
can be expressed as linear combinations of YY), ¥ We denote this collection as
v 7 7 U 2adn
span{ v, v,, Xn} = { VGV b vV, $-..J§é R

Remark: The mathematical meaning of the word span is related to the English meaning - as in "wing span"
or "span of a bridge", but it's also different. The span of a collection of vectors goes on and on and does
not "stop" at the vector or associated endpoint:

= {e[l], R}

Example 1)
1
« In Exercise 1, consider the span { Y, } = span ] This is the set of all vectors of the form
—— B
c
with free parameter ¢ € R. This is a line through the origin of R? described parametrically, that
-c

we're more used to describing with implicit equation y =-x (which is short for
{(x,y) € R?s.t. y=-x}). (More precisely, span { i } 1s the collection of all position vectors for that line.

)

Example 2:

1

* In Exercise 1 we showed that the span of vy, = and y, =

1
; ‘isallof[RZ.




Exercise 2) Consider the two vectors v =[L0, 2]T, v,=[-12, O]T e R3.

2a) Sketch these two vectors as position vectors in R3, using the axes below.
2b) What geometric object is span { Y, } ? Sketch a portion of this object onto your picture below.

Remember though, the "span" £Lontinues beyond whatever portion you can draw.
2¢) What geometric object iy/span { 2! 22 } ? Sketch a portion of this object onto your picture below.

Remember though, the "span" continues beyond whatever portion you can draw.

{ ts,, teR) o




2d) What implicit equation must vectors [)_c; v,z ]T sat.igfy in order to be in span { v,y }? Hint: For what
G,V v.
[x,y,z]" can you solve the system e 1 en

1 —1 X L(
¢, 0|+ ¢, 2 |=|y b1
2 0 z b%

for ¢ , ¢, ? Write this an augmented matriy problem and use row operations to reduce it, to see when you
get a consistent system for ¢, c,.

2¢,2 by

e, =b,
(S by
0 2 b,
(¥ l";

"\
R.t/z (0] \ 6'-/-2_
2R R O L |[-2b+b;

Rty L O |3 " . 2 \u{-v\ B
- - - S P o
o \ |by _ "7 o ‘H%LPV\?N: F
°© 9 Osﬁ swL’Str\'-ba jb
¢ _'o,“'"—: T=[?% Sql\'s[\'h 2()-4+§=0
l = (2
e, =b/, fn .
¢, =2+3=1
:%_‘-‘-'Z,



o 3.0 HW due dowmorrew
+ 636 qua today,

Wednesday Feb. 22 -l-’h-!. , ;ﬁkyﬁ— bt ed —

postoaed W) Start&
We've been talking about "linear combmati_%ﬁl'_of vectors. | Finish Tuesday's noteq and then continue the

discussion here. (al, tow-orrow
Exercise 1: Lo e S o= own F’th'
a) What is the definition of "a linear combination" of the vectors Y,V ¥ "

b " n ‘7
b) Wh?t is the "span" of the vectors Y,¥, ..p

Yesterday we interpreted linear combinations geometrically. And, we noticed that to answer natural
questions we ended up using matrix theory from Chapter 3 This is because

Exercise 2) By carefully expanding the linear combination below, check than in 7, the linear

combinatign o -
GV +GQYy 4.+
a,t a,, a, & q,¢ * quc’ A | Q,h(‘h
4y ¢ 4y, 0 G2 Cp 4 A6 b - b oy Gy
A, + 0, +..tE =
. <
LS am2c amnc L qV\MC\ + Q. G+ * Qi Sn

is alwa}_/s just the matrix times vector ﬁr

Thus linear combination problems in Rz
techniques we've just been studying in Chapter 3. This will be the main theme of Chapter 4. We've seen
this theme in action, in exercises 1.2 in Tuesday’s notes. _y

V| Vl vv\




When we are discussing the span of a collection of vectors v, »,, ...z, we would like to know that we
are being efficient in describing this collection, and not wasting any free parameters because of

redundancies. This has to do with the concept of "linear independence":

Definition:

a) The vectors Y,p,, ..y are linearly independent if no one of the vectors is a linear combination of
(some) of the other vectors. The logically equivalent concise way to say this is that the only way 0 can be
expressed as a linear combination of these vectors,

teoy, + .ty =0,

1s for all the linear combination cogﬁments ¢, = 02 =.=c =

(ovr, no v is a l'kw m»ﬂ» 'F Senv sb‘Hi o#«?’/{'s)

b) v, v, ...» arelinearly dependent if at least one of these vectors is a linear combination of (some) of

the other vectors. The concise way to say this is that there is some way to write 0 as a linear combination
of these vectors

2 + Y, + ...+ cy = 0
where not all of the ¢ = =0. (We call such an equat1on a hnear dependency Note that if we have any such

linear dependency, tE nany v, with ¢ # 0 1s a linear combination of the remaining v, with k£ # j. We say

that such ay, is linearly dependen on the remaining v, .) ; -‘72, =2 \';" - \7.”'
~ ~
Hee D =27 ~\'71_—-v_‘
—J
VA GT = O
vé 'Hm,v-c 4, ont 18 a sealan e ple §) Hnt ot~

Note: Two non-zero vectors are linearly independent precisely when they are not multiples of each other.
For more than two vectors the situation is more complicated.

Example (Refer to Exercise 1 Tuesday):

1 1 -2
The vectors y = _E v, = 3 | v, = in R? are linearly dependent because, as we showed on
Tuesday and as we can quickly recheck,

o l Can R\A{

/ = -35 ! +1.5 I — -2 M"’ftv& "So\[(uuuwla

& B T e 8 of Hu oHhant

We can also write this linear dependency as
—3.521 + 1.522 — ¥, =0 Sonn L iao~ m-.Lo edds

(or any non-zero multiple of that equation.) “~ b Teno, whie

hot all c{i‘s 0



1 1 1
Exercise 3) Are the vectors v, = e linearly independent? How abouty, = ! ] )
-2 — ~ l
Y, 2 ? wd. L/..equu ot §¢A9~W\ M#P&& .
long wmg 8
G’ '\7’ 3 3 c | * 0 | = o +H3 +° SLM
(LR Yo %40
~— 3 0 1
yes, ot sedana s,

L)L)



Exercise 4) For linearly independent vectors Y, ¥, .Y, every vector y in their span can be written as
y= d1 v+ d21_)2 + ...+ dnyn uniquely, i.e. for exactly one choice of linear combination coefficients dl, d2>
...d . This is not true if vectors are dependent. Explain these facts. (You can illustrate these facts

with the vectors in Exercise 3.)
-t - -~ -~
E\ = 4,9 ¢ 49, +-- €4,

\V}
) -t
Eﬁ_ ‘\_/, = b'q: L "zv-._ - *-"hvh

EcE, 'O:,- (d-b), + AT, 4+ (4o b)T
%= .9, + c,_\'?";_ PO ch'?:)h
(

So L,: J“ l)lz A‘L o '°1~: d
Exercise 5) (Refer to Exercise 2 in Tuesday's notes):
Sa) Are the vectors

2 0

linearly independent? ‘71 es . \\) ot sclan W\«.Q“\Plh ‘_“

(M nalb wn]es .61\ 'l-w‘a VQ-U\US)~



Sb) Show that the vectors

are linearly dependent (even though no two of them are scalar

mean geometrically about the span of these three vectors?
Hint: You might find this computation useful:

> with(LinearAlgebra) :
1 -1 -1 o
ReducedRowEchelonForm| | 0 2 6 0
2 0 4 6
) P
9 v, “ 102]o
013]|0
000]¢@
el .
V. was i Peple, .
Spannd ‘o-a VoY
—2x -y 4+ 2=
2 - + Y4 = b
Exercise 6) Are the vectors
1 -1
v={0] y=| 2w
-1 =2 -3
2 0

linearly independent? What is their span? Hint:
1 -1 1

> ReducedRowEchelonForm|| 0 2 1
2 0 1

[
oS = O
—_ o O

- - ~
Q‘ \J' t C-,_VL“ czvz = O
-2 v, -3:14 AV, = "OJ
2 _}- ’,
VK-Z\I"\"S
¢, -2t
¢ =3t
c,'>= t
e, -2
|t
Q \

(0))
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4.1 - 4.3 Concepts related to linear combinations of vectors.
' post nent warl's
Exercise 1) Vocabulary review (these need to be memorized!) o le g b 3 2:060 P. V-

A linear combination of the vectors Y,Y,, ¥ 1S °‘“ﬂ St Il scalon vN...?'(-\'PU,

[y

) - - -t -~ -~
‘€. Ghy VIV ¢G4+ QY

The spanofyl,yz, w28
i
span 7.7‘1 = { tct sucdH b L€ ﬂiﬁ Crmi\luv;} = {37(" {:\7; ,;\,.(L\-V‘{- g‘teﬂl}
baa veetors 3l a live Hure owainw ciboe veebors lave Horwn &
The vectors Ef,g;_’z, ...y are line;bly independent iff d posihom wee “') & plawe o
o o o -
o 10,8,-2.] = o ol b
con~lboo's ’b )% -,
The vectors Y.,Y, .Y are linearly dependent iff = {QS/" . (1:3»4’._* "v\‘—':.

wH. e, 6. R

+ Keep recalling that for vectors in R all linear combination questions can be reduced to matrix questions
because any linear combination like the one on the left is actually just the matrix product on the right:

[ ca +ca _+.. | a a .. a
1 91 9 19 T 9% TSP || €
a a a ca +‘ca _ +.. a a .. a c
21 22 2n 1921 7 2722 21 “22 on 2
c +c +.+tc = =
1 n 0
a a a ca “+ca _+.. c
ml m2 mn 1 mi 2% 2 am] am2 amn n
\ - i
\ -
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