1
Sx! sin(k 1)

1
Y= (sin(kt) — kt cos(kt))

tedl

et nel”

° =
(s2 + 12)?

1

(s2 + 2)? xR
1

(s — a)2 &
n!

(s — a)n+l E

Laplace transform table

Exercise 6) Solve the following IVP. Use this example to recall the general partial fractions algorlthm

Y

2t

()—l—éz)x( )O—8te x“o\‘te +¢l‘_eﬂ:
x( )
« & X(s) -s0-1 +4x(q— x'(0)=1 ——
C L - te” | G-
= &
- X (s f q\ (s-2) x| s X - xty
. X(S\z(;ﬁ“ﬂ * Sy <" (4 s2 Xls) - s x (0) - 2ty
g A LB _C_SL‘B & Wolfram .
(9"?(6"“)- S (S-Z') < + 49 X'(+4*x(t)=8""exp(2*),X(0)=0, X'(0)=1 coslet QT: k" o)
wkt] e
© Q= Ala(ta) + /B,({"w') A (Cw-b)(s/ffl ) Siw ﬁ‘ alt
($5-dstu
@ ¢g=2 " % = B' € = &:l [’ (£) + 4 x(t) = Bt exp(2 1), x(0) = 0, x'(0) = 1
el :
8-\ 1 (-gA+4 +49) -
-|-OS — & s (q_A + ._' (’_ '_‘ D" second-order linear ordinary differential equation
*0¢ Lt (2A + -4 4 D) "
+Os'5 + S’s ( A+ C.] x'’(t) =8 " t —4x(t), x(0) = 0, x'(0) = 1]

Q@ =-gA+4+4D
O = tAr4C-4D
O = -2A*\-4C+D
ArC

2 Adl 4 W

O =
').
O A+c.~“)
0 = 2Ar-yc+ Y D=0
o ArC

n 1} 1} n

1 ., .
x(t) = 3 (€*" (2t = 1) +sin(2t) + cos(2t))
L

Approximate form

L
2
+ 4 +ter2t
\ ) 3wt Pt




Wolfram alpha can check most of your steps, once you've set up the problem. Or, if it's a ridiculous
problem don't try to even work it by hand:
Exercise 7a) What is the form of the partial fractions decomposition for
-356+455 —100s° — 45" — 95" +395° +s°
(s =37 ((s+1)>+4) (s> +4)2 '
7b) Check exact numbers with Wolfram alpha
Zc) Whatis x(¢) =L "1{X(s)}(¢)?
7d) Have Wolfram alpha compute the inverse Laplace transform directly.

X(s)=

- A ., B . C
12 X&) = $-3 * (s-3)" * (s-3)° & Wolfram

+ D '3 4 E Fs * C‘ partial fractions
———— +
(s+0)*4 4 gt+y
l-‘ K Assuming "partial fractions" refers to a computation | Use as instead
+ Rt
k3
( s‘l + q ) rational function: (s6-4*s75-9*sA4+39

s6—45°-95% 43957 -1005%+45s — 356
(s =3P (s + 1)? +4)(s* +4)

partial fractions

s8-455-95% 43957 ~1005? +455 - 356
(s =3P (s +4) (s +1)* +4)
1 i i 1 4 1
- + + - - +
2(s+2i) 2(s+(1-2@) 2(s+(1+2i) (s-32 (s-3° 2(s—21)

_L( —_—
2\ g0 T gl
=4 22—\ 2
Z sty s
& Wolfram
inverse laplace transform
Assuming "inverse laplace transform" refers to a computation | Use as instead

function to transform:  (s"6-4*s"5-9*s"4+39
= initial variable: s

= transform variable:

L—I[Sﬂ—4sg—95++39,ﬁi—100s3+45,\'—356 .
: (s =3P ((s + 1D? +4) (s> + 4)

.o . 1, 20)¢ ¢
-2 t2 et - 3 ie "0 (1 4 e* ) 4 cos(2t)
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+ The following Laplace transform material is useful in systems where we turn forcing functions on and
off, and when we have right hand side "forcing functions" that are more complicated than what
undetermined coefficients can handle. We will continue this discussion on Friday, with a few more table
entries including "the delta (impulse) function".

f(t) with  [f(1)] < CeM Fls) ::J’ fitye-stdr fors> M comments
0
e 48 for turning components on and
u(t — a) unit step function s offatt=a.
f(t— a) u(t — a) aSF(s) more complicated on/off
t "convolution" for inverting
J f(t —1)f(x) dt products of Laplace transforms
0 F(s)G(s)

The unit step function with jump at = 0 is defined to be
u(t) = 0,1<0 wilx)=
1, >0 1 x»o0
IThis function is also called the "Heaviside" function, e.g. in Maple and Wolfram alpha. In Wolfram alpha
it's also called the "theta" function. Oliver Heaviside was a an accomplished physicist in the 1800's. The

name is not because the graph is heavy on one side. :-)
http://en.wikipedia.org/wiki/Oliver Heaviside

X<0

> with (plots) :
plot(Heaviside(t), t=-3 ..3, color = green, title = "graph of unit step function);

graph of unit step function
1

0.6
0.2

-3 -2 -1

2 3

od

t

Notice that technically the vertical line should not be there - a more precise picture would have a solid point
at (0, 1) and a hollow circle at (0, 0), for the graph of u(#). In terms of Laplace transform integral
definition it doesn't actually matter what we define «(0) to be.




P Wolfram

plot(theta(t),t=-5...5)

plot oct) —-5toS

Then

u(t—a)=

plot(theta (t-2),t=-2...6)

Exercise 1) Verify the table entries

0, t—a<0jiet<a
I, t—a>0;iet>a

ulx)= 9,
il

and has graph that is a horizontal translation by a to the right, of the original graph, e.g. for a = 2:

X<o

X0

£-=
Q)F—;l

j‘( f'((-du(i-c.]'g () = -flt-g)hli-a)e-gtd’(: =fo.4++ j;(t-q)-aérbdb
(]

(o)

e as for turning components on and
I« u(t — a) unit step function s offat t=a .
1t — a) u(t — a) eaSF(s) more complicated on/off e 1
N

|

o

as



Exercise 2) Consider the function f'(¢) which is zero for # > 4 and with the following graph. Use
linearity and the unit step function entry to compute the Laplace transform F'(s) . This should remind you
of'a homework problem from the assignment due tomorrow - although you're asked to find the Laplace
transform of that step function directly from the definition. In your next week's homework assignment
you will re-do that problem using unit step functions. (Of course, you could also check your answer in

this week's homework with this method.)
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flo= (4
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1€ t<2
2 5+¢<Y
94<t

{(t) = w(t-1) + wlt-2) =2 u(t~4)

i{ﬂu}(s)*— s-_f + e;;s _2_3_'15

S

-
p uit-9\e /%



f(t), with |f(2)] < CeMt?

e}

F(s) ==J f(testdt fors > M

0
verified
lel(l) + szz(l) CIFI(S) + CZFZ(S) N
1
1 -~ >0 =
1
U
t J—
2
2 2 [
3
!
" nelN " [
S”+1
ot 1
‘ (s > N(a)) H
s— o
s
cos(k 1) 2+ 2 (s > 0) O
k
sin(k 1) EEyE (s>0 0
s
cosh(k 1) 2 2 (s >k O
inh(k K -
t
sinh(k 7) e (s >k -
e?lcos(k t) 5 —a) -
5 5 (s > a)
e?sin(k t) (s —a)*+k
k O
(s —a)?+ k2 (s > a)
At f(t) O
F(s —a)
u(t — a) e 4s
s
St —a)u(t —a) e 4SF(s)
o8(t — a) e~as
[ s F(s) = £(0) O
S s2F(s) — s f(0) — f'(0) E

" E(s) — s"1f(0) —...—-f(n=1)(0)

D a

dued



0

[ 7z dz S -
0 N
1f(2) -F'( O
2 f(1) F''(s) O
"), neZ (=D F)(s) O
S() J F(o) do
Tt s
t cos(k t) 22—k
(s2 + K2)? L
1 - s
S tsin(kt)
2k (s2 + k2)2
: 0
1
S (sin(k 1) — kit cos(k 1) (s2 + i2)?
t et : =
(s — a)?
n! [l
et neyg
(S — a)n+l
t
| F@)ele — ) ae Fis)Gs)

f(¢) with period p

1 p
1——e‘PSJ f(he stdt

0

Laplace transform table




